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RTSVUXWDY U[ZCY \]S^\]Z2S^Y%_&Y%`ba;cedHSVfgY hji(k�h^l�Y%\CZ2Ymc�h^l�Y nCU[c�So_gprq2Ytsuf�U[v2w�f&v2U[Y \xnyY f�U[c�prqzf&Y%\|{

• } U[v7dCdyY%\
• ~ S^\2l�Ymv2\CZ]aP��UrdyY U
• � Y w�f&k�UgU[��vC`�Y��

�A��� ���C�����e�7�
(II.1) �6�]��� �����7�

� �o���o� �/Y �C\CSVfgSok�\
(II.1.a)

{ � Y�Urwu\��2dCi(vC\2l�Y%\
s7Y S

M
Y%So\CY�\CSoprqzf�hoY%Y UrY�� Y%\2l�Y�¡£¢¤_gY S

M × M = { (a, b)| a, b ∈ M} ¥ �,¦�So\CY � Y Urwu\��2dCi(vC\2l¢¤aNk�`�dyk�_gSVfgSok�\ ¥ c�v2i M
S^_�f§Y%So\CY;¨©nCnCS^hoZCv2\Cl

f : M ×M → M
�

ªOY S^_�dHSoY%h^Y�{
¢¤c ¥ + : Q×Q → Q, (a, b) 7→ a + b

¢�n ¥ · : Q×Q → Q, (a, b) 7→ a · b
¢¤p ¥ f1 : N× N → N, (a, b) 7→ ab

¢¤Z ¥ `�ce«
: N× N → N, (a, b) 7→ `�c�« {a, b}

¢¤Y ¥ `�So\
: N× N → N, (a, b) 7→ `�So\ {a, b}

¢¤i ¥ l�l�¬
: N× N → N, (a, b) 7→ l�l�¬ {a, b}

¢¤l ¥ wul � : N× N → N, (a, b) 7→ wul � {a, b}

� �o��� � �/Y �C\CSVfgSok�\
(II.1.b)

{�¨©nCnCS^hoZCv2\Cl�Y \¨©nCn
(M, M)

RTSVU©ZCY �C\CSoY U[Y%\y{®¨©nCn
(M, M) = {f : M → M} ¢¤� Y%\Cl�YmZCY U©¨©nCnCS^hoZCv2\Cl�Y%\°¯�k�\

M
\Cc�prq

M ¥±;SoY U©Y%So\�ªOY%So_&dCS^Y h|i(�7U � Y Urwu\��7dHi(v2\Cl�Y \|{
M

f−→ N
g−→ P

h^SoY%i(Y Ugf
g ◦ f : M → P

¡
m 7→ g (f (m))

�
²yS^Y%_�³

g ◦ f ´ c�h^_�³ � Y Urwu\��2dCi(vC\2lµ¯�k�\
f, g ´ ¡z³gaNk�`�dyk�_gSVfgSok�\�¯�k�\

f, g ´ kuZCY U©c�ho_�³r±;So\zfgY UrY%S^\2c�\7¶
ZCY�U[c�vC_gi·�Cq2UrvC\Cl6¯�k�\

f, g ´ �suf&c�\CZ2c�UrZ2¯�Y Urwu\��2dCi(vC\2lc�vCi�¨©nCn
(M, M)

{
¨©nCn

(M, M)× ¨Pn2n
(M, M) → ¨Pn2n

(M, M)

(f, g) 7→ g ◦ f

ªOY S^_�dHSoY%h�{®s7Y S
M = R

vC\2Z
f
{

R → R, x 7→ x3 vC\2Z
g
{

R → R, x 7→ (x + 1)2¸;vC\]l�S^hVf�{

(g ◦ f) (x) = g (f (x)) = g
(
x3
)

=
(
x3 + 1

)2

(f ◦ g) (x) = f (g (x)) = f
(
x2 + 1

)
=
(
x2 + 1

)3

RTSoY;`�c�\h^Y%SoprqzfO_gSoY%qzfX_&dCS^Y hofKZCSoY ~ Y S^q2Y%\Ci(k�h^l�YmY%So\CY ~ k�hohoY��
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� �o����� �/Y �C\CSVfgSok�\
(II.1.c)

{�¨P_g_gk���SocefgSV¯uSVfg�ef
¦�So\CY � Y Urwu\��2dCi(vC\2l�c�v2i

M
qCY S	��fOc�_&_gk���SocefgSV¯9¡CWDY%\2\]l�Sohof�{

∀a, b, c ∈ M : (ab) c = a (bc)

¨P\C`�Y Urwuv2\Cl2{jRTSoU ¯�Y UrWDY%\CZ2Y%\tw�Y%So\CY�
XdyY Urc�f&k�UrY%\tSo`,c�hoh^l�Y%`�Y%So\CY%\�2c�hoh�¡�Y%_�l�Sohof�{
(a, b) 7→ ab

�
ªOY S^_�dHSoY%h i(�2UN¨N_&_gk���SocefgSV¯uSof&�ef�{

+ : (a + b) + c = a + (b + c)
�

s7Y S
f1

l�Y l�Y nyY%\°` SVf
f1 (x, y) = xy¸;vC\�WDk�h^hoY%\°W§SoU

f1
c�vCi�¨P_g_gk���SocefgSV¯uSVfg�ef§v2\zfgY�U[_gv2prqCY%\y�?¨Nhohol�Y%`�Y%So\°Y�U[l�SVnCfO_gSoprq|{

• i(�7UNZ2S^Y;hoSo\2w�Y s7Y%SVfgY�{
f1 (f1 (a, b) , c) =

(
ab
)c �

• i(�7UNZ2S^YmUrY%prqzf&Y6suY%Sof&Y�{
f1 (a, f1 (b, c)) = abc �

RTSVUX¯�Y�U[` v7fgY%\y¡HZ2c��°ZCSoY;¨P_g_gk���SocefgSV¯uSVfg�efX\2S^prqzf§l�Y%l�Y nyY%\�So_&f��®�/Y _gqCc�hVn�dCUrk�nHSoY U[Y \WXSVUNc�v2_�{
(
23
)4

= 4096

234

= 281 ≈ 100.3·81 ≈ 1024.3
≫ 4096

RTSVUDqCcenyY%\µY%So\ } Y%l�Y \zn|Y S^_�dHSoY%h2i·�2UDY%So\CYX¨PvC_g_&c�l�Y©l�Y%i·vC\CZ2Y%\µZCSoYXc�h^hol�Y ` Y S^\ l��2hof&S^l/_gY%So\6_gk�h^h¤�
¨Ph^_&k6S^_�f

f1
\2S^prqzf§c�_&_gk���SocefgSV¯9�

RTSoprqzf&S^l7{ � Y Urwu\��7dHi(v2\Cl�Y%\]c�vCi ¨Pn2n
(M, M)

_&S^\2Z�c�_g_gk���SocefgSV¯9�
} Y%l�Y nyY%\|{

M
f−→ N

g−→ P
h−→ Q

��¸;vC\�l�S^hVf�{
h ◦ (g ◦ f) = (h ◦ g) ◦ f

�
ªOY�WKY S^_�{®¨PvCi�ZCY UPhoS^\7w�Y \xs7Y%SVf&Y�{

h ◦ (g ◦ f) (m)

�������
= h ((g ◦ f) (m))

�������
= h (g (f (m)))

¨PvCi�ZCY U©U[Y prqzfgY \ suY%SVfgY;Y Url�SVnCf§_&S^pgq|{

((h ◦ g) ◦ f) (m)

�������
= (h ◦ g) (f (m))

�������
= h (g (f (m)))

� �o����� �/Y �C\CSVfgSok�\
(II.1.d)

{Ds��u` `�Y f�U[So_gprq2Y } U[v7dCdyY
Sn

¡�� Y U[` v7fgcef&S^k�\
RTSVU©ZCY �C\CSoY U[Y%\ZCSoY } U[v2d2d|Y

Sn

c�ho_�{
Sn = { So\z¯�Y UgfgSoY UrnCc�UrY ¨©nCn

({1, . . . , n} , {1, . . . , n}) , ◦}

¦�_�l�Sohof�{
σ =

(
1 2 3 . . . n
i1 i2 i3 . . . in

) ¡zZCcenyY%SC_�fgY%q2Y%\ So\6Z2Y UDk�nyY U[Y%\��yY%Soh^YOZCSoYX¦�hoY%`�Y%\zfgYKvC\2Z
So\ Z2Y U6v2\zfgY UrY%\�� Y%S^hoY ZCSoYªOSohoZCY U%�

σ
So_&f S^\z¯�Y Urf&SoY UrnHceU

:⇔ ∃  `�w�Y%q7U[cenCnHSohoZCvC\2l ¢ ⇔ σ
So_&f

nHS !gY w�f&SV¯ ¥ �">_&fXY S^\2Y;¨Pn2nHSoh^Z2vC\CltnHS !gY w�f&So¯9¡C_gk6So_&fOZCSoY%_gY;So\#!gY�w�fgSV¯ vC\CZ]_&v2U�!&Y w�fgSV¯9{
f : M → N :

_gv2U$!gY w�f&So¯
:⇔ ∀y ∈ N ∃x ∈ M : y = f (x)

f : M → N :
S^\%!gY w�f&So¯

:⇔ ∀m1, m2 ∈ M : m1 6= m2 ⇒ f (m1) 6= f (m2)

σ
nHS !gY w�f&So¯ ⇔ c�h^hoY

ij
_&S^\2Z dCc�c�UgWKY S^_&Yt¯�Y U[_gpgqCSoY%ZCY%\ ⇔ ³ � �&�yY%SohoYtSo_&fPY%So\CY'��Y�U[` v7fgcef&S^k�\�Z2Y U

���(�yY%Soh^Y ´ �
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�/Y��H\CSVf&S^k�\�vC\2Z]¸;k�f&c�f&Sok�\|{
Sn := ({σ : {1, . . . , n} → {1, . . . , n} , σ

nHS !gY w�f&SV¯ } , ◦)

Sn

\CY%\2\zfN`�c�\xZCSoYt_0�u`�` Y�f&U[So_gpgqCY } U[v7dCdyY ¯�k�\
n
� S��yY Ur\|�©¦�hoY%`�Y%\zf&Ym¯�k�\

Sn

WDY U[ZCY \�c�ho_
� Y U[` v7fgcef&S^k�\CY%\°n|Y%��Y%Soprq2\CY f��
� c�\ nyY%\C��fgSol�f i(�7U?ZCSoY§�/Y �C\CSVfgSok�\tZCY U?_0�u`�` Y�f&U[So_gpgqCY%\ } U[v7dCdyY

Sn

i(k�hol�Y%\2ZCYK¬jcefg_&c�prqCY�{
f, gnHS !gY w�f&SV¯ ⇒ f ◦ g

nCS !gY�w�fgSV¯9�
} Y%\2Y U[Y%hoh^Y�UNs7c�prqz¯�Y U[qCc�hVf�{

f, g
So\#!&Y w�fgSV¯ ⇒ f ◦ g

So\#!gY w�f&SV¯
f, g

_&v2U�!&Y w�fgSV¯ ⇒ f ◦ g
_gv7U�!gY w�f&SV¯

¨P\C`�Y Urwuv2\Cl2{ ªOY%S?Y%So\CY�U6aPk�`µdyk�_gSVf&S^k�\ ¯�k�\ ¨©nCnCS^hoZCv2\Cl�Y \ ��vCY Ur_&ftS^`�`�Y U£ZCSoYhoY f ��f&Y¨P\7¶
WDY%\CZ2Y%\|�
ªOY�WKY S^_�{

M
g−→ N

f−→ P
�yv2Y U[_�f]ZCSoY ">\#!gY w�f&SV¯uSof&�ef�{ ∀m1, m2 ∈ M : m1 6= m2 ⇒ g (m1) 6= g (m2) ⇒ f (g (m1)) 6=
f (g (m2)) ⇔ (f ◦ g) (m1) 6= (f ◦ g) (m2)

�m�NS^Y Y U[_&f&Y �7k�hol�Y�U[vC\2l nyY U[v2qzf/c�v2i®ZCY U "�\%!gY w�f&So¯uSVf&��f
¯�k�\

g
¡HZ2S^Y ��WDY%SVfgY �7k�hol�Y U[v2\Cl nyY UrvCqzfXc�vCi�Z2Y U "�\%!gY w�f&So¯uSVf&��fX¯�k�\

f
�

¸;vC\]Z2S^Y suv2U�!&Y w�fgSV¯uSVfg�ef�{ �yv ��Y%S^l�Y%\|{ ∀p ∈ P ∃m ∈ M : p = (f ◦ g) (m)
�

s7Y S
p ∈ P

l�Y l�Y nyY%\y¡jZ2c�\2\ l�SVnCfNY%_PWKY l�Y%\�ZCY Utsuv2U�!gY�w�fgSV¯uSof&�ef/¯�k�\
f

Y%So\
n ∈ N : p = f (n)

�
R Y%Soh

g
_gv7U�!gY w�f&So¯°So_&f ∃m ∈ M : n = g (m)

��¦�So\C_&Y f ��Y%\°h^SoY%i(Y�Urf�{

p = f (g (m))

�������
= (f ◦ g) (m)

ªOY S^_�dHSoY%h i(�2U
Sn

¡
n = 4

{
(

1 2 3 4
2 1 4 3

)

◦
(

1 2 3 4
4 1 3 2

)

=

(
1 2 3 4
a b c d

)

g ◦ f

a, b, c, d
Y�U[l�Y nyY%\_gSoprq]\�vC\]i(k�h^l�Y%\CZ2Y U[`�c �uY%\|{

1
f−→ 4

g−→ 3 = a, 2
f−→ 1

g−→ 2 = b, 3
f−→ 3

g−→ 4 = c, 4
f−→ 2

g−→ 1 = d

� �o����� �/Y �C\CSVfgSok�\
(II.1.e)

{®±;c�hVnHl�U[v2d2dyY�¡H¸;Y%v7f&Urc�hoY%_§¦�h^Y ` Y \zf
¢¤S ¥ ¦�S^\2Ym� Y%\Cl�Y;`�SofKc�_g_gk���SocefgSV¯�Y U � Y Urwu\��7dHi(v2\Cl�qCY%S ��f§±;c�hVnHl�U[v2d2d|Y��
¢¤S^S ¥ } Y l�Y nyY%\

(M, ◦) � e ∈ M
q2Y%S ��fK\2Y%v2f�U[c�hoY%_K¦�h^Y ` Y \zf©¢�¦�S^\2_gY%hoY%`�Y%\zf�¡z¸;v2h^hoY%hoY%`�Y%\zf�¡�Y f&p ¥ ¡WDY%\2\�l�SohVf�{ ∀a ∈ M : a · e = e · a = a

�
¨P\C`�Y Urwuv2\Cl2{§ªOY%S ³ ◦́ q2c�\CZCY hofPY%_N_gSoprq v2` Y%So\CY � Y Urwu\��2dCi(vC\2l�vC\2Z \2S^prqzf/vC` Z2S^Yt� vChVfgS ¶
dHhoSVw�c�f&Sok�\�So` sudyY#��S^Y%hohoY%\|�
ªOY S^_�dHSoY%h^Y�{

• (Q, +) , (Z, +)
{�\2Y%v2f�U[c�hoY%_§¦�hoY%`�Y%\zf

0
�

• (Q∗ = Q \ {0} , ·) {�\CY v2f�U[c�h^Y%_O¦�hoY%`�Y%\zf
1
�

• (
¨©nCn

(M, M) , ◦) {�\CY v2f�U[c�h^Y%_X¦�h^Y ` Y \zf
e : M → M, e ◦ f = f ◦ e = f = idM

SoZ
M

So_&f§Z2S^Y ">Z2Y%\zfgSVf&��f��Ks7SoYmnyY%_gSVf ��fOi(k�hol�Y%\2ZCY;\��7f-��h^Soprq2Y ¦�S^l�Y%\C_&prqCc�i·f�{ S^Z
M (m) = m ∀m ∈ M
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� Y Ugwu\��2dHi·vC\Cl7{
f : M ×M → M

�
¨©nH_&f�U[cew�f�{

(a, b) 7→ ab
�®aNk�\2w�U[Y f§i(�2UPZCSoY;� vChVfgSVdHhoSVw�c�f&Sok�\|{

(a, b) 7→ a · b �¦�Sol�Y \C_gpgqCc�i·f&Y%\�Y%So\CY UP±;c�hVnHl�Urv2dCdyY�{
¢¤S ¥ ¨P_g_&k ��S^cef&So¯uSVf&��f�{

(ab) c = a (bc)
��ªOY S^_�dHSoY%h�{ `�ce«

(
`�ce«

(a, b) , c) =
`�ce«

(a,
`�ce«

(b, c))
�

¢¤S^S ¥ \2Y%v2f�U[c�hoY%_§¦�hoY%`�Y%\zf
e
¢¤c�vCprq�³r¸;v2h^hoY%hoY%`�Y%\zf ´ kuZCY�U?³r¦�So\C_&Y%h^Y ` Y \zf ´[¥ ∀a : ea = ae = a

�
ªOY S^_�dHSoY%h^YNi(�2UN±;c�honCl�U[v7dCdyY%\y{
¢¤c ¥ (Z, +)

S^_�f§c�_g_&k ��S^cef&So¯9¡
0
S^_�f§\CY v2f�U[c�h^Y%_X¦�h^Y ` Y \zf��

¢�n ¥ (N, ·) S^_�f§c�_g_&k ��S^cef&So¯9¡
1
S^_�fX\CY v2f�U[c�h^Y%_O¦�hoY%`�Y%\zf��

¢¤p ¥ (
¨Pn2n

(X, X) , ◦) So_&f§c�_&_gk ��Soc�f&SV¯9¡HSoZ
X

So_&f§\2Y%v2f�U[c�hoY%_X¦�hoY%`�Y%\zf��
¢¤Z ¥ Sn = (σ : {1, . . . , n} → {1, . . . , n}|σ nCS !&Y w�fgSV¯

, ◦) S^_�f�c�_&_gk���SocefgSV¯9¡§SoZ So_&f�Z2c�_°\2Y%v2f�U[c�h^Y
¦�h^Y ` Y \zf��

sudyY#��SoY%h^hoYm¸;k�fgcef&S^k�\�i(�2U
σ
{

σ =

(
1 2 . . . n
i1 i2 . . . in

) WXSVU[Z c�h^_ � Y U[`tv2f&cefgSok�\<nyY#��Y%SoprqC\2Y f
ªOY S^_�dHSoY%h�{

M = {n ∈ N|n ≥ 2} � (M, ·) vC\CZ
(M, +)

_gSo\CZ c�_g_gk���SocefgSV¯9¡?Y%\zf&qCc�hVfgY%\ cen|Y�Uµw�Y%So\
\CY v2f�U[c�h^Y%_O¦�hoY%`�Y%\zf��

� �o����� s7cef-�
(II.1.1)

{�¦�S^\2ZCY%v7fgSol�w�Y%SVf§ZCY _§\CY%v7f&Urc�hoY%\]¦�h^Y%`�Y%\zf&_DS^\�Y S^\2Y U©±;c�honCl�U[v7dCdyY
">\]Y%So\CY U©±;c�hVnHl�Urv2dCdyY;l�Son2f§Y%_Xq2�7pgqC_&f&Y%\2_§Y%So\�\CY%v7f&Urc�hoY%_§¦�h^Y ` Y \zf��
ªOY�WKY S^_�{?s7Y S^\2Y%\

e, e′
\2Y%v2f�U[c�h^Y£¦�h^Y%`�Y%\zf&Y/So\�Z2Y UP±;c�hVnHl�U[v2d2dyY

H
�

�yv ��Y%Sol�Y%\y{
e = e′

�
¦�_OS^_�f�{

e
(∗)
= e · e′

(∗∗)
= e′¨P\C`�Y Urwuv2\Cl2{

(∗) : e′
So_&f§\2Y%v2f�U[c�hoY%_§¦�hoY%`�Y%\zf�¡

(∗∗) : e
So_&fO\CY%v7f&U[c�hoY%_§¦�h^Y%`�Y%\zf��

� �o����� �/Y �C\CSVfgSok�\
(II.1.f)

{�� k�\2k�SoZ|¡ "�\z¯�Y Urf&SoY UrnHceUrw�Y%SVf
�/Y��H\CSVf&S^k�\CY%\y{
¢¤S ¥ � k�\Ck�SoZ

:=
±;c�hVnHl�Urv2dCdyY;`�SVfO\2Y%v2f�U[c�h^Y ` ¦�h^Y%`�Y%\zf��

¢¤S^S ¥ ">\z¯�Y Urf&S^Y�UrnHceUrw�Y%SVf�{PsuY%S
H

Y%So\CY£±;c�honCl�U[v7dCdyY ` SVfX\2Y%v2f�U[c�h^Y ` ¦�hoY%`�Y%\zf
e
�X�Nc�\2\�q2Y%S ��f

a ∈ H
S^\z¯�Y Urf&SoY UrnHceU%¡9WDY%\2\]Y%_

b ∈ H
l�Son2f§`�SVf

ab = ba = e
�

ªOY S^_�dHSoY%h^Y�{
¢¤c ¥µ} Y l�Y nyY%\°_gY%S

(N, ·) � a
S^_�f§So\z¯�Y UgfgSoY UrnCc�U ¢�n|Y%���2l�hoS^prqZCY UP� vChVfgSVdHhoSVw�c�f&Sok�\ ¥

⇔ ∃b ∈ N : a · b = b · a = 1
¢¤S^\

N
So_&f

a = 1
Z2c�_XY%S^\ ��Sol6So\z¯�Y�UrfgSoY UrnCceU[Yt¦�h^Y ` Y \zf ¥ �

¢�n ¥6} Y l�Y nyY%\°_gY%S
(R, ·) � a

S^_�f§So\z¯�Y UgfgSoY UrnCc�U
⇔ ∃b ∈ R : a · b = b · a = 1 ⇔ a 6= 0

�
¢¤p ¥µ} Y l�Y nyY%\°_gY%S

(Abb (X, X) , ◦) � f : X → X
So_&fOS^\z¯�Y Urf&S^Y�UrnHceU

⇔ ∃g : X → X
`�SVf

f ◦ g =
SoZ

X

v2\CZ
g ◦ f =

SoZ
X

�
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ªOY qCc�v2d2fgv2\Cl2{
f
S^_�f§So\z¯�Y�UrfgSoY UrnCceU ⇔ f

So_&fKnHS !gY w�f&So¯9�
ªOY�WKY S^_�{
³ ⇐́ {
f
So_&f§nCS !&Y w�fgSV¯ ⇒ ¦�_§Y�«uS^_�fgSoY UrfOZCSoY  `µw�Y q2U[i(v2\2w�f&S^k�\

f−1 : X → X, f (x) 7→ x
�

s7Y�f-��Y
g := f−1 { (f ◦ g) (x) =

(
f ◦ f−1

)
(x)

�������
= f

(
f−1 (x)

)
!
= x

�
�yv2` ªKY WDY%So_�{?suY f ��Y

x := f (a)
i·�2UNY%S^\

a ∈ X
¢
f
So_&fO_gv2U$!gY w�f&So¯ ¥ ¡9ZCc f−1 (f (a)) = a

�
R Y%SVfgY U {

f
(
f−1 (x)

)
= f

(
f−1 (f (a))

)
= f (a) = x

�
¸;vC\�nyY f�U[c�prqzf&Y%\]WXSVU

(g ◦ f) (x)
{

(g ◦ f) (x) =
(
f−1 ◦ f

)
(x) = f−1 (f (x))

(∗)
= x

�6RTSVU;¯�Y UrWDY%\CZ2Y%\ nyY%S
(∗) ZCSoYµ¦�Sol�Y \C_gpgqCc�i·f&Y%\

ZCY�UN�NY �H\2Sof&Sok�\�Z2Y U  `µw�Y q2U[i(v2\2w�f&S^k�\|�
">\C_&l�Y%_&c�` fOq2cen|Y \�WXSoU©nCS^_&qCY U©l�Y#��Y S^l�f�{

f ◦ f−1 = id
v2\CZ

f−1 ◦ f = id
�

³ ⇒́ {
�yv ��Y%Sol�Y%\y{

f ◦ g = id
(1)⇒ f

_gv7U�!gY w�f&SV¯�Y�¡
g ◦ f =

S^Z (2)⇒ f
S^\%!gY w�f&So¯�Y�¡

ªOY�WKY S^_§i·�2U
(1)

{
s7Y S

y ∈ X
� �yv ��Y S^l�Y%\|{ ∃x ∈ X : f (x) = y

�
¦�_OS^_�f

y =
SoZ

X (y) = f ◦ g (y) = f (g (y))
�

¨Ph^_&k6`�Sof
g (y) = x

Y�U[l�SVnCfO_gSoprq|{
f (g (y)) = f (x) = y

�
ªOY�WKY S^_§i·�2U

(2)
{

�yv ��Y%Sol�Y%\y{
x 6= x′ ⇒ f (x) 6= f (x′)

�
aPk�\zf�U[ced|k�_gSVfgSok�\y{

(A ⇒ B) ⇔ (¬B ⇒ ¬A)
�

">\]ZCSoY%_gY ` �2c�hoh ��v ��Y%Sol�Y%\y{
f (x) = f (x′) ⇒ x = x′

�
s7Y S

f (x) = f (x′) ⇒ g (f (x)) = g (f (x′))
�

�/c�_Xq2Y%S	��fO\Cc�prqx�/Y��H\CSVf&S^k�\|{
(g ◦ f) (x) = (g ◦ f) (x′)

�
¸;c�prq � k�Urc�v2_g_&Y f-��vC\2lµl�Sohof�{

(g ◦ f) = idX

�®�/c�qCY U {
SoZ

X (x) =
S^Z

X (x′)

x = x′

� �o����� s7cef-�
(II.1.2)

s7Y S
H

Y S^\2Y;±;c�hVnHl�U[v2d2dyY;` SVfK\CY%v7f&U[c�hoY%` ¦�hoY%`�Y%\zf����Nc�\C\xl�Sohof�{
ab = ab′ = ba = b′a = e ⇒ b = b′

 `�l�c�\2l�_&_&dCUrc�pgqChoS^prqy{®�Nc�_ ">\z¯�Y U[_gYPSo_&f§Y S^\2ZCY%v7fgSol2�
ªOY�WKY S^_�{

b
(N◦)
= b ◦ e

����� �
= b ◦ (a ◦ b′)

(A◦)
= (b ◦ a) ◦ b′

�������
= e ◦ b′

(N◦)
= b′

¹u	��!º��!	?»�$�¼e	��
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� �o����� �/Y �C\CSVfgSok�\
(II.1.g)

{��Nc�_XS^\z¯�Y U[_&Y ¦�h^Y ` Y \zf
ab = ba = e

�®R<SoUXnyY#��Y%SoprqC\2Y%\
b
c�h^_XZ2c�_ ">\z¯�Y U[_&Y'��v

a
�

¸;k�f&cefgSok�\y{
b = a−1 �ªOY S^_�dHSoY%h^Y�{

¢¤c ¥ (R \ {0} , ·) a−1 = a−1 +
1
a

�
¢�n ¥ (

¨Pn2n
(X, X) , ◦) � f−1 So_&fOZCc�_ ">\z¯�Y�U[_gY°¢

f−1 So_&fOZCSoY  `µw�Y q2U[i(v2\2w�f&S^k�\ ¥ �
¢¤p ¥ (Z, +)

���Nc�_ ">\z¯�Y U[_&Y ��v
a
S^_�f −a

¡2ZCc
a + (−a) = 0

�
¢¤Z ¥ σ ∈ Sn

¡
σ
So_&fOnCS !&Y w�fgSV¯9¡9c�ho_gk6Y «uSo_&f&SoY Urf

σ−1

ªOY S^_�dHSoY%h i(�2U
σ, σ−1 ∈ S5

{

σ =

(
1 2 3 4 5
3 4 1 5 2

)

σ−1 =

(
3 4 1 5 2
1 2 3 4 5

)

=

(
1 2 3 4 5
3 5 1 2 4

)

 `
σ−1 ��v°Y UrqCc�hof&Y%\ qCcenyY%\µWXSVU§ZCSoY©R Y�UrfgYPvC\2Z°ªKS^hoZCY�UD¯�Y Urf&c�vC_&prqzf§v2\CZ c�nC_gprq2h^SoY%�uY%\2Z�ZCSoY

\CY vCY%\R Y UgfgY£ZCY�U } Ur���uY;\Cc�prqx_&k�Urf&S^Y�Urf��

� �o���o��� �NY �H\2Sof&S^k�\
(II.1.h)

{ } U[v2d2dyY
¦�So\CY } U[v2d2d|Y

G
So_&ftY%S^\2Y�±;c�honCl�U[v7dCdyY`�SVf \CY%v7f&Urc�hoY%` ¦�h^Y%`�Y%\zf�¡�S^\ Z2Y U !gY ZCY%_t¦�hoY%`�Y%\zf

So\z¯�Y UgfgSoY UrnCc�UNSo_&f��®� Sof��©v2c�\zfgk�U[Y%\|{
¢¤S ¥ ¨P_g_&k ��S^cef&So¯uSVf&��f�{ ∀a, b, c ∈ G : (ab) c = a (bc)

�
¢¤S^S ¥ ¸;Y v2f�U[c�h^Y%_O¦�hoY%`�Y%\zf�{ ∃e ∈ G ∀a ∈ G : ae = ea = a

�
¢�SoS^S ¥ ">\z¯�Y U[_&Y%_X¦�hoY%`�Y%\zf�{ ∀a ∈ G ∃b ∈ G : ab = ba = e

ªOY S^_�dHSoY%h^Y�{
¢¤c ¥ (Z, +) , (Q, +) , (R, +)

_gSo\CZ } Urv2dCdyY%\y��±;SoY U
e = 0,

">\z¯�Y U[_gY _X¦�hoY%`�Y%\zf −a
�

¢�n ¥ (Q∗ = Q \ {0} , ·) , (R∗ = R \ {0} , ·) _gSo\CZ } Urv2dCdyY%\y�®±;SoY U
e = 1

�
">\z¯�Y U[_&Y%_X¦�hoY%`�Y%\zf�{

a−1 =
1

a

�
¢¤p ¥ ({−1, 1} , ·) So_&fOY%So\CY } U[v7dCdyY£` SVf���WDY%SA¦�h^Y ` Y \zfgY%\y�
¢¤Z ¥ ({0} , +)

So_&f§Y S^\2Y } U[v2d2d|Y;`�SVfOY S^\2Y%` ¦�hoY%`�Y%\zf��

Â&)�� Ã��!"�����	&$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� �o���o��� suc�f �
(II.1.3)

Sn

So_&f§Y S^\2Y } U[v2d2d|Y£`�SVf
n!

¦�hoY%`�Y%\zfgY \|�
ªOY�WKY S^_�{

Sn

So_&fD±;c�hVnHl�Urv2dCdyYm`�SVf?\CY%v7f&Urc�hoY%`b¦�h^Y%`�Y%\zf�� ªOY UrY%Sof&_?n|Y�WXS^Y _gY%\y{�!gY ZCY%_D¦�hoY%`�Y%\zf
So\

Sn

S^_�fXSo\z¯�Y UgfgSoY UrnCc�U©WDY%SohjZ2S^Y;¦�h^Y%`�Y%\zf&Y/¯�k�\
Sn

nHS !gY w�f&So¯°_gSo\CZy�
ªOY qCc�v2d2fgv2\Cl2{ |Sn| = n!

¢ |Sn| :=
¨P\ ��c�qChAZ2Y UP¦�hoY%`�Y%\zf&Y/So\

Sn

� ¥
� ��l�h^Soprq2w�Y%SVfgY \�i(�2UPZ2S^Y;ªKS^hoZCY U©Y S^\2Y U ��Y�U[` v7fgcef&S^k�\|{

σ =

(
1 2 . . . n
i1 i2 . . . in

)

�4�2UPZ2Y%\]Y U[_�fgY%\°R Y�UrfXl�SVnCfOY%_
n
� ��l�h^Soprq2w�Y%SVfgY \�i(�2UPZ2S^Y � k�_&Sof&S^k�\¯�k�\

i1
�

ªOY SKl�Y WD��q2hof&Y%`
i1

l�SVnCftY%_
(n− 1)

� ��l�hoS^prq7w�Y Sof&Y%\ i·�2U�ZCSoY � k�_&Sof&S^k�\ ¯�k�\
i2
� ¢

σ
So\#!gY w�f&SV¯

⇒ i2 = σ (2) 6= σ (1) = i1 ¥ �ªOY Sjl�Y�WK��q2hof&Y%\
i1, i2

l�SVnCfOY%_
(n− 2)

� ��l�h^Soprq7w�Y%SVf&Y%\�i(�7UNZ2S^Y � k�_&Sof&Sok�\¯�k�\
i3
�

R Y%SVfgY U©_&k nHSo_OWXSVUPc�h^hoY
ij

ZCv7U[prqChoc�vCi(Y \ q2cen|Y \|�
">\C_&l�Y%_&c�` f�{

n · (n− 1) · (n− 2) · . . . · 1 = n!
¯�Y Ur_gprq2S^Y%Z2Y%\CY;� ��l�hoS^prq7w�Y Sof&Y%\�Z2Y UP¨N\2k�U[Z2\�vC\Cl7�

� �o���o� � ¸;k�fgcef&S^k�\|{
r
¶ ����wuh^Y \

¦�_Ol�Sohof�{
Sn =

{(
1 2 . . . n
i1 i2 . . . in

)}

, |Sn| = n!

sudyY#��SoY%h^hoY � Y U[`tv2f&c�f&Sok�\CY \|{
r
¶ ����wuhoY%\ ¢�q2c�nyY%\

r
�yS �yY U[\ ¥ {

σ =
(

i1 i2 . . . ir
)

�/SoY%_OnyY%Z2Y%v2f&Y f�{
¢�" ¥ i1 7→ i2 7→ . . . 7→ ir−1 7→ ir 7→ i1¢�"1" ¥ k 6= i1, . . . , ir ⇒ σ (k) = k

�
� c�\�w�c�\2\]_gSoprq]ZCSoY%_§c�v2prqxc�\2qCc�\CZxY%So\CY _OamU[Y%So_gY _K¯�k�U[_�fgY%hohoY%\|{

i3

ir

i4 i2

i1

� ��������¼e"�$��X�('�)��H	���$
r
'����%#%� "��4��$m	���$�	0. �®�
	�� �

±;SoY U©\�vC\]Y%So\�ªKY%S^_�dHSoY%h¤{

σ =
(

1 3 4 5
)

=

(
1 2 3 4 5 6
3 2 4 5 1 6

)

σ2 = σ ◦ σ =

(
1 2 3 4 5 6
4 2 5 1 3 6

)

=
(

1 4
) (

3 5
)

σ3 = σ ◦ σ ◦ σ = σ ◦ σ2 =

(
1 2 3 4 5 6
5 2 1 3 4 6

)

=
(

1 5 4 3
)

σ4 = σ ◦ σ ◦ σ ◦ σ = σ ◦ σ3 =

(
1 2 3 4 5 6
1 2 3 4 5 6

)

=
S^Z

} Y%\2Y U[Y%hoh|l�S^hVf�{ (
i1 . . . ir

)r
=

SoZ|��¸;vC\]l�S^hVf�{
σ7541 = σ4·1885+1 =

(
σ4
)1885 ◦ σ1 = id1885 ◦ σ = σ
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� �o���o� � suc�f �
(II.1.4)

{ ~ Y%pgqCY%\2l�Y%_&Y f-��Y;So\ } U[v2d2dyY%\
">\ !&Y%ZCY U } U[v7dCdyY�_&S^\2Z n|Y S§l�Y%l�Y nyY%\CY \

a, b ∈ G
ZCSoYxi(k�hol�Y%\2ZCY%\ } hoY%Soprq�vC\2l�Y%\ Y%So\CZ2Y%v2f&S^l

ho��_&nCceU%{
I : a · x = b II : y · a = b

v2\CZ ��WKceU
I : x = a−1 · b II : y = b · a−1

ªOY�WKY S^_§i·�2U } h^Y S^prq�v2\Cl
I
{

RTSVU©` �2_g_gY \_gk%WDk�qChjZ2S^Y;¦ «uS^_�fgY \ �mc�ho_§c�vCprqxZCSoY;¦�So\CZ2Y%v2f&Sol�w�Y%SofOZCY UP²y��_&vC\Cl ��Y%Sol�Y \|�
¦�«uSo_&f&Y%\ ��{®R<SoU©_&Y f-��Y%\�v2\C_&Y U[Y � Y U[`tv2f&vC\2l6S^\ZCSoY;h^So\2w�Y s7Y%SVf&Y;Y%S^\]v2\CZ�Y�U[qCc�hVfgY%\y{

a · x = a ·
(
a−1 · b

)

����� �
=

(
a · a−1

)
· b

���	� �
= e · b = b

RTSVU©Y U[q2c�hVf&Y%\]ZCSoYmU[Y%prqzf&Y s7Y%SVfgY��
¦�So\CZ2Y%v2f&Sol�w�Y%SofPZ2Y U;²y��_gv2\Cl7{Ps7Y%S

x ∈ G
¡|ZCc�_/q2Y%S ��f

a · x = b
�m¸;v2\ `tvChVfgSVdHhoS ��SoY U[Y%\�WXSVU;`�SVf

a−1 c�vCi4nyY%SoZCY%\xsuY%SVfgY%\°¯�k�\]h^So\2wu_§v2\CZ]Y UrqCc�hof&Y%\y{
a−1 (a · x) = a−1 · b�/c�_Xq2Y%S	��fm¢�¨P_g_&k ��S^cef&So¯ul�Y%_gY�f-� ¥ { (a−1 · a

)
· x = a−1 · b�/c�_Xq2Y%S	��fm¢�¸;Y v2f�U[c�h^Y%_O¦�hoY%`�Y%\zf ¥ { e · x = a−1 · b ⇔ x = a−1 · b�/Y�UNªKY WDY%So_§i(�2U

II
Y�U[i(k�hol�fOc�\Cc�h^k�l2¡2WKk�nyY%Sj`�SVU

a−1 ¯�k�\�U[Y prqzfg_©`tvChVfgSVdHhoS ��SoY Urf?WXSVU[Z|�

� �o���o�#� �NY �H\2Sof&S^k�\
(II.1.i)

{®aNk�` `tv2f&cefgSV¯�Y � Y Urwu\��7dHi(v2\Cl
¦�So\CY � Y Urwu\��2dCi(vC\2l�qCY%S ��fKw�k�`�`tv2f&c�f&SV¯ ¢¤cenyY%h^_&prq ¥ WKY \C\]l�SohVf�{

∀a, b : ab = ba

ªOY S^_�dHSoY%h^Y��
¢¤c ¥ (Z, +) , (Z, ·) , . . . , (R, +) , (R, ·) _&S^\2Zw�k�`�` v7fgcef&So¯9�
¢�n ¥ u, v ∈ R : u, v 7→ u× v

So_&f§\2S^pgqzf§w�k�`�` v2f&cefgSV¯9�
¢¤p ¥ S1, S2

_gSo\CZw�k�`�`tv2f&c�f&SV¯]�
¢¤Z ¥ Sn, n ≥ 3

_&S^\2Z�\CSoprqzfXw�k�`�` v7fgcef&So¯9�
ªOY qCc�v2d2fgv2\Cl2{

u× v = −v × uªOY�WKY S^_�{
u = (a1, a2, a3) , v = (b1, b2, b3)

�

u× v =

(∣
∣
∣
∣

a2 a3

b2 b3

∣
∣
∣
∣
,

∣
∣
∣
∣

a3 a1

b3 b1

∣
∣
∣
∣
,

∣
∣
∣
∣

a1 a2

b1 b2

∣
∣
∣
∣

)

=

(

−
∣
∣
∣
∣

b2 b3

a2 a3

∣
∣
∣
∣
,−
∣
∣
∣
∣

b3 b1

a3 a1

∣
∣
∣
∣
,−
∣
∣
∣
∣

b1 b2

a1 a2

∣
∣
∣
∣

)

= −
(∣
∣
∣
∣

b2 b3

a2 a3

∣
∣
∣
∣
,

∣
∣
∣
∣

b3 b1

a3 a1

∣
∣
∣
∣
,

∣
∣
∣
∣

b1 b2

a1 a2

∣
∣
∣
∣

)

= −v × u

ªOY qCc�v2d2fgv2\Cl2{
Sn

i(vCY U
n ≥ 3

S^_�f§\2S^prqzfXw�k�`�`tv2f&c�f&SV¯9�
�/c�_PY%_©_gSoprqxvC` Y%S^\2Y£¨Nv2_g_gc�l�Yti(�7Umc�hoh^Y qCc�\CZ2Y%hVfXU[Y%SoprqzfPY%S^\ } Y%l�Y%\znyY%So_&dHSoY%hyvC` ��v ��Y S^l�Y%\|¡
ZCc �

Sn, n ≥ 3
\CSoprqzf§w�k�`�` v7fgcef&So¯ So_&f��

s7Y S
σ, τ ∈ S3

{
σ =

(
1 2

)
=

(
1 2 3
2 1 3

)

, τ =
(

1 2 3
)

=

(
1 2 3
2 3 1

)

¸;vC\]l�S^hVf�{
σ ◦ τ =

(
2 3

)
6=
(

1 3
)

= τ ◦ σ

Â&)�� Ã��!"�����	&$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
��	0.X�[�
� #z¿ "�$�� '(¼����!�/.D"�$�¼�¿ ¼e	1)��!���!���e�



���������
	�������������	����
�����
����	�� �!�
"�# �!"��
	�$ �%	&���
	��(' �

� �o���o� � � Y%q7U[i(c�prqCY'�®U[kuZCv7w�fgY;¯�k�\ } U[v7dCdyY%\ ¢¤±;c�honCl�U[v7dCdyY%\ ¥
¦�So\CY � Y�Urwu\��2dCi(vC\2l So_&f6nCS^\2�eU%� �Nc�_ q2Y%S ��f�{ Y%_6w���\2\CY%\ \�v2U ��WDY%SO¦�hoY%`�Y%\zfgY]c�v2iNY%So\C`�c�h
¯�Y Urwu\��2dCi·f©WDY U[ZCY \|�
} Y%l�Y nyY%\ _gY%SoY%\ Z7U[Y%S�¦�hoY%`�Y%\zf&Y�{

a, b, c ∈ G
�]¸;vC\ l�Son2f£Y%_£` Y q2U[Y UrYµ� ��l�hoS^pgq2w�Y%Sof&Y%\ Z2S^Y%_&Y

¦�hoY%`�Y%\zf&Y&��v]¯�Y Ugwu\��2dHi·Y%\|{
(ab) c

¡
a (bc)

¡
(ba) c

¡
. . .

} Y%l�Y nyY%\�_gY S^Y%\
a1, . . . , an ∈ G

��¸;v2\]l�Sohof�{ n∏

i=1

ai := (. . . ((a1 · a2) · a3) . . . · an−1) · an

¨Ph^_OUrY wuv2U[_&So¯�Y%\]�NY �H\2Sof&S^k�\|{ 1∏

i=1

ai := a1
vC\2Z n+1∏

i=1

ai :=

(
n∏

i=1

ai

)

· an+1

RTSVUXWDk�hoh^Y%\\�vC\]ZCY \ �2c�hohji(�7U
n = 4

nyY f�U[c�prqzfgY \|{ 4∏

i=1

ai = ((a1 · a2) · a3) · a4

¦�_OS^_�f§cenyY UPc�v2prqxY%So\CY;c�\CZ2Y U[Y£a;h^c�`�`�Y U[v2\Cl ` ��l�hoS^pgq|{
(a1 · a2) · (a3 · a4)

�
ªOY qCc�v2d2fgv2\Cl2{ "�\]Y S^\2Y U©±;c�honCl�U[v7dCdyY;l�Sohof�{ 4∏

i=1

ai = (a1 · a2) · (a3 · a4)

ªOY�WKY S^_�{
(( a1 · a2
︸ ︷︷ ︸

x

) · a3
︸︷︷︸

y

) · a4
︸︷︷︸

z

A
= ( a1 · a2

︸ ︷︷ ︸

x

) · ( a3
︸︷︷︸

y

· a4
︸︷︷︸

z

)

�yv2ZCY%` l�Y%hof&Y%\�\2c�prqxZCY%` ¨P_g_gk���SocefgSV¯ul�Y _gY f �/c�vCpgq|{

((a1 · a2) · a3)·a4

A
= (a1 · a2)·(a3 · a4)

A
= a1·(a2 · (a3 · a4))

A
= a1·((a2 · a3) · a4)

A
= (a1 · (a2 · a3))·a4

� �o���o� � suc�f �
(II.1.5)

{®¨Nhoh^l�Y%`�Y%So\CY%_?¨P_g_gk���SocefgSV¯ul�Y _gY f �
} Y%l�Y nyY%\|{

H
_&Y%Sj±;c�hVnHl�Urv2dCdyY�¡2`�Sof

a1, . . . , an, an+1, am ∈ H
���/c�\C\xl�SohVf�{

n∏

i=1

ai ·
m∏

j=1

an+j =

n+m∏

i=1

ai

ªOY�WKY S^_§\�v2\�dyY UX¯�k�h^ho_&f&��\CZ2S^l�Y U ">\CZCv7w�fgSok�\]\2c�prq
n + m

�
">\CZ2v2w�f&S^k�\C_&¯�Y U[c�\7w�Y UrvC\Cl7{

n + m = 2
���/c�_XqCY S	��f

n = m = 1
¡CZCc

n, m ∈ N
�

ªOY�f&U[c�prqzf&vC\2l�ZCY UPhoS^\7w�Y%\ suY%SVfgY�{ 1∏

i=1

ai ·
1∏

j=1

an+j = a1 · a2

ªOY�f&U[c�prqzf&vC\2l�ZCY U©U[Y%pgqzfgY%\�suY%Sof&Y�{ 2∏

i=1

ai = a1 · a2

">\CZ2v2w�f&S^k�\C_g_&prqChov �9{�¦�_§l�Son2f ��WKY Sj� ��l�h^Soprq2w�Y%SVfgY \|{
n + m n + m + 1 =

{
(n + 1) + m
n + (m + 1)±;SoY UXWDk�hoh^Y%\°WXSoU©\�v7U/Z2Y%\�v2\zfgY UrY%\ �2c�hoh|nyY f�U[c�prqzfgY \|{

n + m n + (m + 1)
{®RTSVU©_&f&c�UgfgY%\xc�vCi�Z2Y UPh^So\2w�Y%\xsuY%Sof&Y�{

n∏

i=1

ai ·
m+1∏

j=1

an+j =

(
n∏

i=1

ai

)

·





m+1∏

j=1

an+j





� �����
=

(
n∏

i=1

ai

)

·









m∏

j=1

an+j



 · an+m+1





� ��� �
=





n∏

i=1

ai ·
m∏

j=1

an+j



 · an+m+1

� �

=

(
n+m∏

i=1

ai

)

· an+m+1

�������
=

n+m+1∏

i=1

ai
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� �o���o� � suc�f �
(II.1.6)

{®¨Nhoh^l�Y%`�Y%So\CY%_?aPk�`�` v7fgcef&So¯ul�Y%_gY f �
} Y%l�Y nyY%\|{

H
_&Y%S|w�k�`�` v7fgcef&So¯�Ym±;c�hVnHl�Urv2dCdyY�¡C`�Sof

a1, . . . , an ∈ H, σ ∈ Sn

���/c�\C\]l�S^hVf�{
a1 · a2 · . . . · an = aσ(1) · aσ(2) · . . . · aσ(n)

±;SoY U£w�Y%So\ ªOY WDY%So_�� ¦�_mWXSoUrZ c�v2iKZ2S^Y�²ySof&Y U[cef&v2U ¯�Y UrW§S^Y%_&Y%\ ¢�"�` �®U[So\ ��Sod WXSoY�ªOY WDY%So_;ZCY%_
c�h^hol�Y ` Y S^\2Y%\�¨N_&_gk ��Soc�f&SV¯ul�Y%_&Y f-� ¥ �

� �o���o� � ¨P\zWDY%\CZ2vC\Cl7{(��k�fgY \ ��l�Y%_&Y f-��Y;So\ } U[v2d2d|Y \
s7Y S

G
Y%So\CY } Urv2dCdyY�¡

a ∈ G, n ∈ N an :=
n∏

i=1

ai

i(�2U
ai = a a0 := e

�4�2U
n ∈ Z

l�SohVf�{
n ≥ 0

{®_gSoY%q2Y;k�nyY%\|¡
n < 0

�
an =

(

a|n|
)−1

� �o���o��� suc�f �
(II.1.7)

{ ��k�fgY%\ ��l�Y%_gY�f-��Y
s7Y S

G } U[v7dCdyY�¡
a, b ∈ G, n, m ∈ Z

���Nc�\2\]l�Sohof�{

¢¤S ¥ � v2hof&SodCh^SVw�cefgSok�\y{

anam =

n∏

i=1

a ·
m∏

i=1

a
(II.1.5)

=

n+m∏

i=1

a = an+m

(an)
m

=

m∏

j=1

an = an · . . . · an = a
�

m
j=1

n = an·m

ªKY%So_&dHSoY%h¤{

a10 · a−14 = a10 ·
(
a14
)−1

= a−1 · a−1 · a−1 · a−1 · a14
︸ ︷︷ ︸

= a10

·
(
a14
)−1

= a−1 · a−1 · a−1 · a−1 · a14 ·
(
a14
)−1

︸ ︷︷ ︸

= e

= a−1 · a−1 · a−1 · a−1 · e

=
(
a1 · a1 · a1 · a1

)−1
=
(
a4
)−1

= a−4a−4

¢¤S^S ¥ �Nc�_ "�\z¯�Y U[_&Y£¦�hoY%`�Y%\zfOY S^\2Y U �®U[kuZCv7w�fgY%_�{
(ab)−1 = b−1a−1� v ��Y S^l�Y%\|{

(ab)
(
a−1b−1

)
=
(
b−1a−1

)
(ab) = e

�
¸;v2\�l�SohVf§i(�7UNZ2S^Y;hoSo\2w�Y suY%SVfgY�{

(ab)
(
a−1b−1

)
=
(
abb−1

)
a−1 = (ae) a−1 = aa−1 = e¨PvCi�Z2Y U©U[Y%prqzf&Y%\�s7Y%SVf&Y;l�Sohof�{ (

b−1a−1
)
(ab) = b−1

(
a−1ab

)
= b−1 (eb) = b−1b = e�Nc�` SVfKS^_�f (

b−1a−1
) ZCc�_XSo\z¯�Y Ur_gY£¦�hoY%`�Y%\zf ��v

(ab)
�

¢�SoS^S ¥ G
c�nyY%ho_gpgq|{

(ab)
n

=

n∏

i=1

(ab)

� ��� �
=

n∏

i=1

a ·
n∏

i=1

b = anbn
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� �o��� � � �NY �H\2Sof&S^k�\
(II.1.j)

{ ��� vCSV¯�c�hoY%\ ��U[Y h^cef&S^k�\]c�v2i�Y S^\2Y U©� Y%\Cl�Y
M

{
¢¤S ¥ ∀x ∈ M : x ∼ x

¢¤¦�Sol�Y \C_gpgqCc�i·fXZ2Y U ~ Y��HY «uSV¯uSof&�ef ¥
¢¤S^S ¥ ∀x, y ∈ M ; x ∼ y ⇒ y ∼ x

¢¤¦�Sol�Y \C_gpgqCc�i·fXZ2Y U/s �u`�`�Y f&UrS^Y ¥
¢�SoS^S ¥ ∀x, y, z : x ∼ y, y ∼ z ⇒ x ∼ z

¢¤¦�Sol�Y \C_gpgqCc�i·fXZ2Y U©¬|U[c�\2_gSVfgSV¯uSof&�ef ¥
�/SoY ��� v2So¯�c�hoY%\ ��U[Y%hocefgSok�\]So_&fOY%S^\2Y;¨PnC_gprqzWD��prq�v2\Cl ZCY U ">ZCY%\zf&SVfg�ef&_&U[Y%hocefgSok�\y�
�/Y��H\CSVf&S^k�\|{ ��� vCSV¯�c�hoY%\ ��wuhoc�_g_gY�{

[x] := {y ∈ M | y ∼ x}¦�_Ol�Sohof�{
M =

⋃

· ¯�Y U[_&prqCSoY%Z2Y%\CY ��� v2So¯�c�hoY%\ ��wuh^c�_&_gY%\

[x3]

[x4][x1] [x2]

� ��������¼e"�$��©�('¤½e� �%#%��º�º&	 ,����
M

�/Y��H\CSVf&S^k�\ {�� Y%\Cl�YPZ2Y U ��� vCSV¯�c�h^Y%\ ��wuhoc�_g_&Y%\6WXSVU[Z�c�ho_
M/∼

nyY#��Y S^prq2\CY f����/SoYN¦�h^Y%`�Y%\zf&Y§Z2Y U
� Y%\Cl�Y;_gSo\CZW§S^Y%Z2Y U[v2`b� Y \Cl�Y \|�

� �o��� � � �NY �H\2Sof&S^k�\
(II.1.k)

{�aNk�\Cl�U[vCY%\ ��UrY%h^cef&S^k�\
mod n

c�vCi
Z
�

²yS^Y%_;³g` kuZ2vChok
n

c�v2i
Ź

� �4�2U
a, b ∈ Z

v2\CZ Y%So\ i(Y%_�fgY%_
n ∈ N

l�S^hVf�{
a ≡ b mod n ⇔ n|a −

b
ªKY%`�Y UrwuvC\2l�Y%\y{

• n ∈ N
¡H�NSo¯uSo_gSok�\°` SVf ~ Y%_�f�{

a = q · n + r
`�SVf

0 ≤ r ≤ n− 1
�

• a ≡ b mod n ⇔ a, b
hoc�_g_gY \nyY%Sj�NSo¯uSo_gSok�\°` SVf ~ Y%_�f§Z2v2U[prq

n
ZCY \C_gY honyY%\ ~ Y%_�f��

�/Y��H\CSVf&S^k�\�i(�2UP¬|Y%S^hoY U%{
x|y ⇔ ∃z : x · z = y

�

� �o��� ��� suc�f �
(II.1.8)

{ ≡ mod n
S^_�f§Y%So\CY ��� v2So¯�c�hoY%\zf�U[Y%hoc�f&Sok�\

ªOY�WKY S^_�{
~ Y��HY «uSV¯uSVfg�ef�{

a ≡ a|n ¡HZ2Y%\C\ n|a− a = 0
�

s �u`�`�Y f�U[SoY�{�s7Y%S
a ≡ b mod n

¡��yv ��Y%S^l�Y%\|{
b ≡ a mod n

���/c�_XqCY S	��f
n|b− a

�
¸;c�prq � k�U[c�vC_&_gY f ��v2\Cl6l�S^hVf�{

n|a− b ⇔ a− b = k · n ⇔ b− a = (−k) · n ⇔ b− a = l · n¬|Urc�\2_gSVfgSV¯uSVfg�ef�{Ds7Y%S
a ≡ b mod n

vC\2Z
b ≡ c mod n

�
�yv ��Y%Sol�Y%\y{

a ≡ b mod n
¡
b ≡ c mod n ⇒ a ≡ c mod n

�
¦�_Ol�Sohof�{

a− c = (a− b) + (b− c) = k · n + l · n = (k + l) · n

� �o��� � � �NY �H\2Sof&S^k�\
(II.1.l)

{
a

a =
aPk�\2l�U[v2Y%\ ��wuhoc�_&_gYm¯�k�\

a = {b ∈ Z| a ≡ b mod n} = {b ∈ Z| (n|a− b)} ��/SoY;aPk�\Cl�U[vCY \ ��wuh^c�_g_&Y£S^_�f§Y%Sol�Y%\zf&hoS^prqY%S^\2Y ��� v2So¯�c�hoY%\ ��wuh^c�_&_gY��

� �o��� � � �NY �H\2Sof&S^k�\
(II.1.m)

{ ~ Y%_&f�wuh^c�_&_gY%\7U[S^\2l�Y
Z/nZ

Z/nZ :=
� Y%\2l�YmZ2Y UPaNk�\Cl�UrvCY%\ ��wuhoc�_g_gY \

modn = {a| a ∈ Z} �

¹u	��!º��!	?»�$�¼e	��
"�$����9½ ¾%¿�À�"����2½�Á�Á�) Â&)��yÃ��!"�����	&$



�%	&���
	��('�)g½ ¹u��$�	&���!	�������	&�����D|'������
� 	g��"�$��

� �o��� � � suc�f �
(II.1.9)

{
¦�_Ol�Sohof�{
¢¤S ¥ a = a + n · Z = {a, a + n, a− n, a + 2n, a− 2n, . . .}
¢¤S^S ¥ ¦�_§l�SVnCfOl�Y%\2c�v |n| ¯�Y U[_&prqCSoY%Z2Y%\CY£aPk�\Cl�U[vCY \ ��wuh^c�_g_&Y%\]i(�7U

n 6= 0
�

ªOY�WKY S^_&Y {
��v

(i)
{

b ∈ a

�������
⇔ a ≡ b mod n ⇔ ∃k ∈ Z : a− b = k · n

⇔ ∃k ∈ Z : b = a + (−k) · n ⇔ l ∈ Z : b = a + l · n

��v
(ii)

{
n = 0 : a ≡ b mod 0

� �����
⇔ 0|a− b ⇔ ∃k ∈ Z : 0 · k = a− b ⇔ a = b

�
¨Ph^_&k2{ ≡ mod0

So_&f§Z2S^Y ">ZCY \zfgSVfg�ef����/c�_Xq2Y%S	��f
a = a

�
n 6= 0

{®�NSo¯uSo_gSok�\°` SVf ~ Y%_�fOnyY#���Cl�h^Soprq
n : b = q · n + r

i(�7U
0 ≤ r ≤ |n| − 1

�$ �!	&� � ��� �u¼e	&� ¹���$���	 |n|

3|n|2|n||n|0−3|n| −2|n| −|n| k|n| (k + 1)|n|
������� � ¼e"�$��X�(' � �y�%#%��º�º�	 ,����

n < 0

�/c�_Xq2Y%S	��f�{
b ≡ r mod n

`�Sof
0 ≤ r ≤ |n| − 1 ⇒ b = r

i(�7UPY%S^\
r ∈ N0

`�SVf
0 ≤ r ≤ |n| − 1

�
¦�_Ol�SVnCf§c�ho_gk |n| ¯uSoY%h^Y;a;hoc�_g_&Y%\|�
¸;kuprq ��v ��Y%Sol�Y \|{®�NS^Y;a;hoc�_g_&Y%\

r
i(�7U

0 ≤ r ≤ |n| − 1
_gSo\CZdCc�ceUrWDY%So_gY;¯�Y U[_&prqCSoY%ZCY \|�

s7Y S
r = s

`�SVf
0 ≤ s ≤ |n| − 1

�K�Nc�_XqCY%S ��f
r ≡ s mod n ⇔ n|s− r ⇔ s− r = k · n ⇒ |s− r| = 0kuZCY U |s− r| ≥ |n| �®R Y%Soh

r, s ∈ [0, |n| − 1[
_gSo\CZ°w�c�\2\x\�v2UPl�Y%hVf&Y%\|{ |s− r| = 0 ⇒ s = r �

�
ªOY S^_�dHSoY%h^Y�{
¢¤c ¥ n = 2

�
Z/2Z =

{
0, 1
} ��¦�_§l�Sohof�{

0 = {x ∈ Z | (2|x− 0)} = { c�hoh^Y l�Y�U[c�ZCY%\ �yc�q2h^Y%\ }
1 = {x ∈ Z | (2|x− 1)} = { c�hoh^Y vC\2l�Y Urc�Z2Y%\ �yc�qChoY%\ }

¢�n ¥ n = 3
�

Z/3Z =
{
0, 1, 2

} �®¦�_§l�S^hVf�{�f
0 = {x ∈ Z | (3 |x− 0)}

= { c�h^hoY ZCv2Urprq Z7U[Y%S/f&Y%SohonCceU[Y%\ �yc�q2h^Y%\ }
1 = {x ∈ Z | (3 |x− 1)}

= { �yc�qChoY%\y¡XZCSoY n|Y Sm�/SV¯uS^_&S^k�\<ZCv7U[prq � ~ Y%_�f � ��v2U[�2pgwuh^c�_&_gY%\ }
2 = {x ∈ Z | (3 |x− 2)}

= { �yc�qChoY%\y¡XZCSoY n|Y Sm�/SV¯uS^_&S^k�\<ZCv7U[prq � ~ Y%_�f � ��v2U[�2pgwuh^c�_&_gY%\ }
¢¤p ¥ n ∈ N

{
Z/nZ =

{
0, 1, 2, . . . , n− 1

}

Â&)�� Ã��!"�����	&$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� �o��� � � ~ Y%prq2Y%\Cl�Y%_gY f ��Y;c�v2i
Z/nZ

{
• (Z/nZ, +, ·)
• �4�2U

n 6= 0
{

Z/nZ =
{
0, 1, . . . , n− 1

}
= {x|x ∈ Z} �

} hoY%S^pgqCqCY Sof�{
x = y ⇔ n|x− y ⇔ x ≡ y mod n¨§Z2ZCSVfgSok�\y{

x + y = x + y� vChVfgSVdHhoSVw�c�f&Sok�\|{
x · y = x · yR k�q2h^Z2Y �H\2S^Y Ugfgq2Y%Sof�{ �ySoY%h�{j³ra;hoc�_&_gY%\ ´ ��v]c�ZCZCSoY U[Y \]vC\CZ]`tvChVfgSVdHhoS	��SoY U[Y%\y�

} Y%l�Y nyY%\�_gY S^\2Y%\
K1, K2

��¸;vC\y{
¢¤c ¥ R<��q2h^Y

x1, x2
`�Sof

K1 = x1
vC\2Z

K2 = x2¢�n ¥ ¨OZCZCSoY U[Y
x1 + x2¢¤p ¥ �NY �H\2S^Y�U[Y
K1 + K2 := x1 + x2¸;vC\ _&f&Y%hohof�_&S^prq ZCc�_ �®Urk�nHhoY%` Z2Y U�R k�q2h^Z2Y �H\2S^Y�Urfgq2Y%SVf�{ �yY%Sol�Y�¡§ZCc � ZCY UR Y�Urf

K1 + K2vC\2cenHqC��\2l�Sol6¯�k�\]ZCY UP¨PvC_&WDc�qChjZCY U
xi

` SVf
i = 1, 2

S^_�f��
� k�UNZ2Y%` c�h^hol�Y%`�Y%So\CY \°ªKY WDY%S^_���v2Y U[_�fXY%So\�ªOY%So_&dCS^Y h�{
s7Y S

n = 15
� ¸;vC\ l�Sohof�{

1 = 46
v2\CZ −6 = 84

¢�">\ nyY%SoZCY%\ �4��h^hoY%\ qCc�\CZ2Y%hVfY%_ _gSoprq vC`
~ Y dCU[��_&Y%\zfgc�\zf&Y%\ Z2Y U[_&Y%honyY%\ aPk�\2l�U[v2Y%\ ��wuhoc�_&_gY ¥ � �4�Cq7U[Y%\ WXS^Y�Y%So\CY ¨§ZCZ2Sof&S^k�\ Z2v2U[pgq|¡©_gk
Y U[l�Son2f§_&S^prqy{

1 + (−6) = −5 = 10 = 130 = 46 + 84�/SoY;¨PvC_&WDc�qChj_&dHSoY%hVf§c�ho_gk6So\�ZCSoY%_&Y%`bªOY%So_&dCS^Y hyw�Y%So\CY ~ k�hoh^Y��
¨Ph^hol�Y%`�Y%So\CY�UOªKY WDY%S^_�{?suY%S

x1 = x′1
vC\2Z

x2 = x′2
�

�yv ��Y%Sol�Y%\y{
x1 + x2 = x′1 + x′2

���/c�_XqCY S	��f�{
n| (x1 + x2)− (x′1 + x′2)
︸ ︷︷ ︸

+ ∆ªOY ` Y�UrwuvC\2l2{ ">\µZCSoY%_gY ` �2c�hohHS^_�f®c�hoh^Y%_�WKk�`�Sof WXSVUKceUrnyY%SVf&Y%\6w���\C\2Y%\
n|x1−x′1

vC\2Z
n|x2−x′2

�
¸;vC\]l�S^hVfKi(�2U

∆
{

∆ = (x1 + x2)− (x′1 + x′2)

����� �
= n · l1 + n · l2 = n · (l1 + l2)¨Ph^_&k6S^_�f

n
Y%So\�¬jY S^hoY UX¯�k�\

∆
�

R Y%SVfgY U©So_&f���v ��Y%Sol�Y%\y{
x1 · x2 = x′1 · x′2

���Nc�_XqCY%S ��f
n| x1 · x2 − x′1 · x′2
︸ ︷︷ ︸

+ δ¸;vC\]l�S^hVfKi(�2U
δ
{

δ = x1 · x2 − x′1 · x′2 = x1 · x2 −x′1 · x2 + x′1 · x2
︸ ︷︷ ︸

= 0

− x′1 · x′2

= (x1 − x′1) · x2 + x′1 · (x2 − x′2) = n · l1 · x2 + x′1 · n · l2 = n · (l1 · x2 + l2 · x′1)¨Ph^_&k6S^_�f
n
Y%So\�¬jY S^hoY UX¯�k�\

δ
�

ªOY S^_�dHSoY%h^Y�{®suY%S
n = 10

{
• 6 + 9 = 15 = 5

• 6 · 9 = 54 = 4

• 4 · 5 = 20 = 0

• 7
3

= 343 = 3

• 9
343461

=
(

9
2
)171730

· 9 =
(
1
)171730 · 9 = 9
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� �o��� � � suc�f �
(II.1.10)

¦�_Ol�Sohof�{
¢¤S ¥ (Z/nZ, +)

S^_�fKcenyY%ho_gprq2Y } U[v7dCdyY/`�SVf?\CY%v7f&U[c�hoY%`b¦�hoY%`�Y%\zf
0
�®�/c�_Kc�Z2ZCSVfgSV¯�Y ">\z¯�Y Ur_gY ��v

a
S^_�f −a

�
¢¤S^S ¥ (Z/nZ, ·) S^_�f§Y%So\CYmw�k�`�`tv2f&c�f&SV¯�Ym±;c�hVnHl�U[v2d2d|Y;`�SVfO\2Y%v2f�U[c�hoY%` ¦�hoY%`�Y%\zf

1
�

ªOY�WKY S^_�{
��v

(i)
{�¨P_g_&k ��S^cef&So¯uSVfg�ef�� �yv ��Y%Sol�Y%\y{ (

a + b
)

+ c = a +
(
b + c

) �
²yS^\7w�Yts7Y Sof&Y�{ (

a + b
)

+ c

� � ���
= a + b + c

�������
= (a + b) + c

�

~ Y%prqzf&Y suY%SVfgY�{
a +

(
b + c

)

�������
= a + b + c

�������
= a + (b + c)

�
�/cPZCSoYO¨OZCZCSVf&S^k�\tSo\

Z
c�_g_gk���SocefgSV¯£So_&f�i(k�hol�f�¡�Z2c �£ZCSoYOhoS^\7w�Y§v2\CZtZCSoYKU[Y%pgqzfgY%\µs7Y%SVfgYK� � vCSV¯�c�hoY%\zf_gSo\CZy�

ªOY�f&U[c�prqzf&vC\2l�ZCY%_X\2Y%v2f�U[c�h^Y \�¦�hoY%`�Y%\zf&_�{
a + 0 = a + 0 = a = 0 + a = 0 + a

ªOY�f&U[c�prqzf&vC\2l�ZCY UPaPk�`�` v7fgcef&So¯uSVfg�ef�{
a + b = a + b

Z
= b + a = b + a

ªOY�f&U[c�prqzf&vC\2l�ZCY%_XSo\z¯�Y�U[_gY%\]¦�h^Y ` Y \zfg_�{
a +−a

� �����
= a + (−a)

Z
= 0��v

(ii)
{�ªOY�WKY S^_§Y�U[i(k�hol�fOc�\Cc�h^k�l2�

� �o��� � � ¦�S^l�Y%\C_&prqCc�i·f&Y%\�¯�k�\
Z/nZ

{
• (Z/nZ, +)

So_&fOc�nyY%ho_gpgqCY } U[v2d2dyY
�

¸;Y%v7f&U[c�hoY%_§¦�h^Y%`�Y%\zf�{
0 = n = −2n = . . .

�
">\z¯�Y�U[_gY%_X¦�h^Y ` Y \zf�{ − (a) = −a = n− a = . . .

• (Z/nZ, ·) S^_�fOw�k�`�` v7fgcef&So¯�Ym±;c�hVnHl�Urv2dCdyY
�

¸;Y%v7f&U[c�hoY%_§¦�h^Y%`�Y%\zf�{
1 = n + 1 = −6n + 1 = . . .

�
a;Y%So\CY } U[v7dCdyY�¡9Z2c

0 · x = 0 · x = 0 6= 1
¢�¦�_XY «uSo_&f&S^Y UgfOw�Y%S^\]So\z¯�Y U[_gY _X¦�hoY%`�Y%\zfDi(�2U

|n| > 1 ¥
¦�So\CY;¨P\C`�Y UgwuvC\Cl ��v7UN¸;k�fgcef&S^k�\|{

a− b = a +
(
−b
)

= a− b
�

� �o��� � � ~ Y%prq2Y%\znyY%S^_�dHSoY%hoYmi(�2UPaPk�\2l�U[v2Y%\ ��wuh^c�_&_gY%\
s7Y S

n = 10
�®ªKY U[Y%pgqC\CY \ s7SoY

16
3 − 2

6
+ 22

�®¸;vC\�l�S^hVf�{
16

3
= 16

2 · 16 = 6
2 · 16 = (−4)2 · 16 = 16 · 16 = (−4)2 = 16 = 6

2
6

= 2
3 · 23

= 8 · 8 = −2 · −2 = 4

22 = 2s7Y�f-��Y%\�WXSVU©\�vC\xY%So\|¡2_gkµY UrqCc�hof&Y%\W§SoU%{
16

3 − 2
6

+ 22 = 6− 4 + 2 = 8− 4 = 4
�

s7Y S
n = 10

��R c�_§So_&f
9

k �

�/Y�UN_&prqChoY%prqzf&Y�¡9Z2c c�vCi^WKY \CZCSol�Y;R Y%l7{
9

k
= 9k

�
�/Y�UNl�v2f&Y;R Y l2{

9
k

= −1
k �®¸;vC\�l�S^hVf�{

−1
k

=

{
1 k

l�Y Urc�Z2Y
−1 k

v2\Cl�Y�U[c�ZCY

Â&)�� Ã��!"�����	&$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
��	0.X�[�
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� �o����� � ">\z¯�Y Urf&S^Y UgnHceUrw�Y%Sof©¯�k�\
Z/8Z

a
So_&f§So\z¯�Y Urf&S^Y UgnHceU/So\

(Z/nZ, ·) ⇔ ∃b ∈ Z/nZ : a · b = b · a = 1s7So\CZZCSoY a;hoc�_g_&Y%\So\
Z/8Z

So\z¯�Y UgfgSoY UrnCc�U �

� � 	 .§	�$ �&�
0 1 2 3 4 5 6 7

����º&"���	&�����
����	&�P� $ � 	�����	g��� ��	0.§	&$�� − 1 − 3 − 5 − 7

�/SoY;vC\2l�Y Urc�Z2Y%\]¦�hoY%`�Y%\zf&Y/_&S^\2Z]h^Y%Soprqzf���v]nyY U[Y%pgqC\CY \|�
R ceU[vC` l�SVnCfOY%_Ow�Y%S^\2Y£S^\z¯�Y U[_&Y%_§¦�hoY%`�Y%\zfKi(�2U

2
�

¦�_/l�Sohof�{
2 · x = 2x = y

�
y
`t� ��f&Yµ\�vC\

1
_gY S^\y�6¨©n|Y�U

y
S^_�fml�Y�U[c�ZCY�¡4WDY%Soh

8|y − 2x
�µ�/c�q2Y UY «uSo_&f&S^Y�Urf?i(�2U

2
w�Y%So\�S^\z¯�Y U[_&Y%_?¦�hoY%`�Y%\zf�� �Nc�_D¨©U[l�v2` Y \zf�h^� ��f?_&S^prq c�\Cc�hok�l£c�vCijc�hoh^YPc�\CZ2Y U[Y%\

l�Y�U[c�ZCY%\]aPk�\2l�U[v2Y%\ ��wuh^c�_&_gY%\�So\
Z/8Z

c�\zWDY%\CZ2Y%\|�

� �o�����7� �NY UPl�l�¬
(a, b)

l�l�¬
(a, b) =

l�U[� ��fgY;\2c�f&�2Urh^SoprqCY � c�q2h�¡HZCSoY
a
vC\CZ

b
f&Y%Sohof��

R Y%hoprqCY ">\2dCv2f&_X_gSo\CZ�`���l�hoS^prqy{
a, b ∈ Z, (a, b) 6= (0, 0)

�
�/Y��H\CSVf&S^k�\�¬jY%SohoY U%{

x|y ⇔ ∃k = k · x = y
�

¨P\C`�Y Urwuv2\Cl ��v2UP¸;vChoh¤{

• x|0 ¡HZCY \C\ 0 · x = 0
¡2WKk�nyY%SjZ2S^Y;Y Ur_&f&Y;¸;vChoh

k
So_&fOvC\CZ]Z2S^Y ��WDY%SVfgY;¸;v2h^h

y
�

• 0|x ⇒ x = 0
�

RTSoprqzf&S^l�Y;¦�Sol�Y%\2_gprq2c�i^fgY%\]Z2Y%_§l�l�¬
(a, b)

{
¢¤S ¥ l�l�¬

(a, b) =
l�l�¬

(a, b− a · q) `�Sof
a 6= 0, q ∈ Z

�
¢¤S^S ¥ l�l�¬

(a, 0) = |a|
¢�SoS^S ¥ l�l�¬

(a, b) =
l�l�¬

(b, a)

ªOY�WKY S^_&Y�{
�yv

(iii)
{�a;h^ceU%¡9Z2c

a
v2\CZ

b
_0�u` `�Y f�U[So_gprq So\]ZCSoY;�/Y �C\CSVfgSok�\°Y%S^\2l�Y%q2Y%\|�

�yv
(ii)

{�a;h^ceU%¡CZCc6c�hoh^Y'� c�qChoY%\�¸;vChoh|f&Y%Soh^Y \|�®�NY UPl�U[� ��fgY;¬|Y%Soh^Y UX¯�k�\
a
v2\CZ]¸;v2h^hyS^_�f |a|�yv

(i)
{Ds7Y S

d =
l�l�¬

(a, b) , e =
l�l�¬

(a, b− q · a)
�

d|a, b
�

�/c�_Xq2Y%S	��f
a = x · d vC\CZ

b = y · d ⇒ d|a, (b− a · q = y · d− (x · d) · q = (y − x · q) · d)
�

�/c�_Xq2Y%S	��f�{
d|a, a− b · q

� �����
⇒ d ≤ e

�
¸;vC\�nCh^Y Son2f���v ��Y%Sol�Y \|{

e ≤ d
¢¤ZCc�\2\ i·k�hol�f

e = d ¥ �¦�_OS^_�f
b = (b− a · q) + a · q = (b− a · q)− a · (−q)

��¨Ph^_&k
b = b′ − a · (−q)

�
±;SoY U©\Ckuprq]Y%So\C`�c�hyY%S^\2Y � Y U[Z2Y%v2f&hoS^prq�v2\Cl7{

a, b → a, b′ → a, b
d ≤ e ≤ d

�/SV¯uSo_gSok�\`�SVf ~ Y%_�f�{
a 6= 0, b = a · q + r

`�Sof
0 ≤ r ≤ |a| − 1

�
r = b− a · q �¸;c�prqx¦�Sol�Y%\2_gprq2c�i·f

(i)
i(k�h^l�f�{®l�l�¬

(a, b) =
l�l�¬

(a, r)
�
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� �o����� � ¦�v2wuhoS^Z2_gprq2Y UP¨Nhol�k�U[Sof&qC`tvC_
ªOY�U[Y%prq2\CY%\ suS^Y;Z2Y%\]l�l�¬

(196, 217)
��¸;vC\]l�S^hVf�{

l�l�¬
(196, 217) =

l�l�¬
(196, ?) ? : 217 = 196 · 1 + 21

⇒ l�l�¬
(196, 217) =

l�l�¬
(196, 21) =

l�l�¬
(21, ?) ? : 196 = 21 · 9 + 7

⇒ l�l�¬
(196, 21) =

l�l�¬
(21, 7) =

l�l�¬
(7, ?) ? : 21 = 7 · 3 + 0

⇒ l�l�¬
(7, 21) =

l�l�¬
(7, 0) = |7| = 7l�l�¬

(a, b)
hoSoY%i(Y UrfOZCY%\]l�U[����f&Y%\�l�Y%`�Y%So\CY%_&c�`�Y%\µ¬|Y%Soh^Y UX¯�k�\

a
v2\CZ

b
�

s7Y S^Y%\
a, b ∈ N

{
a0 = b · q1 + a2 0 ≤ a2 ≤ b− 1

b = a2 · q2 + a3 0 ≤ a3 ≤ a2 − 1

a2 = a3 · q3 + a4 0 ≤ a4 ≤ a3 − 1

a3 = a4 · q4 + a5 0 ≤ a5 ≤ a4 − 1��� ���
ai−1 = ai · qi + ai+1 0 ≤ ai+1 ≤ ai − 1 ai+1 6= 0

ai = ai+1 · qi+1 + 0�/c�\2\]S^_�f
ai+1

Z2Y UPl�l�¬
(a, b)

�
�/Y�UN¦�v2wuhoS^Z2S^_&prqCY;¨Phol�k�UrSof&qC`tvC_Dh^SoY%i(Y Ugf

x, y ∈ Z
`�SofKl�l�¬

(a, b) = x · a + y · b �

� �o����� � ªKY%S^_�dHSoY%h¤{�ªKY U[Y%prq2\�vC\2l6¯�k�\ l�l�¬
(471, 113)

¦�_Ol�Sohof�{
471 = 113 · 4 + 19

113 = 19 · 5 + 18

19 = 18 · 1 + 1

18 = 1 · 18 + 0

⇒ l�l�¬
(471, 113) = 19− 18 · 1

= 19− (113− 19 · 5) · 1
= 19 · 6− 113 · 1
= (471− 113 · 4) · 6− 113 · 1
= 471 · 6− 113 · 25�/c�`�SVf§Y U[l�Son2f§_&S^prqy{�l�l�¬

(471, 113) = 1 = 471 · 6− 113 · 25

� �o������� suc�f �
(II.1.11)

{ ">\z¯�Y�UrfgSoY UrnCceUrw�Y SofPSo\
(Z/nZ, ·)

s7Y S
a ∈ Z/nZ

l�Y%l�Y nyY%\|� �/c�\2\ nyY%_&Sof ��f
a
Y%So\ ¢�`tvChVfgSVdHhoSVw�c�f&SV¯�Y%_ ¥ ">\z¯�Y U[_gY _Kl�Y%\Cc�v ZCc�\C\y¡7WDY%\2\

l�l�¬
(a, n) = 1

��¨Nv2_XZCY UP�/ceU[_�fgY h^hovC\2l
1 = x · a + y · n Y U[l�Son2f§_&S^prqy{
(a)−1 = x¸;Soprqzf§¯�k�hoh^_�fg��\CZ2S^l�Y U©ªOY�WKY S^_�{

1 = x · a + y · n ⇒ 1 = x · a + y · n = x · a + y · n
︸︷︷︸

= 0

= x · a

¨Ph^_&k2{
1 = x · a �

Â&)�� Ã��!"�����	&$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
��	0.X�[�
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� �o����� � ¦ UrWDY%Sof&Y Urf&Y UP¦�v7wuh^SoZC_&prqCY�UN¨Phol�k�UrSof&qC`tvC_
l�l�¬

(a, b)
¡
a1 = a, a2 = b

� �4�7U
i ≥ 2 : ai−1 = ai · qi + ai+1

`�Sof
0 ≤ ai+1 ≤ |ai| − 1

�
s7¬�
 �§{

ai+1 = 0
�(
  ¬(�  ¬X{ l�l�¬

(a, b) = ai

�
">\]ZCY U

i
¶!fgY%\]s7prq2h^Y%Soi(Y�{®l�l�¬

(ai−1, ai) =
l�l�¬

(ai+1, ai)
��¦�¯�Y%\zf&vCY%hoh¤{®l�l�¬

(a, 0) = |a| �±;SoY U©\�vC\]Z2Y UPY UrWDY%SVfgY UgfgY£Y%v7wuh^SoZCSo_gprq2Ym¨Ph^l�k�U[SVfgq2` v2_�{
a1 = a2 · q2 + a3

a2 = a3 · q3 + a4��� ��� ���
ai−3 = ai−2 · qi−2 + ai−1

ai−2 = ai−1 · qi−1 + ai

ai−1 = ai · qi + 0

¨PvC_XZCY�UP¯�k�Urh^Y f ��fgY%\ � Y%Soh^Y;i(k�h^l�f�{
d = ai = ai−2 + ai−1 · (−qi−1)

¨PvC_XZCY�UNZ7U[SVf&f&h^Y�f-��fgY \ �yY%SohoY;i(k�hol�f�{
d = ai−2 + (ai−3 + ai−2 · (−qi−2)) · (−qi−1)

= ai−3 + ai−2 · (1 + qi−2 · qi−1)

¦�¯�Y%\zf&vCY%hohjY�U[qCc�hVfgY%\�W§SoU%{
d = a1 · x + a2 · y

= a · x + b · y
¸;kuprq]Y%So\CY;¨P\C`�Y Urwuv2\Cl ��v7U/¦ � ��SoY%\ �NZCY%_OY UrWDY%SVfgY UgfgY%\]¦�v2wuhoS^Z2S^_&prqCY \�¨Nhol�k�U[SVfgq2` vC_
a, b < N ⇒ ZCc�\C\xho����fP_&S^prqxZ2Y Uml�l�¬

(a, b)
So\xqC�uprq2_&f&Y%\C_

2 · ln N ~ v2\CZ2Y%\]n|Y�U[Y%prq2\CY%\y�X¦�So\CY
~ vC\CZ2Y;S^_�f§Z2c�nyY%SjY%S^\2Ym�/SV¯uSo_gSok�\�`�SVf ~ Y%_&f��
¨P\C\Cc�q2` Y

N = 10100 ��¸;vC\ ` �2_g_&Y%\6WXSVUO\�v7U§\Ckuprq
2 · ln 10100 nyY U[Y prqC\2Y%\°v2` Z2S^YP`�c�«uSo`�c�h^Y

¨P\ ��c�q2hAZCY�U ~ vC\2ZCY%\ ��v]Y U[q2c�hof&Y%\|{
2 · ln 10100 = 100 · 2 · ln 2 ≈ 200 · 2.3 = 460

� c�\nCU[c�v2prqzfPc�ho_gk ` ce«uSo`�c�h�� � � �NSo¯uSo_gSok�\2Y%\`�SVf ~ Y%_�fOv2` Z2Y%\�l�l�¬ ��WDY%SoY U;��� ��¶
_&f&Y%h^hoSol�Y U
�yc�q2h^Y%\ ��v�nyY U[Y%pgqC\CY \|�
ªOY qCc�v2d2fgv2\Cl2{

a · b = 1 ⇔ l�l�¬
(a, n) = 1³ ⇐́ {

1 = ax + ny ⇒ a · b = 1
�

³ ⇒́ {
a · b = 1 ⇒ a · b = 1 + l · n i(�2UPY%So\

l
�

d|a, n ⇒ d|1 ⇒ d = 1
�
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� �o����� �
(Z/nZ)

∗ So_&f } Urv2dCdyY;nyY#���Cl�hoSoprq�ZCY�UN� v2hof&SodCh^SVw�cefgSok�\

¦�_Ol�Sohof�{
(Z/nZ, ·) ⊇ {a| a ist invertierbar}

(II.1.11)
= {a| l�l�¬ (a, n) = 1}¸;vC\]Z2Y �H\2S^Y�U[Y%\WXSVU%{

(Z/nZ)
∗

:= {a ∈ Z/nZ| a
So_&f]So\z¯�Y�UrfgSoY UrnCceU }ªOY�WKY S^_�{

• ¨P_g_gk���SocefgSV¯uSVfg�ef�{�wuhoc�U ¡9ZCY%\2\]ZCSoY;� vChVfgSVdHhoSow�cef&S^k�\°So\
Z/nZ

So_&f§c�_&_gk ��Soc�f&SV¯9�
• \CY v2f�U[c�h^Y%_O¦�hoY%`�Y%\zf�{

1 ∈ (Z/nZ)
∗ ¡

1 · a = a · 1 = a
�

• ">\z¯�Y�U[_gY%_X¦�h^Y ` Y \zfKSo\
(Z/nZ)

∗ { �yv
a
So_&fOY%So\

b
��v��C\CZCY \]` SVf

a · b = b · a = 1
�

¸;c�prq]�NY �H\2Sof&Sok�\ ¢
a
S^_�f§So\z¯�Y�UrfgSoY UrnCceU ¥ ∃b `�SVf

a · b = b · a = 1
�

¸;c�prq]�NY �H\2Sof&Sok�\�Z2Y U "�\z¯�Y Urf&SoY UrnHceUrw�Y%SVfPS^_�f§c�vCprq
b
So\z¯�Y�UrfgSoY UrnCceU%�

• ¸;kuprq ��v ��Y%Sol�Y \|{®� v2hof&SodCh^SVw�cefgSok�\ hoS^Y%i·Y Urf � Y Urwu\��2dCi(vC\2l�c�v2i
(Z/nZ)

∗ �
� v ��Y S^l�Y%\|{

a, b
_gSo\CZ�So\z¯�Y�UrfgSoY UrnCceU (∗)

⇒ a · b So_&fXSo\z¯�Y Urf&S^Y UgnHceU%�
ªOY�WKY S^_O¯�k�\

(∗) � � v ��Y S^l�Y%\ ∃c `�SVf (
a · b

)
· c = c ·

(
a · b

)
= 1

�
�  \C_O_&f&Y%qzf ��v2U � Y U[i(�2l�v2\Cl2{

a, b
_gSo\CZ�So\z¯�Y�UrfgSoY UrnCceU%{

a · a1 = a1 · a = 1
vC\CZ

b · b1 = b1 · b = 1 �¦�_Oi(k�hol�f�{
(
a · b

)
·
(
a1 · b1

)
= (a · a1) ·

(
b · b1

)
= 1 · 1 = 1

(
a1 · b1

)
·
(
a · b

)
= (a1 · a) ·

(
b1 · b

)
= 1 · 1 = 1

¨Ph^_&k
c =

(
a1 · b1

)
=
(
b1 · a1

) �
ªOY ` Y�UrwuvC\2l�Y%\y{
¢¤S ¥ (Z/nZ)

∗ So_&fOY%So\CY;cenyY%h^_&prqCY } Urv2dCdyY
¢¤S^S ¥ ∣∣(Z/nZ)

∗∣∣ =: ϕ (n)
�

ϕ (n)
So_&fOZCSoY;¦�vChoY U[_&prqCY

ϕ
¶ �2v2\2w�f&S^k�\|�

� �o����� � ¦�vChoY U[_gpgqCY
ϕ
¶ �7vC\7w�fgSok�\

�4�2UPZ2S^Y;¦�vChoY U[_gpgqCY
ϕ
¶ �7vC\7w�fgSok�\]l�S^hVf�{

ϕ (n) =
∏

p|n

pαp−1 (p− 1)
nyY%S

n =
∏

p|n

pαp

� �o����� � � vC_gc�`�`�Y%\Ci·c�_&_gv2\Cl£¯�k�\]a;c�dCSof&Y%h
(II.1)

• (Z, +) , (Q, +) , (R, +)
_&S^\2Z�cenyY%h^_&prq|�

• Sn

`�SVf |Sn| = n!
So_&fO\CSoprqzf©cenyY%h^_&prq]i(�7U

n ≥ 3
�

• (Z/nZ, +)
`�SVf |(Z/nZ, +)| = n

S^_�f§cenyY%ho_gprqy�
• (Z/nZ)

∗ `�SVf ∣
∣(Z/nZ)

∗∣∣ = ϕ (n)
S^_�f§cenyY%h^_&prq|�
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(II.2) � � ����� � � ���T��� � ��� �

� � � �o� �/Y �C\CSVfgSok�\
(II.2.a)

{ ~ S^\2l
¦�So\CYt� Y%\Cl�Y

(R, +, ·) `�Sof ��WDY%S � Y Urwu\��7dHi(v2\Cl�Y \ ¢o³
+́

{P¨§ZCZ2Sof&S^k�\ l�Y%\Cc�\C\zf�¡2³ ·́ {P� v2hof&SVdHhoSV¶
w�cefgSok�\]l�Y%\Cc�\2\zf ¥ q2Y%S ��f ~ S^\2l2¡7WKY \C\]_gSoY;i(k�h^l�Y%\CZ2Ym¨P«uSok�`�YmY�U[i(�ChohVf§_gSo\CZy{

• (R, +)
S^_�f§cenyY%ho_gprq2Y } U[v2d2d|Y

• (R, ·) So_&fO±;c�honCl�U[v7dCdyY
• �/SoY;�/So_&f�U[SVnHv7fgSV¯ul�Y%_&Y f ��Yml�Y%hVfgY%\y{ ∀a, b, c ∈ R

{
a (b + c) = ab + ac (a + b) c = ac + bc

¢¤c�vC_&Z2U[�2pgwuh^Soprqy{?¸;S^prqzf�w�k�`�` v7fgcef&So¯uSVfg�efK¯�k�\µ³ ·́[¥
¨P\C`�Y Urwuv2\Cl�Y \ ��v7UP¸;k�f&c�f&Sok�\|{

• ¸;Y%v7f&U[c�hoY%_§¦�h^Y%`�Y%\zf?nyY#���Cl�h^Soprq�Z2Y UP¨§ZCZ2Sof&S^k�\|{
0
¡H¸;vChohoY%h^Y ` Y \zf?` SVf

0 + a = a + 0 = a

• ">\z¯�Y�U[_gY%_X¦�h^Y ` Y \zfDnyY#���Cl�h^Soprq]Z2Y UP¨§ZCZ2Sof&S^k�\|{
(−a)

`�Sof
(−a) + a = a + (−a) = 0

• �/SoY£suv2nCf�U[cew�f&S^k�\]S^_�fOZ2S^Y;¨§Z2ZCSVfgSok�\°ZCY%_OS^\z¯�Y U[_&Y%\�¦�hoY%`�Y%\zf&_�n|Y%���2l�hoS^prqZCY U©¨§Z2ZCSVfgSok�\y{
a− b := a + (−b)

• ¸;Y%v7f&U[c�hoY%_ ¦�h^Y ` Y \zf nyY#���Cl�h^Soprq Z2Y U � vChVfgSVdHhoSow�cef&S^k�\ ¢¤i(c�hoh^_ ¯�k�U[qCc�\CZ2Y%\ ¥ { 1
¡?¦�S^\2_gY%hoY�¶

`�Y%\zfK`�Sof�{
1 · a = a · 1 = a

� � � � � ªOY%So_&dCS^Y%hoY/i·�2U ~ So\Cl�Y
• (Z, +, ·) , (Q, +, ·) , (R, +, ·) ¢¤c�vC_XZ2Y U/s7prq�v2h^Y;nyY w�c�\C\zf ¥
• (Z/nZ, +, ·) ¢¤c�vC_XZCY�U � k�U[hoY%_gv2\Cl nyY w�c�\2\zf ¥

¸;c�prqzWDY%So_�¡9Z2c��
(Z/nZ, +, ·) Y%So\ ~ So\Cl S^_�f�{

• ¨§Z2ZCSVfgSV¯�Y } U[v7dCdyY�{�_gprq2k�\]Y U[hoY%Z2S^l�f��
• � vChVfgSVdHhoSVw�c�f&SV¯�Ym±;c�hVnHl�U[v2d2d|Y�{®_gpgqCk�\]Y�U[h^Y ZCSol�f��
•  \zf&Y U[_&vCprq�v2\Cl�k�nxZ2S^Y;�NS^_�f&UrSonCv2f&So¯ul�Y%_gY f ��Yml�Y%hVf&Y%\|{

���®�/So_&f�U[SonCv2f&So¯ul�Y%_gY�f-� {
a ·
(
b + c

)
= a ·

(
b + c

)
= a · (b + c) = ab + ac = ab + ac = a · b + a · c

�/Y�UN¬yU[Sopgw9{�RTSVUNi·�Cq2UrY%\ 
XdyY Urc�f&Sok�\CY \�S^\
Z/nZ

c�vCi 
§d|Y�U[cefgSok�\2Y%\�So\
Z
��v2U[�2pgw9�

� �®�/So_&f�U[SonCv2f&So¯ul�Y%_gY�f-� {;�Nc�_ � � �/So_&f�U[SonCv2f&So¯ul�Y%_gY�f-� l�Sohof�¡AZ2cZ2S^Y6� v2hof&SodCh^SVw�cefgSok�\ So\
Z

w�k�`6¶
` v7fgcef&So¯ So_&fOvC\CZ]Z2c�_m�����NS^_�f&U[SVnHv7fgSV¯ul�Y _gY f �Nl�S^hVf��

�¦�So\C_&Y%hoY%`�Y f {
1
So_&fOZCc�_X¦�So\C_&Y%h^Y ` Y \zf?S^\

(Z/nZ, +, ·) {
1 · a = 1 · a = a = a · 1 = a · 1

¹u	��!º��!	?»�$�¼e	��
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� � � ��� �/Y �C\CSVfgSok�\
(II.2.b)

{®w�k�`�` v7fgcef&So¯�Y U ~ So\Cl6`�SVf
1

(R, +, ·) qCY%S ��fOw�k�`�`tv2f&c�f&SV¯�Y U ~ So\Cl6`�SVf
1
¢¤¦�So\C_&Y%h^Y ` Y \zf ¥ i(c�hoh^_§l�S^hVf�{

• (R, +, ·) S^_�f§Y%So\ ~ S^\2l2�
• �/SoY;� vChVfgSVdHhoSVw�c�f&Sok�\ S^_�fOw�k�`�` v7fgcef&So¯9�
• ∃ 1

¢�¦�_§Y «uSo_&f&S^Y�Urf§Y%So\�¦�S^\2_gY%hoY%`�Y%\zf ¥
¦�_�Y «uSo_&f&S^Y Ugf�cenyY U�Y S^\ wuh^Y%So\CY _ �®U[k�nHhoY%`]{4c�ZCZ2Sof&So¯�Y§v2\CZ `tvChVfgSVdHhoSVw�c�f&SV¯�Y ³ � S^Y%hoi(c�prq2qCY%SVf ´ Y%So\CY%_¦�hoY%`�Y%\zf&_�{
s7Y S

(H, ·) Y%S^\2Y;±;c�honCl�U[v7dCdyY�{
� vChVfgSVdHhoSVw�c�f&SV¯�Y � SoY%h^i·c�pgqCqCY Sof�{

an := n
¶�i·c�pgqCY � Y Urwu\��7dHi(v2\Cl;¯�k�\

a
`�Sof�_gSoprqµ_gY honC_&f®i·�2U

n ≥ 1
�

¨§Z2ZCSVfgSV¯�Y � S^Y h^i(c�prq2qCY%SVf�{

• �4�2U
n ∈ N a + . . . + a

︸ ︷︷ ︸

n−mal

=: n · a

• n = 0
{

0
∈ Z

· a = 0
∈ R

• n ∈ Z, n < 0
{

n · a := |n| · (−a) = (−a) + . . . + (−a)
︸ ︷︷ ︸

|n| ¶
`�c�h
¦�_Ol�Y%hVfgY \�ZCSoY � SoY%hoi(c�prqCY%\2l�Y%_&Y f ��Y�¢¤i·U[�2qCY U%{(� k�f&Y%\ ��l�Y%_gY f ��Y _&S^Y qCY

(II.1.7) ¥ S^\ } Urv2dCdyY%\i(�2U
n, m ∈ Z

{
n · a + m · a = (n + m) · a

n · (m · a) = (n ·m) · a
− (−a) = a

− (a + b) = (−a) + (−b)

n · (a + b) = n · a + n · b, i(c�h^ho_
a + b = b + a

�/SoY � S^Y%hoi(c�prq2Y%\Cl�Y%_gY f ��Ymn|Y%���2l�hoS^prq]Z2Y UP� vChVfgSVdHhoSow�cef&S^k�\°`�SVnCf
n ∈ N

{
an := a · . . . · a

︸ ︷︷ ︸

n
¶�`�c�h

`�Sof
n ≥ 1a0, := 1

i(c�h^ho_
1 ∈ R

¦�_Ol�Y%hVfgY \�ZCSoY;c�hof�nyY w�c�\C\zf&Y%\ ��k�fgY \ ��l�Y%_&Y f-��Y;nyY#���2l�hoS^pgq�ZCY UP� vChVf&SodCh^SVw�cefgSok�\y{
an · am = an+m (an)

m
= an·m = (am)

n

� � � ��� s7cef-�
(II.2.1)

{ ~ Y%prq2Y%\2U[Y l�Y%ho\�c�vCi ~ S^\2l�Y%\
s7Y S

(R, +, ·) ~ So\Cl7¡
a, b, c ∈ R

��¸;vC\]l�S^hVf�{
¢¤S ¥ a · 0 = 0 · a = 0

¢¤S^S ¥ a · (−b) = (−a) · b = − (a · b) ¡ (−a) · (−b) = a · b
¢�SoS^S ¥ (a− b) · c = a · c− b · c ¡ a · (b− c) = a · b− a · c

Â�½�� �4� $���	�"�$�¼m� ���
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ªOY�WKY S^_&Y�{
�yv

(i)
{;¦�_;l�S^hVf {

0 · a + 0 · a = (0 + 0) · a = 0 · a ��¸;v2\ c�Z2ZCSoY U[Y%\ W§SoU − (0 · a)
c�vCi?n|Y S^Z2Y%\

s7Y Sof&Y%\�Z2Y U } h^Y%Soprq�v2\Cl6v2\CZ]Y U[q2c�hof&Y%\|{
0 · a + 0 · a + (− (0 · a))

︸ ︷︷ ︸

= 0

= 0 · a + (− (0 · a))
︸ ︷︷ ︸

= 0

a · 0 = 0RTSVUX¯�Y�U[i(c�q2U[Y \�c�\Cc�hok�l6i·�2U
a · 0 = 0

�
�yv

(ii)
{�¦�_§l�S^hVf�{

a · (−b) + a · (b) = a · ((−b) + b)
︸ ︷︷ ︸

= 0

= a · 0 = 0

a · (b) + a · (−b) = a · (b + (−b))
︸ ︷︷ ︸

= 0

= a · 0 = 0

¨Ph^_&k6i(k�hol�f�{
a · (−b) = −a · b ��RTSoU©¯�Y U[i(c�q7U[Y%\xc�\Cc�h^k�lµi(�2U

(−a) · b = −a · b �R Y%\CZ2Y%\WXSVUP\�vC\]Z2S^Y;k�nHSol�Y ~ Y%l�Y%hyc�\|¡9_&k6Y U[q2c�hof&Y%\WXSVUPi(�2U
(−a) · (−b)

{
(−a) · (−b) = [− (−a)] · b = a · bRTSVU©\�v2f ��Y \ Z2S^Y;¬|cefg_&c�pgqCY c�v2_�¡9Z2c � − (−a) = a

So_&f��©¢!s7SoY%qCY � SoY%h^i·c�pgqCY%\2l�Y%_&Y f-��Y ¥ ��yv
(iii)

{�¦�_Xl�SohVf�{
(a− b) · c = (a + (−b)) · c = a · c + (−b) · c = a · c + (−b · c) = a · c− b · cRTSVUX¯�Y�U[i(c�q2U[Y \�c�\Cc�hok�l6i·�2U

a · (b− c) = a · b− a · c �

� � � ��� �/Y �C\CSVfgSok�\
(II.2.c)

{�aP��UrdyY U
ªOY ` Y�UrwuvC\2l {

R
_gY%S ~ So\Cl/` SVf

1
�

x ∈ R
_gY%S2S^\z¯�Y Urf&S^Y�UrnHceUOWDY%\2\µl�Sohof�{ ∃y ∈ R : x ·y = y ·x = 1

�
� k�U[c�vC_g_&Y f ��v2\Cl2{

1 6= 0
���/SoY;¸;vChohjSo_&fO\CSoprqzfXSo\z¯�Y UgfgSoY UrnCc�U ¡ ZCY%\2\

0 · x = 0 6= 1
�

⇒ {x ∈ R|x S^_�f]So\z¯�Y UgfgSoY UrnCc�U } ⊆ R \ {0} �
�/Y��H\CSVf&S^k�\ {X¦�S^\2Y w�k�`�`tv2f&c�f&SV¯�Y U ~ S^\2l°`�SVf

1 6= 0
qCY%S ��fPaN��UrdyY U%¡ WDY%\C\ !gY%ZCY _P¦�h^Y ` Y \zfXS^\

R \ {0} S^\z¯�Y Urf&S^Y�UrnHceUNS^_�f;¢�n|Y%���2l�hoS^prq]Z2Y UP� vChVfgSVdHhoSow�cef&S^k�\ ¥ �ªOY ` Y�UrwuvC\2l�¢¤ZCY U©dHcef&qCk�h^k�l�So_gprq2Y �2c�hoh ¥ {�¦�So\CY ~ So\Cl6`�SVf
1 = 0 ⇔ R = {0} �

ªOY�WKY S^_ {
³ ⇒́ {

x = x · 1 = x · 0 = 0³ ⇐́ {
R = {0} : 0 + 0 = 0, 0 · 0 = 0

So_&f ~ So\Clt`�Sof
1 = 0

�
� k�\]\�vC\]c�\]_gk�h^h|i(�2UPc�h^hoYmnyY f�U[c�prqzfgY�fgY%\ ~ S^\2l�Yml�Y%hVfgY%\

1 6= 0
�

� � � ��� ªOY%So_&dCS^Y%hoY/i·�2UPaN��UrdyY U
ªOY S^_�dHSoY%h^Y�{
¢¤c ¥ (Z, +, ·) S^_�ftw�Y%So\ aP��UrdyY U%¡®ZCc Y%_6So\z¯�Y Ur_gY�¦�h^Y%`�Y%\zf&Yl�Son2f�¡®ZCSoY�\CSoprqzf6So\

Z
Y%\zfgq2c�hof&Y%\

_&S^\2Z|�
¢�n ¥ (Q, +, ·) S^_�f§Y%So\�aP��UrdyY U%�®¦�_§So_&fOZCY U©wuhoY%S^\2_&f&Y;aN��UrdyY U ⊇ Z

�
¢¤p ¥ (R, +, ·) , (C, +, ·) _gSo\CZaN��UrdyY U%�
¢¤Z ¥ (Z/pZ, +, ·) S^_�f§aP��UrdyY U%¡CWKY \C\

p
�®U[S^` ��c�qChjSo_&fOªOY WDY%So_§_&S^Y%q2Y

(II.2.2)
�
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� � � ��� s7cef-�
(II.2.2)

{
(Z/nZ, +, ·) So_&f§aP��Ugd|Y�U ⇔ n

So_&f �®UrS^` ��c�q2h��
³ ⇒́ suY%S

n = r · s, 1 < r, s < n
�®¦�_§i(k�h^l�f�{

n = r · s ��¨Nho_gk
r · s = 0

��¦�_§So_&f
r 6= 0

�
RT�eU[Y

r
So\z¯�Y UgfgSoY UrnCc�U ¡�_&k ∃t : t · r = 1

��¦�_;i(k�hol�f�{
t · 0
︸︷︷︸

= 0

= t · r
︸︷︷︸

= 1

· s = 1 · s ��¨Nho_gk7{
n|s ⇒

RTSoZCY Ur_&dCUrvCprq ��v2UP¨P\C\Cc�q2` Y
n = r · s ��¨Ph^_&k6So_&f

n
Y%So\CY �®UrS^` ��c�q2h��

³ ⇐́ { suprqCk�\ i·U[�2qCY U nyY WXSoY%_gY%\y{
a

S^_�f6So\z¯�Y UgfgSoY UrnCc�U ⇔ l�l�¬
(a, n) = 1

� ªOY f�U[c�prqzf&vC\2l Z2Y U¦�hoY%`�Y%\zf&Y So\
Z/nZ =

{
0, 1, . . . , n− 1

} � �4�2U
a = 1, 2, . . . , n − 1

So_&f/ZCY U l�l�¬
(a, n) = 1

¡AZCc
nY%So\CY �®U[So` ��c�q2hjSo_&f��®�/c�`�SVfOSo_&f !&Y%ZCY%_O¦�hoY%`�Y%\zfDS^\

Z/nZ \ {0}
S^\z¯�Y Urf&S^Y�UrnHceU%�

� � � ��� �/Y �C\CSVfgSok�\
(II.2.c)

{�¨Phof&Y U[\2c�f&SV¯�Y£�/Y��H\CSVf&S^k�\�i(�2UPaP��UrdyY U
(R, +, ·) qCY%S ��f§aP��Ugd|Y�U

:⇔
¢¤S ¥ (R, +)

So_&f§cenyY%ho_gprq2Y } U[v2d2dyY°¢
0
So_&fX\2Y%v2f�U[c�h^Y _§¦�hoY%`�Y%\zf ¥

¢¤S^S ¥ (R \ {0} , ·) So_&f§cenyY%ho_gprq2Y } U[v2d2d|Y
¢�SoS^S ¥ ∀a, b, c ∈ R : a · (b + c) = ab + ac

ªOY ` Y�UrwuvC\2l2{D�����NY �H\2Sof&S^k�\ ⇔ � ���/Y �C\CSVfgSok�\
ªOY�WKY S^_�{
³ ⇒́ ¸;kuprq ��v ��Y S^l�Y%\|{
¢¤c ¥ ∀a, b ∈ R \ {0} : a · b 6= 0

¢�R k�q2h^Z2Y �H\2S^Y Ugfgq2Y%Sof ¥
¢�n ¥ ¨P_g_&k ��S^cef&So¯uSVf&��f
¢¤p ¥ ¦�S^\2_gY%hoY%`�Y%\zf
¢¤Z ¥ ">\z¯�Y Urf&S^Y�UrnHceUrw�Y%SVf
�yv

(a)
{�¨P\Cl�Y%\Ck�` `�Y%\y{

a · b = 0, a 6= 0
��� vChVf&SodCh^SVw�cefgSok�\�¯�k�\xh^So\2wu_§`�SVf

a−1 Y�U[l�SVnCf�{
a−1 · (a · b) = a−1 · 0
(
a−1 · a

)
· b = 0

1 · b = 0

b = 0

¨©n|Y�U%{
b = 0

S^_�fXY%So\RTSoZCY Ur_&dCUrvCprq ��v2U � k�U[c�vC_g_&Y f ��v2\Cl2��yv
(b)

{�wuh^ceU%¡HWDY%Soh
(R, ·) c�_g_gk���SocefgSV¯9�

�yv
(c)

{
1 6= 0

¡Cc�ho_gk
1 ∈ R \ {0} { 1 · a = a = a · 1�yv

(d)
{

a 6= 0
� �yv ��Y%Sol�Y%\y{ ∃b 6= 0

`�SVf
a · b = 1

∃b ` SVf
a · b = 1

\Cc�prqxZCY�U �����/Y��H\CSVf&S^k�\|�
b 6= 0

¡C_gk�\C_&f
a · b = a · 0 = 0 6= 1

�
³ ⇐́ {DsuY%hVnH_&fOkuZCY U©\2S^Y��
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� � � ��� � ��� � C
� � � ��� } U[�C\2ZCY£i(�2UPY%So\xs�fgv2ZCSovC`bWDY%Sof&Y U[Y�UNaP��Ugd|Y�U%{
¢¤c ¥ Q → R

�
• } h^Y%Soprq�v2\Cl�Y \]h^��_gY%\ WXS^Y ��vC` ªOY S^_�dHSoY%h�{

x2 − 2 = 0
�

• ²|��\Cl�Y%\ So\ ZCY U } Y k�`�Y f�U[S^Y�{�¸;c�pgq ZCY%\ � k�U[_�fgY%hohovC\Cl�Y%\ Z2Y U } U[SoY%prq2Y%\ _gSo\CZ c�h ¶
hoYµsuf�U[Y%p&w�Y%\�w�k�` `�Y%\2_gv2` `�Y Urc�nCh^Yt¢¤qCcenyY%\ Y%So\xU[cefgSok�\2c�hoY%_Nsuf�U[Y%p&w�Y%\z¯�Y U[q2��hof&\CSo_ ¥ �¸;c�prq � ��f&qCc�l�k�U[c�_mS^_�f/cenyY U;Z2S^Y ± ��d|k�fgq2Y%\�vC_&Y6Y%So\CY%_©U[Y%pgqzfgY W§S^\7wuh^Sol�Y%\��NU[Y S^Y%p&wu_
`�SofKZCY \]a;c�f&qCY�fgY%\]Z2Y UP²|��\2l�Y£¦�So\C_K\CSoprqzfXw�k�`�` Y \C_gv2`�` Y�U[cenHhoY�¡�Z2c6ZCSoY;± ��dyk�¶
f&qCY%\�v2_gY£ZCSoY;²|��\2l�Y √

2
qCcef��

• amU[Y%So_gvC`�i(c�\2l2{
πr2 ��¦�_Xl�Son2fOw�Y%S^\2Y;c�h^l�Y nCU[c�So_gprq2Y } h^Y%Soprq�v2\ClµZCY�U �2k�U[`

πk + α1 · πk−1 + . . . + αk = 0`�Sof
αi ∈ Q

��¦�So\CY;c�\2ZCY U[Y;f�U[c�\C_ ��Y%\2ZCY%\zf&c�h^Y � c�q2hASo_&f ��vC` ªOY S^_�dHSoY%h
e
�

¢�n ¥ ¦�\CZ2h^SoprqCY;aP��Ugd|Y�U%{
• ¬jY%SohonCceUrw�Y Sof&_ghoY%q2UrY�¢ ⇒ aPk�\2l�U[v2Y%\ ��U[Y%hocefgSok�\ ¥
• aNkuZCSoY U[v2\Cl�_&f&qCY%k�U[S^Y
• amU1��dCf&k�l�U[cedHqCSoY

¢¤p ¥ R → C
{

• suf&vCZCSovC` WDY%SVfgY UrY U } hoY%Soprq�vC\2l�Y%\y�(� vC` ªOY%So_&dCS^Y%h¤{
x2 + 1 = 0

x2 + 4x + 9 = 0

x27 + 22x13 + x6 − 1 = 0

� � � �o��� ±;Y Urh^Y%SVf&vC\Clt¯�k�\
C

¨P\Cl�Y \Ck�`�`�Y%\
K ⊇ R, ∃i : i2 + 1 = 0

�
R ⊆ K ⇒ a + ib ∈ K ∀a, b ∈ R

�
} hoY%S^pgqCqCY Sof���WDY%SoY UP¦�hoY%`�Y%\zf&Y�{
ªOY qCc�v2d2fgv2\Cl2{

a + bi = a′ + b′i
` SVf

a, a′, b, b′ ∈ R ⇒ a = a′, b = b′
�

ªOY�WKY S^_�{
(a− a′) = (b′ − b) · i |

� v2c�Z7U[SoY U[Y%\
(a− a′)

2
= (b′ − b)

2 · i2
(a− a′)

2
= − (b′ − b)

2

(a− a′)
2

+ (b′ − b)
2

= 0
So\

R�/c�q2Y U%{
(a′ − a)

2
= 0 ∧ (b′ − b)

2
= 0 ⇒ a = a′ ∧ b = b′� vChVfgSVdHhoSVw�c�f&Sok�\ ��WDY%SoY U©¦�hoY%`�Y%\zf&Y�{

(a + bi) · (c + di)
D
= a · (c + di) + bi · (c + di)

D
= ac + adi + bic + bidi

A + K
= ac + adi + bci + bdi2

A + K
= (ac− bd) + i · (ad + bc)¨PvC_XZCY�UN¨P\C\2c�qC`�Y

R ⊆ K
¡HaP��Ugd|Y�U%¡

i2 + 1 = 0, i ∈ K
i(k�h^l�f�{

K ⊇ {a + bi|a, b ∈ R} So_&f ~ So\Cl7�

¹u	��!º��!	?»�$�¼e	��
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ªOY qCc�v2d2fgv2\Cl2{
a + bi 6= 0 ⇒ a + bi

So_&f§So\z¯�Y Urf&S^Y UgnHceU%�

XqC\CY;Z2S^Y _ !gY f ��f§S^` �/Y�fgc�SohAqCY U1��v2h^Y%SVf&Y%\�l�hoc�v2nyY%\W§SoU%{

(a + bi)
−1

=

(
a

a2 + b2
− b

a2 + b2
· i
)

ªOY�WKY S^_�{

(a + bi) ·
(

a

a2 + b2
− b

a2 + b2
· i
)

=
(a + bi) · (a− bi)

a2 + b2
=

a2 − (bi)
2

a2 + b2
=

a2 + b2

a2 + b2
= 1

⇒ K ⊇ {a + bi| a, b ∈ R} So_&f§_&k�l�c�U©aP��Ugd|Y�U%�

� � � �o��� aPk�\2_&f�U[v2w�f&S^k�\�¯�k�\
C

C =
(
R2, +, ·

)

¨§Z2ZCSVfgSok�\y{
(a, b) + (c, d) = (a + c, b + d)

¢�w�k�`µd|k�\CY%\zf&Y%\zWDY%So_gY ¥� vChVfgSVdHhoSVw�c�f&Sok�\|{
(a, b) · (c, d) = (ac− bd, ad + bc)

� � � �o� � suc�f �
(II.2.3)

C
S^_�f§Y%So\�aP��UrdyY U%{

• ¸;vChohoY%h^Y ` Y \zf�{
(0, 0)

• ¦�So\C_&Y%hoY%`�Y%\zf�{
(1, 0)

• ">\z¯�Y�U[_gY%_X¦�h^Y ` Y \zfKi·�2U
(a, b) 6= (0, 0)

{

(a, b)
−1

=

(
a

a2 + b2
,− b

a2 + b2

)

ªOY�WKY S^_&Y�{®¸;c�prq7U[Y%prq2\CY%\y�?ªOY%So_&dCS^Y%hoY/Z2c���vy{
¨P_g_gk���SocefgSV¯uSVfg�ef§nyY#���Cl�h^Soprq�Z2Y UP� v2hof&SVdHhoSow�cef&S^k�\|{�s7Y%So\CY \

a, b, c, d, e, f ∈ R
{

ªOY qCc�v2d2fgv2\Cl2{
[(a, b) · (c, d)] · (e, d) = (a, b) · [(c, d) · (e, f)]

�
¨PvCi�ZCY UPhoS^\7w�Y \xs7Y%SVf&Y;Y U[l�SVnCf§_gSoprq|{

[(a, b) · (c, d)] · (e, d) = (ac− bd, ad + bc) · (e, f)

= ((ac− bd) · e− (ad + bc) · f, (ac− bd) · f + (ad + bc) · e)
= (ace− bde− adf − bcf, acf − bdf + ade + bce)

¨PvCi�ZCY U©U[Y prqzfgY \ suY%SVfgY;Y Url�SVnCf§_&S^pgq|{
(a, b) · [(c, d) · (e, f)] = (a, b) · (ce− df, cf + de)

= (a · (ce− df)− b · (cf + de) , a · (cf + de) + b · (ce− df))

= (ace− adf − bcf − bde, acf + ade + bce− bdf)

�/cXSo\
R
¨§Z2ZCSVfgSok�\£v2\CZ � v2hof&SVdHhoSow�cef&S^k�\/w�k�`�` v2f&cefgSV¯N_gSo\CZ|¡�Y UrqCc�hof&Y%\;WXSVU�Z2c�_g_gY honyY?¦�U[l�Y nH\2S^_

i(�7UNZ2S^Y;hoSo\2w�Y v2\CZ�U[Y prqzfgY s7Y Sof&Y��
¸;Y%v7f&U[c�hoY%_§¦�h^Y%`�Y%\zf�{

(1, 0) · (a, b) = (1 · a− 0 · b, 1 · b + 0 · a) = (a, b)

(a, b) · (1, 0) = (a · 1− b · 0, a · 0 + b · 1) = (a, b)
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">\z¯�Y�U[_gY%_X¦�h^Y ` Y \zf�{

(a, b) ·
(

a

a2 + b2
,

−b

a2 + b2

)

=

(

a · a

a2 + b2
− b · −b

a2 + b2
, a · −b

a2 + b2
+ b · a

a2 + b2

)

=

(
a2 + b2

a2 + b2
,
−a · b + a · b

a2 + b2

)

= (1, 0)
(

a

a2 + b2
,

−b

a2 + b2

)

· (a, b) =

(
a

a2 + b2
· a− −b

a2 + b2
· b, a

a2 + b2
· b +

−b

a2 + b2
· a
)

=

(
a2 + b2

a2 + b2
,
a · b− a · b

a2 + b2

)

= (1, 0)

¸;vC\�WDk�h^hoY%\°W§SoUPZCSoY;²y��_gv2\Cl6Z2Y U } h^Y S^prq�v2\Cl7{
x2 + 1 = 0

vC\zf&Y U[_&vCprq2Y%\|�
} Y%\2c�v2Y U%{ ∃ (a, b)

`�Sof
(a, b)

2
+ (1, 0) = (0, 0)

�

�/c�_Xq2Y%S	��f�{ (
a2 − b2 + 1, 2a · b

)
= (0, 0)

�®RTSVU©Y U[q2c�hof&Y%\]c�h^_&k6Y%So\ } hoY%S^pgq�vC\Cl�_g_0�u_&f&Y%`bS^\
R
{

a2 − b2 + 1 = 0

∧ 2ab = 0

�/SoY ��WKY Sof&Y } h^Y%Soprq�v2\ClµhoS^Y%i·Y Urf�{
a = 0

kuZCY U
b = 0

�
�4�2U

a = 0
Y U[l�Son2f§_&S^prqy{ −b2 + 1 = 0 ⇒ b = ±1

�
�4�2U

b = 0
Y U[l�Son2f§_gSoprqy{

a2 + 1 = 0
���/SoY%_gY } hoY%Soprq�vC\2lµqCcef§w�Y%S^\2Y£²|��_gvC\2l6So\

R
�

�7c�hoho_§Y%So\CY;²y��_gv2\Cl ¯�k�UrqCc�\CZ2Y%\xS^_�f§` v � l�Y%hVfgY \|{
a = 0, b = ±1

�
¸;c�prq2UrY%prqC\2Y%\xh^SoY%i(Y�Urf

(0,±1)
c�ho_XZCSoYmn|Y S^Z2Y%\²y��_&vC\Cl�Y%\|�

�/SoY } hoY%S^pgq�vC\Cl
x2 + 1 = 0

q2cefXc�h^_&k6l�Y%\2c�v ��WDY%SA²y��_&vC\2l�Y%\�So\
C
�

� � � �o� � ¦�S^\znyY f�fgv2\Cl ¯�k�\
R

So\
C

RTSVUXw�k�\C_�f&U[v2S^Y�U[Y%\]\�vC\]Y S^\2Y �2v2\2w�f&S^k�\
ϕ

`�Sof�{
ϕ : R → C : a 7→ (a, 0)

�
¦�Sol�Y \C_gpgqCc�i·f&Y%\¯�k�\

ϕ
{
ϕ (a + b) = ϕ (a) + ϕ (b) ϕ (a · b) = ϕ (a) · ϕ (b)

ϕ : R → {(a, 0) | a ∈ R} , ϕ
S^_�fOnCS !gY�w�fgSV¯9�

suf&SoprqzWDk�Urf�{(">_gk�`�k�UrdHq2S^_&` vC_��
ªOY�WKY S^_&Yµ¢�q2S^Y�UN\�v7UPi(�2UK³ ·́ ¡z³ +́ S^_�f§c�\Cc�hok�l ¥ {

ϕ (a · b) = (a · b, 0)

ϕ (a) · ϕ (b) = (a, 0) · (b, 0) = (a · b− 0 · 0, a · 0 + 0 · b) = (a · b, 0)
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�/SoY;l�Y k�`�Y f�U[S^_&prqCY/ªOY%Z2Y%v2f&vC\2l2{
R2 S^_�f§Y%So\CY;¦ n|Y \CY�{

��
(a, 0)

R

R R2

������� � ¼e"�$��X!(' � �
R

	&� $���	���	>�!�!	>� �������
x
'��4�����!	��

¨P\C`�Y Urwuv2\Cl2{�ªOY%S|ZCY UD³
x
¶
¨§prqC_&Y ´ _&d2U[SoprqzfX`�c�\�c�vCprq]¯�k�\]ZCY�UPUrY%Y%hoh^Y%\¨§prqC_&Y��

¸;vC\]Z2S^Ymw�k�`µdCh^Y «uY
1
vC\CZ

0 � i
vC\CZ −i

So`
C
{

��	


��

�

i

10

−i

R

iR C

��������� ¼e"�$��X!(' � �H� � .§����	��e	
1
"�$�¼

0 � i "�$�¼ −i
��. � ���
��	&�

C

RTSoprqzf&S^l7{
(a, b) = (a, 0) + (b, 0) · i ¡HZ2c

(a, 0) + (b, 0) · (0, 1) = (a, 0) + (b · 0− 0 · 1, b · 1 + 0 · 0) = (a, 0) + (0, b) = (a, b)

¨Ph^_&k6i(k�hol�f�{
(a, b) 7→ a + ib

���/SoY%_§ho����fO_gSoprq]l�Y k�`�Y f�U[S^_&prqi·k�hol�Y%\2ZCY U[`�c �uY%\ ZCceU[_�fgY%hohoY%\|{

b

a

z = a + ib

|z|

R

iR C

������� � ¼e"�$��X�(' � �9��	 � .§	>�
�!� �
����	 ���������!	�����"�$�� � ��$ a + ib

� � � �o�#� ~ Y%prq2Y%\2U[Y l�Y%ho\�i(�7UNw�k�`µdHhoY «uY � c�qChoY%\
• } hoY%S^pgqCqCY Sof���WDY%SoY U©w�k�`µdHhoY «uY U� c�q2h^Y \|{

a + ib = a′ + ib′ ⇔ a = a′ ∧ b = b′

• ¨§Z2ZCSVfgSok�\ ��WDY%SoY U©w�k�`�dCh^Y�«uY U �yc�q2h^Y%\y{
(a + ib) + (c + id) = (a + c) + i · (b + d)

• � vChVfgSVdHhoSVw�c�f&Sok�\|{
(a + ib) · (c + id) = (ac− bd) + i · (ad + bc)

• ">\z¯�Y�U[_gY£¦�hoY%`�Y%\zf�{
a + bi 6= 0 ⇒ (a + ib)

−1
=

a

a2 + b2
− i · b

a2 + b2

• �yv2_g�ef ��hoS^pgq]l�Sohof�{
i2 = −1

Â�½�� �4� $���	�"�$�¼m� ���
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� � � �o� � ªKY%S^_�dHSoY%hoYmi(�2UPZ2c�_ ~ Y%prq2\CY%\]`�SVfKw�k�`µdCh^Y «uY \ �yc�q2h^Y%\
ªOY�U[Y%prq2\CY%\ suS^Y;c�hoh^Y;²y��_&vC\Cl�Y%\�Z2Y U } h^Y%Soprq�v2\Cl

x4 − 4 = 0
So\

C
�

¸;vC\]l�S^hVf�{
(1 + i)

4
=
(

(1 + i)
2
)2

=
(
1 + 2i + i2

)2
= (1− 1 + 2i)

2
= (2i)

2
= 4i2 = −4

�/c�_ qCY%S ��f
(1 + i)

4 S^_�f;Y%So\CY ²|��_gv2\Cl]ZCY�U } hoY%S^pgq�vC\Cl
x4 − 4 = 0

�°RTS^Y�¯uS^Y%hoYµ²y��_gv2\Cl�Y%\ qCcef\�vC\]Z2S^Y } hoY%Soprq�vC\2l
x4 + 4 = 0

S^\
C

�

s7Y S
x4 + 4 = 0

¡CZCc�\C\ (x2

2

)2

+ 1 = 0 ⇒ x2

2
= ±i

�®¨Pho_gk
x2 = 2i ∨ x2 = −2i

�
¨P\C`�Y Urwuv2\Cl2{

y2 = 1 ⇒ (y + 1) · (y − 1) = 0 ⇒ y = ±1
�

¨PvC_
x2 = 2i

i·k�hol�f�{
x2 = (1 + i)

2 ⇒
(

x

1 + i

)2

= 1 ⇒ x = ± (1 + i)
�

¨PvC_
x2 = −2i

i(k�hol�f�{
x2 = − (1 + i)

2 ⇒
(

x

1 + i

)2

= −1 ⇒ x

1 + i
= ±i

�®¸;v2\]l�Sohof�{

x = i · (1 + i) = i− 1 = −1 + i

∨ x = −i · (1 + i) = 1− i¨Ph^_&k6Y U[l�Y nyY%\�_gSoprq�i·k�hol�Y%\2ZCY;a;c�\CZ2S^Z2c�f&Y%\]i(�7UP²|��_gvC\2l�Y%\ZCY U } hoY%S^pgq�vC\Cl
x4 + 4 = 0

{
± (1 + i) ,−1 + i, 1− i�/v7U[prq Y%So\C_gY�f-��Y%\6v2\CZ�c�vC_&UrY%prqC\2Y%\�Y U[l�Son2f�_gSoprq|¡uZ2c �6c�h^hoY§¯uSoY UOa;c�\2ZCSoZCcefgY \µ²|��_gvC\2l�Y%\µ_&S^\2Z|�

� � � �o� � suc�f �
(II.2.4)

{ �2v2\CZCc�`�Y%\zf&c�h^_&c�f �mZ2Y UP¨Nhol�Y n2U[c°¢�k�qC\CY£ªKY WDY%S^_ ¥
s7Y S^Y%\

n ∈ N, a0, . . . , an ∈ C
�

�/c�\2\�n|Y _gSVf-��f
f (x) = a0 + a1 · x1 + a2 · x2 + . . . + xn · xn

` So\CZ2Y%_&f&Y%\2_KY%So\CY/¸;vChoh^_�fgY%hohoY/So\
C
�

� � � �o� � suc�f �
(II.2.5)

{ ~ Y%pgqCY%\7U[Y%l�Y h^\�i·�2U©w�k�`µdHhoY «uY �yc�q2h^Y%\
s7Y S^Y%\

z, w ∈ C
���Nc�\2\xl�Sohof�{

¢¤S ¥ z ∈ R ⇔ z = z
¢¤S^S ¥ z · z = |z|2 ¡ |z| = √

z · z¢�SoS^S ¥ z + w = z + w
¡
z · w = z · w

¢¤So¯ ¥ z 6= 0 ⇒ z−1 =
1

|z|2
· z

¢¤¯ ¥ w 6= 0 ⇒
( z

w

)

=
z

w¢�¯uS ¥ z = z

ªOY�WKY S^_&Y�{?suY%S^Y \
z = a + i · b, w = c + i · d ` SVf

a, b, c, d ∈ R�yv
(i)

{
z = z ⇔ a + ib = a− ib ⇔ ib = −ib ⇔ b = 0 ⇔ z ∈ R

�yv
(ii)

{
z · z = (a + ib) · (a− ib) = a2 − (bi)2 = a2 + b2 = |z|2 ZCc |z| =

√

a2 + b2

|z| =
√

z · z i(k�h^l�f§ZCSVU[Y w�f�¡HSo\CZ2Y%`bWXSVU©ZCSoYmR v7U ��Y%h ��S^Y%q2Y%\|�
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�yv
(iii)

{ �4�2UNZCSoY;¨§ZCZ2Sof&S^k�\|{
z + w = (a + ib) + (c + id) = (a + c) + i · (b + d)

= (a + c)− i · (b + d) = (a− ib) + (c− id) = z + w

�4�2UPZ2S^Y;� vChVf&SodCh^SVw�cefgSok�\y{
z · w = (a + ib) · (c + id) = ac− bd + i · (bc + ad)

= ac− bd− i · (bc + ad) = ac− bd− ibc− iad

= (a− ib) · (c− id) = (a + ib) · (c + id) = z · w
�yv

(iv)
{�i(k�h^l�f§c�vC_

(ii)
�

�yv
(v)

{
w 6= 0

� ( z

w

)

· w =
z

w
· w = z ⇒ ªKY%qCc�v7dCf&vC\Cl7�

�yv
(vi)

{
z = a + ib = a− ib = a + ib = z

� � � �o� � suc�f �
(II.2.6)

s7Y S^Y%\
z, w ∈ C

���Nc�\2\xl�Sohof�{
¢¤S ¥ |z| ≥ 0

¡ |z| = 0 ⇔ z = 0

¢¤S^S ¥ |z · w| = |z| · |w|
¢�SoS^S ¥ |z + w| ≤ |z|+ |w| ¢¤�NU[Y%SoY%pgwu_&vC\2l�hoY%S^pgq�vC\Cl ¥
(i)

vC\2Z
(iii)

i·k�hol�Y%\�c�v2_XZCY%\�Y \zfg_�dCU[Y%pgqCY%\2ZCY%\�s7�ef ��Y \]i(�2UPZ2S^Y£¸;k�Ur` Y \°So`
R2 �ªOY�WKY S^_ ��v

(ii)
{DsuY%SoY%\

z = a + i · b, w = c + i · d `�Sof
a, b, c, d ∈ R¸;vC\]l�S^hVf�{

|z · w| = |(a + ib) · (c + id)| = |ac− bd + i · (ab + cd)| =
√

(ac− bd)
2
+ (ab + cd)

2

=
√

a2c2 − 2abcd + b2d2 + a2b2 + 2abcd + c2d2

=
√

a2c2 + b2d2 + a2b2 + c2d2 =
√

a2 + b2 ·
√

c2 + d2 = |z| · |w|

� � � �o��� �NS^Y � k�hoc�Ugw�kuk�UrZCSo\CcefgY \CZCceU[_�fgY h^hovC\2l w�k�`µdHhoY «uY U�yc�q2h^Y%\

b

a

z = a + ib

R

iR C

r
ϕ

������� � ¼e"�$��X!('¤¾e������� ���
# �#����¼e��$��[�
	�$�¼����
���!	&� ��"�$���#+� .§����	��e	�� �z������	�$
�/SoY � k�hoc�Ugw�kuk�UrZCSo\CcefgY \CZCceU[_�fgY h^hovC\2lµi(�2U

z 6= 0
So_&fKnyY%_&f&S^`�` fKZ2v2U[pgq

(r, ϕ)
�

�/cenyY%S
r ∈ R+

¡
ϕ ∈ [0, 2π[

��¦�_§So_&f
r = |z| ��/Y��H\CSVf&S^k�\|{

ϕ = arg (z)
¢�²ySoY%_®³rZ2c�_X¨©U[l�vC`�Y%\zfO¯�k�\

z ´[¥
Â�½�� �4� $���	�"�$�¼m� ���
��	&� � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
��	0.X�[�
� #z¿ "�$�� '(¼����!�/.D"�$�¼�¿ ¼e	1)��!���!���e�
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� � � � � � suc�f �
(II.2.7)

{  `µU[Y%prq2\�vC\2l�_gi·k�U[`�Y%ho\
¢¤S ¥ suY%S

z ∈ C
l�Y%l�Y nyY%\�ZCv2Urprq

r ∈ R+
¡
ϕ ∈ [0, 2π[

�®�Nc�\2\So_&f
z = a + ib = r · (cosϕ + i · sinϕ)¢¤S^S ¥ suY%S

z = a + ib ∈ C \ {0} l�Y%l�Y nyY%\|���/c�\C\]So_&f
r = |z| =

√
a2 + b2

¡
cosϕ = a

r

¡
sin ϕ = b

rªOY�WKY S^_&Ym_gk�h^hVfgY \�S^\ZCY UP¨P\Cc�h	�u_&S^_OY U[i(k�h^l�Y%\|�

� � � � � � } Y%k�`�Y f&UrS^_&prqCYmªKY%ZCY v2f&vC\Cl ZCY UP¨§Z2ZCSVfgSok�\]So\
C

s7Y S^Y%\
z1
¡
z2

So\�ZCY�U�7k�Ur`
zk = ak + ibk

¡
k = 1, 2

l�Y%l�Y nyY%\y�
�/SoY;¨§Z2S^SVfgSok�\S^\

C
l�Y qzfXc�vCi�ZCSoY � Y w�f&k�U[c�ZCZ2Sof&Sok�\�So`

R2 ��v7U[�Cp&w9�

a1 a2 a3

b3

b2

b1

z2

z 1

z 3

������� � ¼e"�$��X!(' � ���9	�# �/���
��¼�¼e� �!����$/��.
R2

� � � � ��� suc�f �
(II.2.8)

� vChVfgSVdHhoSVw�c�f&Sok�\ S^\
C

s7Y S^Y%\&��WDY%S�w�k�`�dCh^Y�«uY(�yc�qChoY%\;So\ � k�hoc�Ugw�kuk�UrZCSo\CcefgY \;l�Y%l�Y nyY%\/`�SVf |zj | = rj ·(cosϕj + i · sinϕj)i(�7U
j = 1, 2

�®�Nc�\2\]l�Sohof�{
z1 · z2 = r1 · r2 · (cos (ϕ1 + ϕ2) + i · sin (ϕ1 + ϕ2))

z1

z2

z3

R

iR C

ϕ1

ϕ2

|z 1
| ·
|z 2
|

ϕ 1
+

ϕ
2

��������� ¼e"�$��X!(' � ���;"�� �!����� ��#[�[�
����$/º��|	&� 	&�A# � .§����	��e	&� ��������	�$
ªOY�WKY S^_�{ � k�U[l�U[S ��c�v2i�ZCSoY ¨P\Cc�h �u_gSo_�{
¦�_Ol�Sohof�{

cos (ϕ1 + ϕ2) = cosϕ1 · cosϕ2 − sin ϕ1 · sin ϕ2

sin (ϕ1 + ϕ2) = cosϕ1 · sin ϕ2 + sinϕ1 · cosϕ2¨Ph^_&k6l�SohofOi(�2U
z1 · z2

{
z1 · z2 = r1 · r2 · [(cosϕ1 + i · sinϕ1) · (cosϕ2 + i · sin ϕ2)]

= r1 · r2 · [(cosϕ1 · cosϕ2 − sin ϕ1 · sin ϕ2) + i · (cosϕ1 · sin ϕ2 + sin ϕ1 · cosϕ2)]

= r1 · r2 · (cos (ϕ1 + ϕ2) + i · sin (ϕ1 + ϕ2))

¹u	��!º��!	?»�$�¼e	��
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� � � � � � suc�f �
(II.2.9)

{ �2k�U[`�Y%hy¯�k�\]�NY£� k�So¯�UrY
">_&f

z = r · (cosϕ + i · sin ϕ)
vC\CZ

n ∈ N
¡9_&k6So_&f

zn = rn · (cos (n · ϕ) + i · sin (n · ϕ))
�

ªOY c�pgqzfgY�{
n · ϕ

kuZ2Y U
ϕ1 + ϕ2

S^_�f°So`�`�Y U c�ho_
mod2π

nyY#��SoY%q�vC\2l�_&WDY%So_gYx� kuZCv2h^k
3600 ��v

¯�Y U[_&f&Y%q2Y%\|�
">\]ZCY UP¨P\Cc�h �u_gSo_�{

cosϕ + i · sinϕ = eiϕ
¢�w�k�`�dCh^Y�«uYm¦�«�dyk�\2Y%\zf&S^c�hoi(vC\7w�fgSok�\ ¥�/c�\2\|{

exp (x + y) = exp (x) · exp (y)
¡
z = r · eiϕ ⇒ zn = rn · en·iϕ¨P\zWKY \CZCv2\Cl7{ �ySoY%qCY \]ZCY U

n
¶!f&Y%\�R v2U ��Y%hjc�v2_XY%S^\2Y UXw�k�`µdHhoY «uY%\ � c�qCh

¢ � Y U[l�h^Y%Soprq2Y;¨Nv2i(l�cenyY � c�vCi � nCvC\2l�_&nCh^cef�f � ¥�7c ��SVf�{ � �NY%v2f&vC\2l�Y%\�¯�k�\
C
{

¢�� ¥ (a, b) ∈ R2 ��¸;�2f ��hoSoprq]i(�2UP¨§Z2ZCSVfgSok�\y¡HªKY f&Urc�l7¡9Y f&p��
¢ � ¥ a + ib

��¸;�2f ��hoS^pgq]i(�2U ~ Y%prqC\�v2\Cl�Y%\ (
i2 = −1

) �
¢�� ¥ � k�hoceUrw�k7k�U[ZCSo\Ccef&Y%\|�®¸;�2f ��hoS^pgq]i(�2UP� vChVfgSVdHhoSVw�c�f&Sok�\|¡uR v2U1��Y%h ��SoY%qCY \|¡HY�fgp��

R ceU[\�vC\2l2{�
Xi·fOWXSVU[Z]l�Y%_gprq7U[SoY nyY%\|{
i =

√
−1

�
�yv2` Y S^\2Y%\|{

i =
{
z ∈ C : z2 = −1

} �®R Y%\C\
i =

√
−1

¡H_gk S^_�fXc�vCprq −i =
√
−1

¡Cc�nyY U
i 6= −i

�
�yv2` ªKY%So_&dHSoY%h¤{

−1 =
√
−1 ·

√
−1 =

√

(−1) · (−1) =
√

1 = 1RTSVU©Y U[q2c�hVf&Y%\]Y%So\CY%\R<S^Z2Y U[_&d2U[vCpgq|�

� � � � � � �NY �H\2Sof&S^k�\
(II.2.d)

{��KqCceU[cew�f&Y U[So_&f&SowY%So\CY%_§aP��Ugd|Y�U[_
K

s7Y S
K

Y%So\°aP��Ugd|Y�U%�®�NS^Y��KqCceU[cew�f&Y U[So_&f&Sow Y%So\CY%_?aP��UrdyY Ur_
K

S^_�fDY%\CZ2h^Soprq|¡2i(c�hoh^_ ∃n ∈ N
¡2_gk ZCc �

n× 1K = 1K + 1K + . . . + 1K
︸ ︷︷ ︸

n−mal

= 0K

ªOY S^_�dHSoY%h^Y�{
¢¤c ¥ �NS^Y;aP��Ugd|Y�U

Q, R, C
q2c�nyY%\°w�Y%So\CY��Kq2ceU[cew�fgY UrS^_�fgSVw9�

¢�n ¥ �NY UPY%\CZ2h^Soprq2Y;aN��UrdyY U
Z/pZ = Fp

qCcef©ZCSoY��KqCceU[cew�f&Y U[So_&f&Sow
p
�

¨Ph^hol�Y%`�Y%So\�l�SohofOi(�2UPY%\2ZChoS^pgqCY£aN��UrdyY U%{�prqCceU
(K) =

` So\ {n ∈ N : n× 1K = 0K}
!
=

�®UrS^` ��c�q2h
¨P\C`�Y Urwuv2\Cl�Y \|{

• prq2c�U
(K) = 1 ⇒ 1× 1K = 0

¢�dHcef&qCk�h^k�l�So_gprq2Y U �2c�hoh|¶�l�Y%qzfX\2S^prqzf ¥
• prq2c�U

(K) = 2 ⇒ 2× 1K = 1K + 1K = 0K ⇒ ∀a ∈ K
�
a + a = 0 ⇔ a = −a

¿
¦�S^\ªOY%So_&dCS^Y%h¤{

Z/2Z = F2

•  `�l�Y w�Y q2Urf�{ ∀a ∈ K
{

a + a = 0 ⇒ pgqCceU
(K) = 2

Â�½�� �4� $���	�"�$�¼m� ���
��	&� � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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�A��� ���C�����e�7�
(II.3) ��� ���j��� ���	�H��
 �

� ���7�o� �/Y �C\CSVfgSok�\
(II.3.a)

{ � Y�w�fgk�UrU[c�vC`]{
K

_&Y%SjY S^\�aP��Ugd|Y�U%�
V = (V, +, ·) `�SVf�{

• ¨§Z2ZCSVfgSok�\y{
+ : V ×V → V

• _&w�c�hoceU[Y;� vChVfgSVdHhoSow�cef&S^k�\|{ · : K×V → V
�

�/c�_X¬yU[SodyY%h
(V, +, ·) WXSoUrZ]c�ho_

K
¶ � Y w�fgk�UrU[c�vC` ¢

K
¶ �/~/¥ nyY#��Y%SoqC\CY�f��

¸;vC\]`t�C_&_gY%\ i(k�hol�Y \CZCY;¨©«uSok�`�YmY U[i·�ChohofO_gY%So\|{
¢ � � ¥ (V, +)

So_&f§cenyY%ho_gprq2Y } U[v2d2d|Y�¡HZCc�_X\2Y%v2f�U[c�h^Y;¦�h^Y ` Y \zf
0
qCY%S ��f§¸;v2h^hV¯�Y w�fgk�U%�

¢ � � ¥ �4�7UNc�hoh^Y
v, w ∈ V, α, β ∈ K

_gk�h^hyl�Y hof&Y%\ ¢¤�/So_&f�U[SVnHv2f&SV¯ul�Y%_&Y f-��Y ¥¢�c ¥ (α · β) · v = α · (β · v)
¢ � Y Urf�U[��l�hoS^pgq2w�Y%Sof©Z2Y UP� vChVfgSVdHhoSow�cef&S^k�\ ¥¢�n ¥ α · (v + w) = α · v + α · w¢�p ¥ (α + β) · v = α · v + β · v¢¤Z ¥ 1 · v = v

� ���7� � ªOY%So_&dCS^Y%hoY/i·�2U � Y w�f&k�UrUr��v2`�Y
¢¤c ¥ suf&c�\2ZCceU[Z

n
¶
ZCSo` Y \C_gSok�\2c�h^Y U � Y w�f&k�UgU[c�vC`]{

Kn = {(x1, . . . , xn) : xi ∈ K} So_&f
K
¶ � Y w�f&k�UgU[c�vC` ` SVf

(x1, . . . , xn) + (y1, . . . , yn) = (x1 + y1, . . . , xn + yn)

α · (x1, . . . , xn) = (αx1, . . . , αxn)
¸;vC\�d2U[�Ci·Y%\�WXSVU©\Cc�prq|¡ k�n]ZCSoY£¨P«uSok�`�YNY U[i(�2h^hVfX_gSo\CZy{
¨©n|Y h^_&prqCY } U[v7dCdyY ¢
s�fgSoprqzWDk�UgfgY ¥ {

• ¨P_g_gk���SocefgSV¯uSVfg�ef�{®c�vCi
+

So\
K

��v2U[�2pgwui(�2q2U[Y%\
• 0 = (0, . . . , 0)

• ">\z¯�Y�U[_gY%_X¦�h^Y ` Y \zfDnyY#���Cl�h^Soprq]Z2Y UP¨§ZCZ2Sof&S^k�\|{ − (x1, . . . , xn) = (−x1, . . . ,−xn)

¨P\C`�Y Urwuv2\Cl2{x� c�\ ` v � _&S^pgq ¯�k�\ Z2Y U � k�U[_�fgY%hohovC\Cl�¯�Y Urc�nC_gprq2S^Y ZCY%\y¡§ZCc � ZCSoYx¦�hoY%`�Y%\zfgY
Y%So\CY%_ � Y w�fgk�UrU[c�vC`�_ ¢V³ � Y w�f&k�U[Y \ ´[¥ Y%So\CY ~ Soprqzf&vC\Clxv2\CZ ²|��\Cl�Yq2c�nyY%\y¡�W§S^Y ��v2` ªKY%S^_�dHSoY%h
ZCY�U

Rn
� ¦�So\mªKY%S^_�dHSoY%h�i(�2U�Y%So\CY%\ � Y�w�fgk�UrU[c�vC`]¡�ZCY%_&_gY%\ 
Xn !gY w�f&YDw�Y%So\CY?²|��\2l�YDk7Z2Y U ~ Soprqzf&vC\2l

`�Y%q2U§qCcenyY%\]S^_�f
Z/2Z

�
¢�n ¥ M 6= φ,V = {f : M → K} ��¸;vC\ ` �2_g_gY \6¨§ZCZ2Sof&Sok�\ vC\CZ _&w�c�hoceU[Y/� vChVf&SodCh^SVw�cefgSok�\6Y�Urwuh^�eUrf_gY S^\y�®�/Y _gqCc�hVn]ZCY��H\CSoY U[Y \WXSVU%{

(f + g) (m) = f (m) + g (m) (α · f) (m) = α · f (m)

�4�2UPZ2S^Y;¸;v2h^h|l�Sohof�{
0V :

{
M → K
m 7→ 0K�4�2UPZ2c�_Xc�Z2ZCSVfgSV¯�Y ">\z¯�Y U[_gY So\

V
l�Sohof�{

(−f) (m) = −f (m)
�

ªOY�WKY S^_�{(�yv ��Y%Sol�Y%\y{
f + (−f) = 0V

�
} Y%\2c�v2Y U ��v ��Y%Sol�Y%\y{ ∀m ∈ M : (f + (−f)) (m) = 0V (m) = 0K

�
²yS^\7w�Yts7Y Sof&Y�{

(f + (−f)) (m)

� � ���
= f (m) + (−f) (m)

� �����
= f (m)− f (m) = 0K

~ Y%prqzf&Y suY%SVfgY�{
0V (m)

�������
= 0K

�®¦�_§i(k�h^l�f§Z2S^Y;ªKY%qCc�v2d2fgv2\Cl7�

¹u	��!º��!	?»�$�¼e	��
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¢¤p ¥ M = R, K = R, V = {f : R → R}¢¤Z ¥ M = {1, . . . , n} , K = R, V = {f : {1, . . . , n} → R} �¸;vC\]l�S^hVf�{
V = {f : {1, . . . , n} → R} = {(x1, . . . , xn) : xi ∈ R} = Rn

�
¨Ph^_&k2{

f ↔ {xi = f (i) , i = 1, . . . , n} �®RTSVU©ZCY��H\CSoY U[Y \|{
(f + g) (i) = f (i) + g (i) (α · f) (i) = α · f (i)

¦�Url�Y nC\CSo_�{ {f : {1, . . . , n} → R} S^_�fPsuf&c�\CZCceU[Z7¯�Y�w�fgk�UrU[c�vC`
Rn �D¨P\C_�fgcef�f

R
WXSVU[Z]c�vCpgq�k�i·f

K¯�Y UrWDY%\CZ2Y f��
¢¤Y ¥ R

S^_�f§c�vCi�\Ccef&�2U[hoSoprqCY£¨©Urf©vC\2Z�R Y S^_&Y
Q
¶ � Y w�f&k�UgU[c�vC` ` SVf�{

K = Q + : R× R = R · : Q× R = R
±;SoY U©\�vC\]Z2Y UP¸;c�pgqzWKY S	�°S^\ s�fgSoprqzWDk�UgfgY%\y{

• (R, +)
S^_�f§¨©nyY%h^_&prqCY } U[v7dCdyY�¢�wuh^ceU ¥

• (α · β) · r = α · (β · r) {�¨P_g_&k ��S^cef&So¯uSVfg�efXZ2Y UP� vChVfgSVdHhoSow�cef&S^k�\°So\
R

• α · (r + s) = α · r + α · s vC\2Z
(α + β) · r = α · r + β · r {?�NS^_�f&UrSonCv2f&So¯uSVfg�efOS^\

(R, +, ·)

• 1 · r = r
¢�Z2S^Y;¦�S^\2_§S^\

R ¥

� ���7��� s7cef-�
(II.3.1)

{ ~ Y%prq2Y%\2U[Y l�Y%ho\��2nyY U � Y�w�fgk�UrU[��vC`�Y%\
~ Y%prqCY \2U[Y%l�Y%ho\|{?suY%S

v ∈ V, α ∈ K
�®¦�_Xl�Y%hVf&Y%\|{

¢¤S ¥ 0K · v = 0V¢¤S^S ¥ λ · 0V = 0V¢�SoS^S ¥ λ · v = 0V ⇒ λ = 0K ∨ v = 0V¢¤So¯ ¥ (−1) · v = −v
¢¤¯ ¥ λ · (−v) = (−λ) · v = − (λ · v)

�/SoY;ªOY�WKY S^_&Y;Y U[i(k�h^l�Y%\°WXSoY£S^\ZCY U ~ S^\2l�f&qCY%k�U[S^Y��
±;SoY U©c�h^_§ªKY%So_&dHSoY%h

(i)
vC\2Z

(iii)�yv
(i)

{�¦�_Ol�Sohof�{
0K · v + 0K · v = (0K + 0K) · v = 0K · v¸;vC\]c�Z2ZCSoY U[Y%\W§SoUPZCc�_ ">\z¯�Y U[_gY ��v

0K · v
{

(−0K · v) + (0K · v + 0K · v) = (−0K · v) (0K · v)

(−0K · v + 0K · v) + (0K · v) = 0V

0V + (0K · v) = 0V

0K · v = 0V

�yv
(iii)

{ �yv ��Y S^l�Y%\
λ · v = 0 ⇒ λ = 0 ∨ v = 0

�
s7Y S

λ 6= 0
�®�/c�\C\]`tvChVfgSVdHhoS ��SoY U[Y%\�WXSVU©ZCSoY } h^Y%Soprq�v2\Cl6`�SVf

λ−1 ¯�k�\]hoSo\2wu_��
⇒ λ−1 · (λ · v) = λ−1 · 0 �¸;vC\]Y�U[l�SVnCfO_gSoprq]c�vCi�ZCY UPhoS^\7w�Y \xs7Y%SVf&Y�{

λ−1 · (λ · v) =
(
λ−1 · λ

)
· v = 1 · v = v

�
�4�2UPZ2S^YmU[Y prqzfgY s7Y Sof&Y;l�Sohof�{

λ−1 · 0 = 0¨Ph^_&k ⇒ v = 0
��¨N\2c�h^k�lµY U[l�SVnCfO_gSoprq

λ = 0
�
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� ���7��� s7cef-�
(II.3.2)

¨Ph^hol�Y%`�Y%So\CY _D�NS^_�f&UrSonCv2f&So¯ul�Y%_gY f ��Y

(i)

(
n∑

i=1

λi

)

· v =

n∑

i=1

λi · v
vC\2Z

(ii) λ ·
(

n∑

i=1

vi

)

=

n∑

i=1

λ · vi

�/SoY;ªOY�WKY S^_&Y;i(�2U
(i)

vC\2Z
(ii)

Y U[i(k�h^l�Y%\°dyY U ">\CZ2v2w�f&S^k�\|� �4�7UNZ2Y%\ ">\CZ2v2w�f&S^k�\C_g_&prq2UrSof�fXl�SohVf�{
n∑

i=1

λi =

(
n−1∑

i=1

λi

)

+ λn,

n∑

i=1

vi =

(
n−1∑

i=1

vi

)

+ vn

�/Y�U ~ Y%_�f§ZCY _§ªOY WDY%So_gY _OSo_&fOwuhoceU%¡9Z2c6ZCSoY;¨P«uSok�`�Ymi·�2U©nHSo\C�eU[Yts7v2`�` Y \°l�Y%hof&Y%\y�

� ���7��� �/Y �C\CSVfgSok�\
(II.3.b)

{  \zfgY Ug¯�Y w�f&k�UgU[c�vC`
U

qCY%S ��f  \zfgY Ug¯�Y w�f&k�UgU[c�vC` ¯�k�\
V

¢¤¸;k�f&cefgSok�\y{
U < V ¥ WDY%\2\

U
nyY#���Cl�hoSoprq6ZCY�UK¦�S^\2_gprq7U[��\7¶

wuvC\2lµZCY UP¨§Z2ZCSVfgSok�\vC\CZ]_�w�c�h^ceU[Y%\]� v2hof&SodCh^SVw�cefgSok�\°Y%So\ � Y w�f&k�UrUrc�v2` So_&f��

� ���7��� ªOY%So_&dCS^Y%h i(�7U  \zf&Y Ur¯�Y w�fgk�UrU[��vC`�Y
ªOY S^_�dHSoY%h^Y�{
¢¤c ¥ U = {x, y, 0} nyY#���Cl�h^SoprqmZ2Y U�¦�So\C_&prq2U[��\7wuvC\Cl©Z2Y U ¨§ZCZ2Sof&S^k�\mvC\2Zm_&w�c�hoceU[Y%\;� vChVfgSVdHhoSVw�c�f&Sok�\
So_&f§Y S^\ � Y w�fgk�UrU[c�vC`]���Nc�` SVf§So_&f

U
Y S^\  \zfgY�Ur¯�Y�w�fgk�UrU[c�vC`]{

U = {(x, y, 0) : x, y ∈ K} < K3

�����������
�����������
�����������
�����������

z

y

x

 = x− y
¦�nyY%\CY

R3

� ��������¼e"�$��X�('�)&Á����j	&���!����	�� ,�����	&� $�	�$���$ �!	&� � 	�# �/���!����" .
¢�n ¥ U := {(x, 1) : x ∈ R} ⊆ R2

R2

x

y

U
1

��������� ¼e"�$��X!('
)�)��
U

��.
R2

">_&f
+|

U

Y%So\CY � Y Urwu\��7dHi(v2\Cl�c�vCi
U

�

¸;Y%So\|¡2ZCY%\2\
(x, 1) + (y, 1) = (x + y, 1 + 1) = (x + y, 2) /∈ U¢¤p ¥ U :=

{
(x, y) : x, y ∈ Z/3Z, x3 + y3 = 0

}
⊆ (Z/3Z)2¸;vC\�WDY%\2ZCY%\°WXSoUPY%So\CY \�¬|U[Sopgwc�\y{ �4�2U

Z/3Z

l�S^hVf�{
x3 = x ∀x �ªOY�WKY S^_�{®�/v7U[prqx¨PvC_&d2U[k�nCS^Y�U[Y%\�Y Url�SVnCf§_&S^pgq|{

0
3

= 0 1
3

= 1 2
3

= 2
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�/c�`�SVf§Y U[l�Son2f§_&S^prq]i·�2U
U
{

U = {(x, y) : x, y ∈ Z/3Z, x + y = 0}
¸;vC\]l�S^hVfKi(�2U

x
vC\CZ

y
{

y = −x
���Nc�`�SVfOY�U[l�SVnCfX_&S^pgq�Y%\CZ2l��2hof&S^l i(�2U

U
{

U = {(x,−x) : x ∈ Z/3Z}
¨©nH_gpgqChoS^Y%�uY \CZµ` �2_g_&Y%\tWXSVU���Y%Sol�Y \|¡�Z2c��

U
nyY#���Cl�h^SoprqµZCY�UO¦�S^\2_gprq7U[��\2wuvC\2l�Y%\µ¯�k�\ ¨§ZCZ2Sof&Sok�\

vC\2Z]_&w�c�hoc�UrY UP� v2hof&SVdHhoSow�cef&S^k�\Y%So\ � Y w�f&k�UgU[c�vC` S^_�f��
¨§Z2ZCSVfgSok�\y{

(x,−x) + (y,−y) = (x + y,−x + (−y)) = (x + y,− (x + y))
�£¨P\C`�Y Urwuv2\Cl7{ "�\ ZCY U

} U[v7dCdyY%\zf&qCY%k�U[S^YNqCcenyY%\�WXSoU§i(k�hol�Y%\2ZCY ~ Y prqCY%\7U[Y%l�Y%hHw�Y \C\CY \Cl�Y h^Y Ur\zf�{ − (a + b) = −a + (−b)
�

suw�c�hoceU[Yt� v2hof&SodCh^SVw�cefgSok�\y{
α · (x,−x) = (α · x, α · (−x)) = (α · x,−α · x)

�?¨N\2` Y�UrwuvC\2l2{ ">\]ZCY�U
~ S^\2l�f&qCY%k�U[S^Y/qCcenyY%\WXSVUPi(k�hol�Y%\2ZCY ~ Y%prq2Y%\2UrY%l�Y%hyw�Y \C\CY \Cl�Y h^Y Ur\zf�{

a · (−b) = −a · b = (−a) · b ��/c�`�SVf§l�SohVf�{
+ : U×U → U

· : Z/3Z ×U → U

¨Ph^hoY©c�\2ZCY UrY%\�¨P«uSok�`�Y©_gSo\CZµ_&prqCk�\ So\
(Z/3Z)2

Y Uri(�Chohof����/c�`�Sof�So_&f
U

Y%So\  \zf&Y Ur¯�Y w�fgk�UrU[c�vC`]�
¢¤Z ¥ L

_&Y%SjZ2Y UP²|��_gv2\Cl�_�U[c�vC` ZCY _§h^So\CY c�UrY%\ } h^Y S^prq�v2\Cl�_g_ �u_�fgY ` _�{
a11 · x1 + a12 · x2 + a13 · x3 + . . . + a1n · xn = b1

a21 · x1 + a22 · x2 + a23 · x3 + . . . + a2n · xn = b2

a31 · x1 + a32 · x2 + a33 · x3 + . . . + a3n · xn = b3��� ��� ��� � � � ��� ��� ���
am1 · x1 + am2 · x2 + am3 · x3 + . . . + amn · xn = bm

x1, . . . , xn

_gSo\CZ ZCSoY  \znyY w�c�\2\zfgY%\y���NS^Y
aij

_&S^\2Z¢�nyY w�c�\C\zf&Y ¥ aPkuY � ��S^Y%\zf&Y%\ ZCY%_ } hoY%S^pgq�vC\Cl�_�¶
_ �u_�fgY ` _��

(b1, . . . , bm)
S^_�f§Z2S^Y;²y��_&vC\Cl�_g_�dHc�hof&Y��

¸;vC\]l�S^hVfKi(�2UNZCY%\²|��_gvC\2l�_�U[c�vC`]{

L (aij , bk) =






(x1, . . . , xn) ∈ Kn :

n∑

j=1

aij · xj = bi







WDk�nyY%S
i = 1 . . .m

¡
j = 1 . . . n

¡
k = 1 . . .m

�
�yv ��Y%Sol�Y%\y{

L (aij , bk) < Kn
�

� ���7��� aNk�\C_&f�U[v7w�fgSok�\¯�k�\ � Y�w�fgk�UrU[��vC`�Y%\
¢¤c ¥ U1,U2 < V ⇒ U1 ∩U2 < V

��RTSVU©ZCY��H\CSoY U[Y \|{
U1 + U2 := {u1 + u2 : u1 ∈ U1, u2 ∈ U2} < V

R ceU[\�vC\2l2{?So`bc�hohol�Y%`�Y%So\CY%\y{
U1 ∪U2 ≮ V¢�n ¥ V1,V2

_gY%So\CY \
K
¶ � Y w�f&k�UrUr��v2`�Y ⇒ V1 × V2 = {(v1, v2) : vi ∈ Vi}

So_&f
K
¶ � Y�w�fgk�UrU[c�vC`nyY#���Cl�hoSoprq|{

(v1, v2) + (v′1, v
′
2) = (v1 + v′1, v2 + v′2)

α · (v1, v2) = (α · v1, α · v2)

¨Ph^hol�Y%`�Y%So\|{
Ui < Vi ⇒ U1 ×U2 < V1 ×V2
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� ���7��� s7cef-�
(II.3.3)

{
s7Y S

(V, +, ·) Y%So\
K
¶ � Y w�f&k�UrUrc�v2`]�

U ⊆ V
q2Y%S	��f  \zf&Y Ur¯�Y w�f&k�UrU[c�v2`x¡9WDY%\2\]l�Sohof�{

¢¤S ¥ U 6= φ¢¤S^S ¥ ∀u, v ∈ U : u + v ∈ U¢�SoS^S ¥ ∀α ∈ K, ∀u ∈ U : α · u ∈ U

ªOY ZCY%v7fgv2\Cl2{
(U, +, ·) So_&f§Y S^\ � Y w�fgk�UrU[c�vC` �2nyY U

K
�

ªOY�WKY S^_�{?s7Y honC_&f§kuZ2Y U©ªOv2prq
�/SoY%_&YKZ7U[Y%S7amU[Sof&Y U[SoY%\;WDY U[Z2Y%\ So` ¨Ph^hol�Y%`�Y%So\CY \mi(�2U®ZCY%\ ¸;c�prqzWDY%S^_ ¯�Y�UrWDc�\2Z2f����/SoYOc�\2ZCY U[Y \¨©«uS^k�` Y/_gSo\CZ�So\�ZCY�U ~ Y%l�Y%h|i·�2U

U
Y Uri(�Chohof�¡HZ2c Z2S^Y%_&Ym¨©«uS^k�` Y/_gprq2k�\]i(�7U

V
Y U[i·�ChohofO_gSo\CZ|�

¦�_�l�Son2f�` So\CZ2Y%_&f&Y%\2_ ��WKY S  \zfgY�Ur¯�Y�w�fgk�UrU[��vC`�YOi·�2U®Y S^\2Y%\ � Y w�f&k�UrU[c�v2` V
{
V < V {0} < V

� ���7��� ªOY%So_&dCS^Y%hoY/i·�2U  \zf&Y Ur¯�Y w�f&k�UrU[��v2` Y vC\2Z]ZCY UrY%\]aNk�\C_�f&U[v7w�fgSok�\
¢¤c ¥O} Y%l�Y nyY%\_gY%S|ZCY U

R3 ��¦�So\CY;¦ n|Y \CYmSo_&fOl�Y%l�Y nyY%\�ZCv7U[prq
E : ax + by + cz = d

�
ªOY qCc�v2d2fgv2\Cl2{

E < R3 ⇔ d = 0ªOY�WKY S^_�{
³ ⇐́ { } Y l�Y nyY%\y{

ax + by + cz = 0
�

�yv � Y%Sol�Y%\y{
(i)− (iii)

l�Y%hof&Y%\y�
�yv

(i)
{

(0, 0, 0) ∈ E
¢¤wuhoceU ¥�yv

(ii)
{�¨§ZCZ2Sof&Sok�\�So_&fOc�nCl�Y%_&prqChok�_&_gY%\y{

s7Y S
ax + by + cz = 0

v2\CZ
ax′ + by′ + cz′ = 0 ⇔ (x, y, z) + (x′, y′, z′) ∈ E

�
¨§Z2ZCSVfgSok�\�Z2Y U } h^Y S^prq�v2\Cl�Y%\]h^SoY%i(Y�Urf�{

ax + by + cz + ax′ + by′ + cz′ = a · (x + x′) + b · (y + y′) + c · (z + z′)
¨Ph^_&k2{

(x, y, z) + (x′, y′, z′) ∈ E
�

�yv
(iii)

{�� v2hof&SVdHhoSow�cef&S^k�\`�SofKY%So\CY%` s�w�c�h^ceUNS^_�f§cenHl�Y%_gprq2h^k�_g_&Y%\|{
s7Y S

ax + by + cz = 0
v2\CZ

α ∈ R ⇔ α · (x, y, z) ∈ E
��¸;v2\]l�Sohof�{

0 = α · (ax + by + cz) = α · ax +α · by + α · cz = a · (αx) +a · (by) + a · (cz) ⇒ α · (x, y, z) ∈ E

¢�n ¥ {®RTSVUPnyY �C\CZ2Y%\�vC\2_§So`
R3 �®RTSVU©nyY f&Urc�pgqzfgY%\xi(k�h^l�Y%\CZ2YmaPk�\C_�f&Urv2w�f&S^k�\|{

z

E

y

E′

x

� ��������¼e"�$��X�('�)g½�� � �|	&� � ��	&$�	�$;��.
R3

E ∩E′ So_&fXY S^\2Y } Y U[c�ZCY ZCv7U[prqxZCY \  U[_�dCU[v2\Cl7�
¢¤p ¥ {�R Y%Sof&Y U[Y/aNk�\C_&f�U[v7w�fgSok�\2Y%\]i(�2U  \zfgY Ug¯�Y w�f&k�UgU[��vC`�Yt_&S^\2Z|{

U1 ∩U2, U1 + U2, U1 ×U2
�

¹u	��!º��!	?»�$�¼e	��
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¢¤Z ¥ {®R Y%h^pgqCY } Y U[c�ZCY \]_gSo\CZ  \zfgY Ug¯�Y w�f&k�UgU[��vC`�YtSo`
R3 �

¦�So\CY } Y�U[c�ZCY
g
S^`

R3 _gY%S|l�Y%l�Y nyY%\Z2v2U[prqy{
ax + by + cz = d

a′x + b′y + c′z = d′

ªOY qCc�v2d2fgv2\Cl2{
g < R3 ⇔ d = d′ = 0

�
¢¤Y ¥ {?s7Y%SoY%\

U1 = Rv1
v2\CZ

U2 = Rv2
�

¸;vC\]l�S^hVf�{
U1 + U2 = {u1 + u2 : u1 ∈ U1, u2 ∈ U2}±;SoY U©S^\ZCSoY%_gY%` �7c�h^h|l�Sohof�{
U1 + U2 = {αv1 + βv2 : α, β ∈ R} = E0 � v1 � v2RTSVU�_&dCc�\C\CY \6c�h^_&kmY%So\CY§¦ n|Y \CY§Z2v2U[prqµZ2Y%\6¸;v2h^hVdHv2\2w�f�` SVf ZCY%\ ~ Soprqzf&vC\Cl�_&¯�Y w�f&k�U[Y%\

v1
vC\2Z

v2
c�vCi!{

���� v2v1

��������� ¼e"�$��X!('
) � � � ��	�$�	D¼�"��
���m¼e	&$�� "�� ����"�$�#�� .O� ���4� ��� �!"�$�� � � 	�# �/���!	&$ v1
"�$�¼

v2

¢¤i ¥ R× R2 = {(x, (y, z)) : x, y, z ∈ R}
(∗)
= {(x, y, z) : x, y, z ∈ R} = R3¨P\C`�Y Urwuv2\Cl ��v

(∗) {�s�f&U[Y \Cl�l�Y%\Ck�`�` Y \m_gSo\CZ ZCSoYKnyY%SoZCY%\ ¬jY�U[`�YO\CSoprqzf�l�hoY%S^pgq|¡�_gSoYO_gSo\CZ cenyY U
_gk ��v]SoZCY%\zf&SV����S^Y UrY%\|�
U = R < R

v2\CZ
V = ((a, 0) : a ∈ R) < R2 � } Y%\2c�vCY U%{

V = {a · (1, 0) : a ∈ R} = R (1, 0)
�

y

x

�

������� � ¼e"�$��X!('
) � �
V

��$;¼e	�� �y��	&$�	

U×V = {(x, y, 0) : x, y ∈ R} = xy
¶
¦�nyY%\CY/S^`

R3 �

�����������
�����������
�����������

	�	�	�	�	�	
	�	�	�	�	�	
	�	�	�	�	�	

z

y

x

 = x− y
¦�nyY%\CY

R3

� ��������¼�"�$��X�('�) � �
U×V

� $m¼e	&� � ��	�$�	
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� ���7�o��� ¦ U ��Y vCl�v2\Cl6¯�k�\  \zfgY Ug¯�Y w�f&k�UgU[��vC`�Y%\
¸;vC\�WDk�h^hoY%\°W§SoUPi(�7UNY S^\2Y%\�Y%\2ZChoS^prq2Y%\ � Y�w�fgk�UrU[c�vC` c�hohoY  \zf&Y UrU[��vC`�Y;nyY%_&f&So` `�Y%\y{
s7Y S

V = (Z/2Z)
2

= {(x, y) : x, y ∈ Z/2Z}
=

{(
0, 0
)
,
(
0, 1
)
,
(
1, 0
)
,
(
1, 1
)}

�/SoYmf�U[So¯uSoc�h^Y \ �4��hohoY;i(�2UPZCSoY  \zf&Y Ur¯�Y w�f&k�UrUr��v2`�Yt_&S^\2Z|{ (
0, 0
) vC\2Z

V
�

} SVnCfXY%_KWKY Sof&Y U[Y  \zfgY Ug¯�Y w�f&k�UgU[��vC`�Y �

�uY%Z2Y UXWDY%SVfgY UrY  \zf&Y Ur¯�Y w�f&k�UrU[c�v2` ¯�k�\
V

`tv �µ`�So\CZCY _&f&Y%\C_?ZCc�_K¦�hoY%`�Y%\zf (
0, 0
) Y%\zfgq2c�hof&Y%\|�

¨Ph^_&k U[cefgY \�WXSoU {
ªOY qCc�v2d2fgv2\Cl2{

U =
{(

0, 0
)
,
(
0, 1
)} _&Y%S^Y \ Y%S^\  \zfgY Ug¯�Y w�f&k�UgU[c�vC`]�,¸;v2\ ` �C_&_gY%\ W§SoUZCSoY

¦�Sol�Y \C_gpgqCc�i·f&Y%\
(i)− (iii)

�7n|Y�UrdCU[�2i(Y%\y{
�yv ¢¤S ¥ { {(0, 0

)
,
(
0, 1
)}
6= φ

¢�wuhoc�U ¥�yv ¢¤SoS ¥ {®¨©nHl�Y%_gprq2h^k�_g_&Y%\Cq2Y%SofDnyY#���Cl�hoSoprq�ZCY�UN¨OZCZCSVf&S^k�\|��¦�_Of&UrY fgY \]Z2U[Y%S �4��h^hoY;c�vCi
{
(
0, 0
)

+
(
0, 0
)

=
(
0, 0
)
∈ U

(
0, 0
)

+
(
0, 1
)

=
(
0, 1
)
∈ U

(
0, 1
)

+
(
0, 1
)

=
(
0, 0
)
∈ U

�/SoY;¨§Z2ZCSVfgSok�\]So_&fOc�ho_gk c�nCl�Y%_&prqChok�_&_gY%\y�
�yv�¢¤S^SoS ¥ ¨©nHl�Y%_gpgqChok�_g_&Y%\Cq2Y%SVf®nyY#���2l�hoS^pgq°Z2Y U§_�w�c�hoceU[Y%\ � vChVfgSVdHhoSow�cef&S^k�\|� ¦�_?f�U[Y f&Y%\ ¯uSoY U��4��hohoY
c�vCi
{

0 ·
(
0, 0
)

=
(
0, 0
)
∈ U 0 ·

(
0, 1
)

=
(
0, 0
)
∈ U

1 ·
(
0, 0
)

=
(
0, 0
)
∈ U 1 ·

(
0, 1
)

=
(
0, 1
)
∈ U¨PvCprq]nyY#���Cl�hoSoprq�ZCY�UN_�w�c�h^ceU[Y%\]� v2hof&SodCh^SVw�cefgSok�\ So_&f

U
cenHl�Y _gprq2h^k�_g_gY \|�

¦�_Oi(k�hol�f�{
U =

{(
0, 0
)
,
(
0, 1
)}

< V
�

¨P\Cc�h^k�l ��Y%S^l�Y%\WXSVU%¡CZCc �
U =

{(
0, 0
)
,
(
1, 0
)}

< V
vC\2Z

U =
{(

0, 0
)
,
(
1, 1
)}

< V
�

} SVnCf�Y%_?\�v2\ c�v2prq  \zfgY�Ur¯�Y�w�fgk�UrU[��vC`�YPS^\
V
¡uZ2S^Y©\�vC\�`�So\CZCY _&f&Y%\C_�Z2U[Y%SC¦�hoY%`�Y%\zfgYXq2cen|Y \ � {

s7Y S
U < V

v2\CZ |U| ≥ 3
�®¦�_Ol�Sohof�{ (

0, 0
)
∈ U

¢�¨P\C_&k�\C_�fgY \So_&fKY%_Ol�c�Urc�\zf&SoY Urf§w�Y%So\  \zf&Y Ur¯�Y wz¶
f&k�UrU[c�v2` ¥ �®¸;v2\�f&UrY fgY \]Z2U[Y%S �4��h^hoY;c�vCi
{
��� �2c�hoh�{ (

0, 1
)
,
(
1, 0
)
∈ U ⇒ ¨PvCpgq (

1, 1
)
∈ U

¢¤_gk�\2_&fO\CSoprqzf©cenHl�Y _gprq2h^k�_g_gY \ ¥ ⇒ U = V
�

� � �2c�hoh�{ (
0, 1
)
,
(
1, 1
)
∈ U ⇒ ¨PvCpgq (

1, 0
)
∈ U

¢¤_gk�\2_&fO\CSoprqzf©cenHl�Y _gprq2h^k�_g_gY \ ¥ ⇒ U = V
�

�7� �2c�hoh�{ (
1, 0
)
,
(
1, 1
)
∈ U ⇒ ¨PvCpgq (

0, 1
)
∈ U

¢¤_gk�\2_&fO\CSoprqzf©cenHl�Y _gprq2h^k�_g_gY \ ¥ ⇒ U = V
�

�/c�`�SVf§qCcenyY%\W§SoUPY%So\CY;²yS^_�fgY;c�hoh^Y�U  \zf&Y Ur¯�Y w�fgk�UrU[��vC`�Y£¯�k�\
V

l�Y%i(v2\CZCY \|{
(
0, 0
)
,V,

{(
0, 0
)
,
(
1, 0
)}

,
{(

0, 0
)
,
(
0, 1
)}

,
{(

0, 0
)
,
(
1, 1
)}

�/SoY%_&Y%\ � Y w�f&k�UgU[c�vC` w���\C\CY \�WXSoUPc�vCpgq l�U[cedHq2S^_&prq]ZCceU[_�fgY%hohoY%\|{

��

�� ��

��(0, 1)

(0, 0)

(1, 1)

(1, 0)

������� � ¼e"�$��X�('�) � �H���
������� �!����	 �������¤�
	���� "�$�� � ��$ V
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�4�2UPZ2S^Y;l�U[cedHqCSo_gpgqCY£�/ceU[_�fgY%hohovC\Cl ZCY U  \zf&Y Ur¯�Y w�f&k�UrUr��v2`�Y ¯�k�\
V

l�SohofK\�vC\y{

��

�� ��

�� �	


� �

�� ��

�� ��

��

��

�� ��

��  !

"# $%

&'(0, 1)

(0, 0)

(1, 1)

(1, 0)

(0, 1)

(0, 0)

(1, 1)

(1, 0)

(0, 1) (1, 1)

(0, 0) (1, 0)

(0, 1)

(0, 0)

(1, 1)

(1, 0)

(0, 1)

(0, 0)

(1, 1)

(1, 0)

� ��������¼e"�$��©�('�)r¾e�2���
������� �!����	 �������¤�
	���� "�$��X¼e	�� � $��
	�� � 	&#�� ���
� ��"�.§	

} Y%l�Y nyY%\|{
v1, . . . , vk ∈ V

�Ks7vCpgqCY£c�h^hoY  \zf&Y Ur¯�Y w�f&k�UrU[��v2` Y
U 3 v1, . . . , vk

¿
¦�_OY U[l�Y�n|Y \�_gSoprq]i(k�h^l�Y%\CZ2Ym\Ck�f�WDY%\CZ2S^l�Y%\�ªOY ZCSo\Cl�v2\Cl�Y%\|{
¨PvC_£¢¤S^SoS ¥ { ∀α1, . . . , αk ∈ K : α1v1, . . . , αkvk ∈ U¨PvC_£¢¤S^S ¥ { ∀α1, . . . , αk ∈ K : α1v1 + . . . + αkvk ∈ U

¨Ph^_&k2{ ⇒ U ⊇
{ c�hoh^Y ²yS^\2Y%ceUrw�k�`tnCS^\2cefgSok�\2Y%\ k∑

i=1

αivi

}

� ���7�o��� suc�f �
(II.3.4)

} Y%l�Y nyY%\]_gY%SoY%\
v1, . . . , vk ∈ V

�§�/c�\2\ So_&f { k∑

i=1

αivi : αi ∈ K, i = 1, . . . , k

} ZCY UPwuhoY%S^\2_&f&Y  \7¶
f&Y Ur¯�Y w�fgk�UrU[c�vC` ¯�k�\

V
¡HZ2Y UPZCSoY � Y w�f&k�U[Y%\

v1, . . . , vk

Y%\zfgq2��hof��
ªOY�WKY S^_�{
¸;c�prqxZCY U � k�U[�2nyY Urh^Y%l�vC\2l l�Y \��Cl�f§Y%_ ��v ��Y%Sol�Y \|¡HZ2c � { k∑

i=1

αivi : αi ∈ K, i = 1, . . . , k

}

< V

¸;vC\]_&Y%S¤{
U :=

{
k∑

i=1

αivi : αi ∈ K, i = 1, . . . , k

}

RTSVU©` �2_g_gY \ZCSoY;¦�Sol�Y \C_gpgqCc�i·f&Y%\
(i)− (iii)

�2nyY UgdCU[�2i(Y%\|{
�yv ¢¤S ¥ { U 6= φ

¡HZCY%\2\
v1 = 1 · v1 + 0 · v2 + . . . + 0 · vk ∈ U�yv ¢¤SoS ¥ {®¨©nHl�Y%_gprq2h^k�_g_&Y%\Cq2Y%SofDnyY#���Cl�hoSoprq�ZCY�UN¨OZCZCSVf&S^k�\|{

k∑

i=1

αivi +

k∑

i=1

βivi =

k∑

i=1

(αivi + βivi) =

k∑

i=1

(αi + βi) · vi ∈ U

�yv ¢¤SoS^S ¥ {�¨PnCl�Y%_&prqChok�_&_gY%\2qCY%SVfDn|Y%���2l�hoS^prqZCY UP_&w�c�hoceU[Y%\]� vChVfgSVdHhoSVw�c�f&Sok�\|{

α ·
k∑

i=1

αivi =

k∑

i=1

α · (αivi) =

k∑

i=1

(α · αi) · vi ∈ U

�/cc�hohoY ¦�S^l�Y%\C_&prqCc�i·f&Y%\ Y Uri(�Chohofm_gSo\CZ So_&f
U < V

� �NS^Y�c�\CZ2Y U[Y%\ ¨©«uS^k�` Yµ_&S^\2Z _gprq2k�\ So\
VY U[i·�ChohofOvC\CZ]�7nyY Urf�U[c�l�Y%\]_&S^prq]Z2c�` SVfKc�v2i

U
�
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� ���7�o� � �NY �H\2Sof&S^k�\
(II.3.c)

{Ds�dHc�\C\]v2\CZ]¦ U ��Y vCl�Y \CZCY \C_ �u_�fgY `

¢¤S ¥ 〈v1, . . . , vk〉
W§SoUPZCY��H\CSoY UrfOc�h^_ 〈v1, . . . , vl〉 :=

{
k∑

i=1

αivi : α1 . . . αk ∈ K

}

〈v1, . . . , vk〉
S^_�f�ZCY�U]¯�k�\

v1, . . . , vk

Y U ��Y%v2l�f&Y k7Z2Y U]c�vCi·l�Y%_�dHc�\C\zf&Y � Y w�f&k�UrU[c�v2` kuZCY�U
Span (v1, . . . , vk)

�
¢¤S^S ¥ ">_�f

U = 〈v1, . . . , vk〉
{
U

WXSVU[Z ¯�k�\
v1, . . . , vk

Y�U ��Y vCl�f�kuZCY U?c�vCi·l�Y%_�dHc�\C\zf��
v1, . . . , vk

WXSoUrZ
c�ho_§¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`J¯�k�\

U
nyY#��Y S^prq2\CY f��

� ���7�o� � ªKY%S^_�dHSoY%hoYmi(�2U/s�dHc�\C\
} Y U[c�Z2Y So`

R2 { gP,v = P + R · v = P + 〈v〉 �¦�nyY%\2Y;S^`
R3 { EP,v1,v2

= P + Rv1 + Rv2 = P + 〈v1, v2〉
�

� c�\]\CY%\2\zfXY%So\�_gk�h^prq2Y%_©s��u_&f&Y%`]{�¨ � \CY U  \zfgY UgU[c�vC` Z2Y%_
Kn

{
P + 〈v1, . . . , vk〉

�
¸;vC\tS^_�f Y%_�k�i·f�l�Y%i(k�U[ZCY�Urf�i·�2U�Y%So\CY \  \zfgY Ug¯�Y w�f&k�UgU[c�vC` Y S^\ ¦�U ��Y%v2l�Y%\2ZCY%\2_ �u_&f&Y%` ��v �C\CZ2Y%\|�
±;SoY U©\�vC\]Y%So\CY;ªKY%So_&dHSoY%h¤{
} Y%l�Y nyY%\�_gY S

K
v2\CZ

U = {(x1, . . . , xn) ∈ Kn : a1x1 + . . . + anxn = 0} < Kn ������2c�hoh
ai = 0, i = 1, . . . , n ⇒ U = Kn = 〈e1, . . . , en〉

`�Sof
ei = (0, . . . , 1, . . . , 0)

WDk�nyY%SAZ2S^Y
1
c�\xZCY U

i
¶!fgY%\ s�fgY h^hoYm_&f&Y%qzfXv2\

(x1, . . . , xn) =

n∑

i=1

xiei

� � �2c�hoh�{�Y%S^\
ai 6= 0

¡HY�f�WDc
a1 6= 0

�®¸;v2\]l�Sohof�{

a1x1 + . . . + anxn = 0 ⇔ x1 = −a2

a1
x2 − . . .− an

a1
xn

⇔ (x1, . . . , xn) =

(

−a2

a1
x2 − . . .− an

a1
xn, x2, . . . , xn

)

¸;vC\]l�S^hVf�{

(x1, . . . , xn) =

(

−a2

a1
x2 − . . .− an

a1
xn, x2, . . . , xn

)

= x2 ·
(

−a2

a1
x2, 1, 0, . . . , 0

)

+ x3 ·
(

−a3

a1
x3, 0, 1, 0, . . . , 0

)

+xi ·
(

− ai

a1
xi, . . . , 1, . . . , 0

)

+ xn ·
(

−an

a1
xn, 0, . . . , 1

)

�/c�`�SVf�{
x ∈ U ⇔

∃x2, . . . , xn ∈ K : x = x2·
(

−a2

a1
, 1, 0, . . . , 0

)

+. . .+xi·
(

− ai

a1
xi, . . . , 1, . . . , 0

)

+xn·
(

−an

a1
xn, 0, . . . , 1

)

¨Ph^_&k2{
U =

〈

. . . ,
(

−ai

ai
, 0, . . . , 1, . . . , 0

)

, . . .
〉 i(�2U

i = 2, . . . , n
_&S^\2Z�²|��_gv2\Cl�Y \|¡HZ2Y%\C\

a1 ·
(

− ai

a1

)

+ 1 · ai = 0
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�A��� ���C�����e�7�
(II.4) ��� ���%��� � ��� � � 
 �2���%� �y�

� ���2�o� �ySoY%hjZ2S^Y%_&Y%_�� ceU[c�l�U[cedCqCY%\y{K±;c�v7dH_gcef �mi(�7U/ªKc�_&Y%\
�/Y�UN±;c�v7dCf&_gcef-�;i·�2UPªOc�_gY \]h^c�v2f&Y f�{
¢¤S ¥ ��Y%ZCY UPY%\2ZChoS^pgq�Y U ��Y%vCl�fgY � Y�w�fgk�UrU[c�vC` qCcef©Y%So\CYmªKc�_gSo_��

�Nc�_tq2Y%S	��f�{�!gY%ZCY�U Y%\2ZChoS^pgq Y U1��Y%v2l�f&Y � Y�w�fgk�UrU[c�vC` nyY%_&Sof ��f£Y%S^\ hoS^\2Y%ceU6v2\CcenHq2��\2l�Sol�Y%_
¦ U ��Y%vCl�Y%\CZ2Y%\C_0�u_&f&Y%`]�

¢¤S^S ¥ ��Y ��WDY%SAªKc�_gY%\]q2c�nyY%\]Z2S^Y _gY%hVnyY/²y��\2l�Y ¢¤¨N\ ��c�qCh4Z2Y U � Y w�f&k�UrY%\ ¥

� ���2� � �/Y �C\CSVfgSok�\
(II.4.a)

{�²yS^\2Y%ceU[Y  \2c�nCqC��\Cl�S^l�w�Y Sof§¯�k�\ � Y�w�fgk�U[Y%\
v1, . . . , vn

q2Y%S	�uY \�h^So\CY c�U©v2\CcenHq2��\Cl�Sol2¡2WDY%\C\]l�S^hVf�{

∀α1, . . . , αk ∈ K :

k∑

i=1

αivi = 0 ⇒ α1 = α2 = . . . = αk = 0

� ���2��� �/Y �C\CSVfgSok�\
(II.4.b)

{�ªKc�_&S^_

v1, . . . , vk

qCY S	�uY%\°Y%So\CY;ªOc�_&S^_O¯�k�\
V :⇔ V = 〈v1, . . . , vk〉 =

{
k∑

i=1

αivi

∣
∣
∣
∣
∣
: αi ∈ K

} �
�/cenyY%S|_gSo\CZ

v1, . . . , vk

hoS^\2Y%ceUPvC\CcenCqC��\Cl�S^l7�

� ���2��� ªOY%So_&dCS^Y%hoY/i·�2UPªOc�_gY \
¢¤c ¥ Kn q2cefOZ2S^Y/suf&c�\CZCceU[Z7nHc�_gSo_ {e1, . . . , en}

`�Sof
ei

c�h^_DZCY%`
i
¶
f&Y%\�¦�So\Cq2Y%Sof&_&¯�Y w�f&k�U%���/Y U

i
¶!f&Y

¦�So\Cq2Y%SVfg_�¯�Y w�f&k�U�q2cefAc�h^_
i
¶!f&Y�aNk�`�dyk�\CY%\zf&Y�Y%So\CY�¦�So\C_jv2\CZmc�\2_gk�\2_&f&Y%\m¸;v2h^hoY%\|{

(0, . . . , 1, . . . , 0)
�

¦�So\ � Y�w�fgk�U
x
ho����fO_gSoprq]ZCc�\2\]ZCceU[_&f&Y%hoh^Y \�c�h^_

x = (x1, . . . , xn) = x1e1 + . . . + xnen

�
¢�n ¥ R2 q2cefXZCSoY£ªOc�_gY%\ {e1, e2}

v2\CZ {(1, 1) , (7000163,−14201660)} ��yv ��Y%Sol�Y \|{ ∀a, b
{

(a, b) = α · (1, 1) + β · (7000163,−14201660)
�;RTSVU;`t�C_g_&Y%\xc�h^_&ki(k�h^l�Y%\CZ2Y%_

} hoY%S^pgq�vC\Cl�_g_0�u_&f&Y%`bh^��_gY%\y{
a = α · 1 + β · 7000163

b = α · 1 + β · (−14201660)

¢¤p ¥ s7Y%S
U =

{

x|
n∑

i=1

aixi = 0

} `�Sof
a1 6= 0

�
U = 〈u2, . . . , un〉

¡Cc�ho_gk
u2, . . . , un

_&S^\2ZY%So\ ¦�U ��Y%v7¶
l�Y \CZCY \C_ �u_�fgY `J¯�k�\

U
�

ªOY qCc�v2d2fgv2\Cl2{
u2, . . . , un

_gSo\CZ�hoSo\CY%ceU©vC\2cenHqC��\2l�Sol2�
ªOY�WKY S^_�{?s7Y S

α2u2 + . . . + αnun = 0
�

R Y%l�Y \]ZCY U } Y%_�fgc�hVfX¯�k�\
ui

i(k�hol�f�{ n∑

i=1

αiui = (∗, α2, . . . , αn)
WDk�nyY%S ∗ SVU[l�Y%\CZ2Y%S^\2Y%\ �®U[kuZCv7w�f

So_&f��®¨Ph^_&k2{
n∑

i=1

αiui = 0 ⇒ α2 = α3 = . . . = αn = 0
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� ���2��� ªOc�_gY%\vC\CZ]�NS^`�Y%\2_gSok�\2Y%\
�7c�`�Soh^SoYt¯�k�\ � Y w�fgk�U[Y%\ {

(vi)i∈I

¡AWDk�nyY%S
I
Y%So\CY]¢�">\CZCY�« ¥ `�Y%\2l�Y6So_&f�{

I → V, i 7→ vi

�6¸;S^prqzf
\Ck�f�WDY%\CZ2S^l�Y UrWDY%So_gY�{

vi 6= vj

i(�7U
i 6= j

�
v1, . . . , vn

_gSo\CZ Y%S^\2YY%\2ZChoS^pgqCY �7c�`�S^hoS^Y�¡�Z2c�_ qCY S	��f
{1, . . . , n} → V

¡
i 7→ vi

�
¸;k�f&cefgSok�\ 〈E〉 { ªOSo_gq2Y U 〈v1, . . . , vn〉

��¨Nv2i � nCvC\Cl�_&nCh^cef�f � ��v ��Y%Sol�Y%\y{ 〈E〉 ⊆ V
��¨Ph^hol�Y%`�Y%So\C_�fgY

� Y UgWKY \CZCv2\Cl7{
E = (vi)i∈I

�2c�`�Soh^SoYm¯�k�\ � Y�w�fgk�U[Y%\|� 〈E〉 =
ZCY�U/wuhoY%S^\2_&f&Y  \zfgY�Ur¯�Y�w�fgk�UrU[c�vC`¯�k�\

V
¡9Z2Y UPc�h^hoY

vi, i ∈ I
Y%\zfgq2��hof��

¦�«uSo_&f&Y%\ ��{">\ ZCY U � k�U[hoY%_gv2\Cl2{N¦�«uSo_&f&Y%\ �t¯�k�\ Y%\2ZChoS^pgqCY%\ �7c�`�S^hoS^Y \�l�Y#��Y S^l�f�� ¨PvCi � nCvC\2l�_�¶
nHhocef&f��7{ �4�7UPnyY%hoSoY nHSol�Y�2c�`�S^hoSoY%\|{

〈E〉 =







∑

j∈J

λjvj

∣
∣
∣
∣
∣
∣

J ⊆ I, J
Y%\CZ2h^Soprq

, λj ∈ K







ªOc�_&S^_O¯�k�\
V
{(�2c�`�S^hoSoY%\ ¯�k�\ � Y w�fgk�U[Y%\]`�SVf

¢¤S ¥ v1, . . . , vn

_gSo\CZ�hoS^\2Y%ceU©vC\2c�nCqC��\Cl�S^l
¢¤S^S ¥ 〈vi, . . . , vn〉 = V

ªOY ` Y�UrwuvC\2l2{�¨Nv2_
(i)

i(k�hol�f�{
r 6= s ⇒ vr 6= vsªOY�WKY S^_�{?s7Y S

vr = vs

`�Sof
r � s

�
¨Ph^_&k6Y «uSo_&f&S^Y Ugf§Y%So\CY;\2S^prqzfOf&U[SV¯uSoc�hoY£�/ceU[_�fgY%hohovC\Cl ZCY UP¸;vChoh¤{

0 = 0 · v1 + . . . + 0 · vr−1 + 1 · vr + 0 · vr+1 + . . . + 0 · vs−1 + (−1) · vs + 0 · vs+1 + . . . + 0 · vnRTSVU©Y U[q2c�hVf&Y%\]Y%So\CY%\R<S^Z2Y U[_&d2U[vCpgq ��v7UNhoSo\CY%ceU[Y%\  \CcenHq2��\Cl�Sol�w�Y%SVf��
¸;vC\]\2kuprq]Y%So\CYm¸;k�fgcef&S^k�\]ZCY UP²yS^\2Y%ceUrw�k�`tnCS^\2c�f&Sok�\|{ ∑

λjvj

{
0 · v1 + λ2 · v2 + λ3 · v3 + 0 · v4 = λ2 · v2 + λ3 · v3ªOY S^Z2YD¬|Y U[`�YD_gSo\CZ;Y%So\CYD²|So\CY c�Ugw�k�`tnHSo\Ccef&S^k�\m¯�k�\

v1, . . . , v4
¡�WDk�nyY%S�c�hoh^Y(�7cew�fgk�U[Y%\ `�SVf

λj = 0c�vCi�ZCY�UPUrY%prqzf&Y%\�s7Y%SVfgYmWDY%l�l�Y%hoc�_g_&Y%\°WDk�UrZCY%\]_&S^\2Z|�
²yS^\2Y%ceU[Y  \CcenCqC��\Cl�S^l�w�Y%SVf�{
v1, . . . , vn

_&S^\2Z�h^So\CY c�UPv2\CcenHq2��\2l�Sol ⇔ ∀i = 1 . . . n : vi /∈ 〈v1, . . . , vi−1, vi+1, . . . , vn〉
�

�4�2U
n = 2

{
v1, v2

_&S^\2Z�h^So\CY c�U©v2\CcenHq2��\Cl�Sol ⇔ v1 /∈ Kv2
v2\CZ

v2 /∈ Kv1
�

¨P\C`�Y Urwuv2\Cl ��v2UP¸;k�f&cefgSok�\y{  ` suprq2U[Y SonCc�Ugn|Y Sof ��vx_&dCc�UrY%\]_gSo\CZ�� � v2So¯�c�hoY%\zf�{
〈v1, . . . , vi−1, vi+1, . . . , vn〉 + 〈v1, . . . , vi−1, v̂i, vi+1, . . . , vn〉�/Y�U � Y w�f&k�U ¡©ZCY U\CSoprqzf¦�h^Y ` Y \zf6ZCY _°¦ U ��Y vCl�Y \CZCY \C_ �u_�fgY ` _ S^_�f W§SoU[Z `�Sof6Y%S^\2Y%` �Nc�prq

nyY#��Y%S^pgqC\CY�f��
ªOY�WKY S^_�{®¨P\Cl�Y \Ck�`�`�Y%\

vi ∈ 〈v1, . . . , vi−1, v̂i, vi+1, . . . , vn〉
�

³ ⇒́ { � v ��Y S^l�Y%\
vi = λ1v1 + . . . + λi−1vi−1 + λi+1vi+1 + . . . + vnλn

⇒ 0 = λ1v1 + . . . + λi−1vi−1 + (−1) · vi + λi+1vi+1 + . . . + vnλn¨Ph^_&k°`tv ��`�So\CZ2Y%_&f&Y%\C_XY S^\
λj 6= 0

i(�7U
j 6= i

�N�/SoY%_PS^_�fPY%S^\2YtRTSoZCY�U[_&d2U[vCprq ��v7U � k�U[c�vC_g_&Y f>¶��vC\Cl7¡9ZCc � ZCSoY � Y w�f&k�UrY%\xh^So\CY%ceU[Y \  \2c�nCqC��\Cl�S^l�w�Y SofX_&S^\2Z|�
³ ⇐́ {®s7Y%S n∑

i=1

λivi = 0
WDk�nyY%S2Y%So\

λi 6= 0
� 
X¦K{

λ1 6= 0
¢¤¨P\C_gk�\C_�fgY%\µ_&k�Urf&SoY U[Y%\6WXSVUDvC` ¥ ���Nc�\C\

λ1v1 +

n∑

i=2

λivi = 0 ⇒ v1 =

n∑

i=2

(

−λi

λ1

)

vi

¨Ph^_&k
v1 ∈ 〈v2, . . . , vn〉

Â � � �j����� �A"�$�¼ ����.§	&$�������$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� ���2��� ±;c�v7dCf&_gcef �
(II.4.1)

s7Y S
V

Y%So\]Y%\CZ2h^Soprq�Y U1��Y%v2l�f&Y U
K
¶ � Y w�f&k�UgU[c�vC`]�®�Nc�\2\xl�Y%hVfgY \|{

¢�� ¥ V
nyY%_&Sof ��fOY%So\CY;ªOc�_&S^_

¢ � ¥ ��Y ��WDY%SAªKc�_gY%\]q2c�nyY%\]Z2S^Y _gY%hVnyY/²y��\2l�Y ¢!sudCUrS^prqy{?ZCSoY%_gY honyY/¨P\ ��c�qChA¯�k�\ � Y�w�fgk�U[Y%\ ¥
ªOY�WKY S^_�{ � k�U[c�vC_g_&Y f ��v2\Cl2{

V = 〈v1, . . . , vn〉
��aPk�\2_&f�U[v2w�f&Sok�\]Y%So\CY U©ªKc�_gSo_§c�vC_

v1, . . . , vn

�
¦�Ur_&f&Y;aNk�\C_&f�U[v7w�fgSok�\y{©¢�">Z2Y%Y�{®nyY%q2c�hVf&Y;¦�U ��Y%vCl�Y%\CZ2Y%\7¶
¦�Sol�Y \C_gpgqCc�i·f&Y%\ ¥ {¸;vC\]v2\zfgY�U[_gprq2Y%SoZCY%\�WXSVU ��WKY S �4��h^hoY�{
��� �2c�hoh�{

v1, . . . , vn

_gSo\CZ�hoSo\CY%ceUPvC\2c�nCqC��\Cl�S^l7{ �7Y Urf&S^l7¡CZ2c WXSVU©ªOc�_gSo_§ZCc�`�SVf§qCcenyY%\y�
� � �2c�hoh�{

v1, . . . , vn

_gSo\CZ�hoSo\CY%ceUPcenHqC��\2l�Sol2���Nc�_Xq2Y%S ��f
0 =

∑

λivi

WDk�nyY%Sj\2S^pgqzf©c�hohoY
λi 6= 0

�
�/c�\2\

v1 ∈ 〈v2, . . . , vn〉 ⇒ v1, . . . , vn ∈ 〈v2, . . . , vn〉
�

〈w1, . . . , wk〉
So_&fOZCY U©wuhoY%S^\2_&f&Y  \zf&Y UrUrc�v2` 3 w1, . . . , wk

⇒ V = 〈v1, . . . , vn〉 ⊆ 〈v2, . . . , vn〉 ⊆ V ⇒ V = 〈v2, . . . , vn〉"�fgY�U[cefgSok�\]hoS^Y i(Y UrfOY%S^\¬jY%Soh^_0�u_&f&Y%`
vi1 , . . . , vir

¯�k�\
v1, . . . , vn

`�SVfOZ2Y%\�¦�S^l�Y%\C_&prqCc�i·f&Y%\|{

• V = 〈vi1 , . . . , vir
〉

• vir
, . . . , vir

_gSo\CZ�hoS^\2Y%ceU©vC\2c�nCqC��\Cl�S^l7¡HZ2c�_Xq2Y%S ��f§ªOc�_&S^_
¨§prqzf&vC\2l2{

r = 0
w�c�\C\xc�vCi·f�U[Y f&Y%\y���/c�_XqCY S	��f

V = {0} �

� ���2��� s7cef-�
(II.4.1.a)

{�ªOc�_gSo_gc�v2_&WDc�qCho_gcef-�
">\ !gY%Z2Y%` ¦�U ��Y%v2l�Y%\2ZCY%\2_ �u_&f&Y%` So_&fNY%S^\2YµªOc�_gSo_/Y�U[qCc�hVfgY%\y¡�ZCSoY6`�c�\ ZCv7U[prq _gv7w ��Y _g_gSV¯�Yµ¦�hoSV¶`�S^\2cefgSok�\ ¯�k�\ � Y�w�fgk�U[Y%\ Y U[q2c�hVf&Y%\ w�c�\2\|�°¦�hoS^`�So\CSoY Urf©WXSVU[Z `�Sof�fgY h^_NY%S^\2Y U \CSoprqzf;f�U[So¯uSoc�h^Y \
�/ceU[_�fgY h^hovC\2l6ZCY UP¸;v2h^h¤�X¢¤_gSoY%qCY/k�nyY%\|{ �2c�hoh

(2) ¥� WDY%SVf&Y aPk�\2_&f�U[v2w�f&Sok�\|{§¢�">Z2Y%Y�{®nyY%q2c�hVf&Y;¦�Sol�Y%\2_gprq2c�i^fXZCY UPhoS^\2Y%ceU[Y%\  \CcenHq2��\Cl�Sol�w�Y%SVf ¥s7Y S
B0 ⊆ {v1, . . . , vn}

Y%So\CY;hoS^\2Y%ceUNv2\CcenHq2��\Cl�Sol�Y;¬|Y%Soh^i(c�`�Soh^SoY���¦�¯�Y%\zfgv2Y%hoh|w�c�\C\x_gY S^\y{
Bo = φ

�
¦�_Ol�SVnCf§`�ce«uSo` c�hoY/¬|Y%S^hoi(c�`�S^hoSoY

B
¯�k�\

v1, . . . , vn

`�SVf�{
¢¤S ¥ B

S^_�f§hoS^\2Y%ceU©vC\CcenCqC��\Cl�S^l
¢¤S^S ¥ B0 ⊆ B

ªOY�WKY S^_�{
�yv

(i)
{�hoS^\2Y%ceU[Y  \2c�nCqC��\Cl�S^l�w�Y Sof�{�wuh^ceU%¡HZCc \2c�prq � k�U[c�v2_g_gY�f-��vC\2l B0

hoS^\2Y%ceU©vC\2c�nCqC��\Cl�S^l7�
�yv

(ii)
{ 〈B〉 = V

�
�yv ��Y%Sol�Y%\y{

v1, . . . , vn ∈ 〈B〉
{ ⇒ V = 〈v1, . . . , vn〉 ⊆ 〈B〉 ⊆ V ⇒ 〈B〉 = V¸;vC\�nyY f�U[c�prqzf&Y%\]WXSVU

vi

�®RTSVU©vC\zf&Y U[_&prqCY S^Z2Y%\ ��WDY%S �4��hohoY�{
��� �2c�hoh�{

vi ∈ B ⇒ vi ∈ 〈B〉� � �7c�h^h¤{
vi /∈ B

¡�ZCc�\2\ So_&f
B ∪ {vi}

Y%So\CYµY prqzfgY l�Ur���uY U[Y�¬|Y%S^hoi(c�`�S^hoSoYt¯�k�\
v1, . . . , vn

��¸;c�prq
R c�qCh2¯�k�\

B
So_&f

B∪{vi}
hoS^\2Y%ceU?cenHqC��\2l�Sol2¡zZ2c�_®qCY%S ��f�Y%_�l�S^hVfK{

0 =
∑

v∈B

λvv + µvi

WKk�nyY%S2\2S^pgqzf
c�h^hoY;aPk7Y � ��SoY%\zf&Y%\�l�hoY%Soprq�¸;v2h^hy_gSo\CZy�
¨P\Cl�Y \Ck�`�`�Y%\y{

µ = 0
¡jZ2c�\C\

0 =
∑

v∈B

λvv
�;¸;vC\�i(k�hol�fNc�vC_NZCY%\�¦�Sol�Y%\2_gprq2c�i^fgY%\ ¯�k�\

B
vC\CZ

ZCY�UthoSo\CY%ceU[Y%\  \CcenHq2��\Cl�Sol�w�Y%SVf�{
λv = 0

¡�Z2c � q2Y%S	��f�{;c�hoh^Y�aPk7Y � ��SoY%\zf&Y%\ _gSo\CZ l�hoY%S^pgq ¸;vChoh��
�/SoY%_§So_&fOY%So\CYmRTSoZCY Ur_&dCUrvCprq ��v]vC\2_gY U[Y�UN¨P\C\2c�qC`�Y��®¨Pho_gk2{�i(�2U

µ = 0 ⇒ vi ∈ 〈B〉

¹u	��!º��!	?»�$�¼e	��
"�$����9½ ¾%¿�À�"����2½�Á�Á�) Â � � �A���!���A"�$�¼ � ��.§	�$��!����$
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� ���2��� s7cef-�
(II.4.1.b)

{�ªOc�_&S^_&Y U[l���\ ��v2\Cl�_&_gcef �
±;SoY U ��WDY%S �2c�_g_&vC\2l�Y%\�Z2Y%_§ªKc�_&S^_&Y U[l���\ ��v2\Cl�_g_gcef ��{
¢¤S ¥ ">_�f

B0
Y%S^\2YmhoS^\2Y%ceUNv2\CcenHq2��\Cl�Sol�Y �7c�`�S^hoS^Y�¡

E
Y%S^\Y%\CZ2h^SoprqCY _O¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`b¯�k�\

V, B0 ⊆ E
¡CZCc�\C\xho����fO_gSoprq

B0
So\C\2Y U[q2c�hVn�¯�k�\

E
��vxY%S^\2Y U©ªOc�_&S^_§Y�U[l���\ ��Y%\y�

¢¤S^S ¥ suY%S
V

Y S^\�Y%\CZ2h^Soprq Y U1��Y%v2l�f&Y U
K
¶ � Y w�f&k�UgU[c�vC` vC\2Z

B0
Y%So\CY6hoSo\CY%ceU£vC\2cenHqC��\2l�Sol�Y��7ce¶

`�Soh^SoY�¡uZ2c�\2\]h^� ��fO_gSoprq
Bo

��v]Y%So\CY U©ªKc�_gSo_O¯�k�\
V

Y�U[l���\ ��Y%\y�
ªOY�WKY S^_�{

(i) ⇒ (ii)
{

s7Y S
V = 〈v1, . . . , vn〉

\2c�pgq � k�U[c�vC_&_gY f ��vC\Cl7¡HWD��qChoY �2c�`�S^hoSoY
B0

¡
v1, . . . , vn =: E

�
�/c�\2\]k �yY%\znHceU%{

B0 ⊆ E, 〈E〉 = V
�

±;SoY U©Y%So\CY;ªOY S^_�dHSoY%h S^`
R4 {ªOY qCc�v2d2fgv2\Cl2{

(1, 2, 0, 4) , (3, 0, 4, 6) , (0, 117, 2133,−6) , (0, 0, 1, 4) , (6, 7, 8, 0) , (1, 2, 3, 4)
Y U1��Y%v2l�Y%\

R4 ��/SoY;hoS^\2Y%ceU[Y;¨PnCqC��\Cl�S^l�w�Y SofX_&c�l�fXc�vC_�{
λ1 + 3λ2 + 0λ3 + 0λ4 + 6λ5 + λ6 = 0��� ���

4λ1 + 6λ2 +−6λ3 + 4λ4 + 0λ5 + 4λ6 = 0

RTSVU©Y U[q2c�hVf&Y%\]c�h^_§Y S^\ } hoY%Soprq�vC\2l�_g_0�u_&f&Y%`b`�Sof
4 } hoY%S^pgq�vC\Cl�Y%\]vC\2Z

6  \znyY w�c�\C\zf&Y%\y�
¸;c�prq2UrY%prqC\2Y%\�hoS^Y i(Y Urf�¡7ZCc �µWXSVU§ZCSoY � Y w�fgk�U[Y%\ (0, 0, 1, 4)

v2\CZ
(1, 2, 3, 4)

Y%hoSo` So\CSoY U[Y \ w���\C\2Y%\|�
�/SoY;c�\CZ2Y U[Y%\

4 � Y w�f&k�UrY%\]Y U[l�Y nyY%\�Y%So\CYmªKc�_gSo_��
aPk�\C_�f&Urv2w�f&S^k�\]Y%S^\2Y%_O¦ U ��Y%vCl�Y%\CZ2Y%\C_0�u_&f&Y%` i(�2U

R4 \2c�pgq sucef-�
(II.4.1.b)

{
} Y%l�Y nyY%\�_gY S^Y%\°ZCSoY;h^So\CY c�U©v2\CcenHq2��\Cl�Sol�Y \ � Y w�f&k�U[Y%\ (1, 704, 603, 502)

v2\CZ
(2, 401, 300, 199)

�
¨PvCi !gY%Z2Y%\ �2c�hoh�{m�/SoY�¯uSoY U ¦�So\Cq2Y%SVfg_�¯�Y w�f&k�UrY%\

(1, 0, 0, 0) , (0, 1, 0, 0) , (0, 0, 1, 0) , (0, 0, 0, 1)
_&S^\2Z

Y%So\�¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%` i(�7UPZCY%\
R4 �¸;c�prq2UrY%prqC\2Y%\xh^SoY%i(Y�Urf�{

(1, 704, 603, 502) , (2, 401, 300, 199) , (1, 0, 0, 0) , (0, 1, 0, 0)
So_&fXY%So\CY/ªOc�_gSo_§So`

R 4 �
�4�2UPZ2Y%\]ªOY WDY%So_§Z2Y%_©s7cef ��Y _

(II.4.1.b)
n2U[c�vCprq2Y%\]WXSVU©ZCY%\]¨PvC_�fgc�vC_&prqC_&cef-�m¯�k�\�suf&Y%So\CSVf-��{

Â � � �j����� �A"�$�¼ ����.§	&$�������$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� ���2��� s7cef-�
(II.4.1.c)

{�¨PvC_�fgc�v2_gprq2_gcef-�m¯�k�\ s�fgY S^\2Sof �
s7Y S

B
Y%So\CY;hoSo\CY%ceU©vC\2cenHqC��\2l�Sol�Y �2c�`�Soh^SoYN¯�k�\ � Y�w�fgk�U[Y%\]So\

V
�

�/c�\2\µl�SVnCf�Y%_ ��v !gY%Z2Y%`
v ∈ B

Y%So\
w ∈ E

¡z_&kmZCc �
(B \ {v})∪{w} WXS^Y ZCY U?hoS^\2Y%ceU�vC\2cenHqC��\2l�Sol

So_&f��
ªOY�WKY S^_�{�RT��qChoY

v ∈ B
¡2WKY S^h 〈E〉 = V

l�Sohof�{
v = λ1v1 + . . . + λnvn

�yv ��Y%Sol�Y%\y{®¦�_§l�SVnCfXY S^\
i
{

(B \ {v}) ∪ {vi}
So_&fOh^So\CY%ceU©v2\CcenHq2��\2l�Sol2�

ªOY�WKY S^_�Z2v2U[pgq R<S^Z2Y U[_&d2U[vCpgq|{ ¨P\Cl�Y \Ck�`�`�Y%\ ∀i { (B \ {v}) ∪ {vi}
S^_�f�hoS^\2Y%ceU c�nCqC��\Cl�S^l7¡

ZCceU[c�v2_Pi·k�hol�f§c�\2c�hok�l ��v2` ªKY WDY%S^_OZCY U � ��aNk�\C_�f&U[v7w�fgSok�\y{
vi ∈ 〈B \ {v}〉 , ∀i ���NceU[c�vC_�{

v =
∑

λivi ∈ 〈B \ {v}〉 vC\2Z
v =

∑

w 6=v

w∈B

λw · w

�/SoY%_§So_&fOY%So\RTSoZCY U[_�dCU[v2prq ��v2UN¨N\2\Cc�qC`�YmZ2Y UPh^So\CY%ceU[Y \  \2c�nCqC��\Cl�S^l�w�Y Sof��
�7k�hol�Y U[v2\Cl7{

B1, B2
_&S^\2Z�ªOc�_gY \�¯�k�\

V ⇒ |B1| = |B2|
�

ªOY�WKY S^_&_gprq2Y%`�cu{ �yv2\C��prq2_&f�{ |B1| ≤ |B2|
���/SVf&k2{ |B2| ≤ |B1| ⇒ |B1| = |B2|

�
s7Y S

B1 := {v1, . . . , vr}
¡
B1 := {w1, . . . , ws}

�
¸;vC\�WDY%\2ZCY%\°WXSoUPZ2Y%\�¨PvC_&f&c�vC_&prqC_&c�f �£`�Y%q2U[i·c�pgq]c�\y�
B1

S^_�f§hoS^\2Y%ceU©vC\CcenCqC��\Cl�S^l7¡
B2

_&Y%SjY%So\�¦ U ��Y vCl�Y \CZCY \C_ �u_�fgY `x�
¸;vC\xY Ur_gY f ��Y

v1
ZCv2Urprq Y%So\CY \�dHc�_g_&Y%\CZ2Y%\ � Y w�f&k�U wi

�
X¦K{
i = 1

¡yc�\2_gk�\C_&f&Y%\]_&k�Urf&S^Y�U[Y%\]WXSVU
vC`]�
�/c�\2\|{

B1 = {w1, v2, . . . , vr}
So_&f§hoSo\CY%ceU©vC\2cenHqC��\2l�SolµvC\CZ

B2
So_&fOY%So\CY;¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`]�

¸;vC\
v2

Y�U[_gY f ��Y%\ Z2v2U[pgq
wi

�
i = 1

So_&f vC\2` ��l�hoS^pgq|¡ ZCc c�\C_gk�\C_�fgY%\
w1, w1, v3, . . . , vr

hoS^\2Y%ceU
cenHq2��\2l�Solµ_gSo\CZy�
¨Ph^_&k

i ≥ 2
�(
X¦K{

i = 2
¡uZCc�\C\

B1 = {w1, w2, v3, . . . , vr}
So_&fDhoS^\2Y%ceUOv2\CcenHq2��\Cl�Sol vC\CZ

B2
S^_�f?Y%S^\¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`]�

s7v7w ��Y _g_gSV¯�YOWDY U[ZCY \
v1, . . . , vr

Z2v2U[pgq
r
¯�Y U[_&prqCSoY%Z2Y%\CY � Y w�fgk�U[Y%\tc�v2_

B2
Y U[_&Y f ��f�¡zZ2c�q2Y U

r ≤ s
�

�/SVf&k2{
s ≤ r

�?¨Nho_gk
r = s

�
¨Ph^_§aPk�\2_gY � v2Y%\ �/c�v2_XZCY%\Z2U[Y%S4s7�ef-��Y%\]Y Url�SVnCfX_&S^prq ¢�_&prqCk�\ l�Y#��Y%S^l�f ¥ {

• ¦�«uSo_&f&Y%\ �/Y%So\CY U©ªKc�_gSo_
• } hoY%S^pgqC`���prqzfgSol�w�Y%SVfO¯�k�\]ªKc�_&Y%\

� ���2�o��� �NY �H\2Sof&S^k�\
(II.4.c)

{�Z2S^`
(V)

s7Y S
V

Y%\2ZChoS^pgq]Y U ��Y%vCl�fgY U � Y w�f&k�UgU[c�vC`]�O�NS^Y �/So`�Y%\C_&S^k�\°¯�k�\
V
{KZCSo`

(V) := |B| ¡9WKk�nyY%S
BªOc�_&S^_O¯�k�\

V
So_&f��

¹u	��!º��!	?»�$�¼e	��
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� ���2�o��� aPk�\2_gY � v2Y%\ ��Y%\]c�vC_XZ2S^`
(V) := |B|

¨Ph^_§aPk�\2_gY � v2Y%\ ��Y%\]Y Url�Y nyY%\°_gSoprq|{
¢¤S ¥ Z2S^`

(V) = n
¡7WDk�nyY%S

v1, . . . , vn

h^So\CY c�UOvC\2c�nCqC��\Cl�S^l ⇒ v1, . . . , vn

nHSoh^Z2Y%\ Y%S^\2Y/ªKc�_&S^_
¢¤S^S ¥ ªKc�_gY%\

=
`�S^\2S^`�c�h^YP¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`�Y

¢�SoS^S ¥ ªKc�_gY%\
=

`�c�«uSo`�c�h|v2\CcenHq2��\2l�Sol�Y �7c�` SohoS^Y%\
suf&SoprqzWDk�Urf&Y ��v]ZCY \]ªOY WDY%So_gY%\y{
�yv

(i)
{

v1, . . . , vn

_&S^\2Z hoSo\CY%ceU6v2\CcenHq2��\Cl�Sol2� ¸;c�prq ZCY%` ªOc�_gSo_gY Url���\ ��vC\2l�_g_&cef-��i(k�h^l�f�¡�ZCc �
v1, . . . , vn

��v�Y%So\CY�UNªKc�_gSo_XY U[l���\ ��fXWDY U[Z2Y%\]w�c�\C\|�O¸;c�prqxZCY%` ¨Nv2_&f&c�v2_gprq2_gcef � i·k�hol�fXv2\C`�Sof>¶
f&Y%honCceU%¡HZ2c��

v1, . . . , vn

Y%So\CYmªKc�_gSo_§_gSo\CZy¡Hc�h^_&k6Y%So\CY;¦ U[l���\ ��vC\2lµ\CSoprqzf©\Ck�f�WDY%\CZ2S^l _gSo\CZ|�
�yv

(ii)
{
B

_gY%SuY%So\CYDªOc�_&S^_���¨Nv2_�Z2Y U®�NY �H\2Sof&S^k�\tZ2Y U®ªKc�_gSo_ i·k�hol�f�{
B

S^_�f�¦ U ��Y%vCl�Y%\CZ2Y%\C_0�u_&f&Y%`]�
s7Y S

B0 ⊆ B
v2\CZ

B0
¦ U ��Y vCl�Y \CZCY \C_ �u_�fgY `x�

�yv ��Y%Sol�Y%\y{
B0 = B

�
s7Y S

B0 ⊆ B
��¦�_OY «uS^_�fgSoY UrfOk�q2\CY;¦�So\C_&prq2Ur��\7wuvC\2l

v1 ∈ B \B0

v1 = λ2v2 + . . . + λrvr

`�Sof
v2, . . . , vr ∈ B0

�/c�q2Y U;_gSo\CZ
v1, . . . , vr

h^So\CY%ceU/c�nCqC��\Cl�S^l7�©�/SoY%_©S^_�fPY%S^\2Y R<S^Z2Y U[_&d2U[vCpgq ��v2U;¦�S^l�Y%\C_&prqCc�i·fPZ2Y U
ªOc�_&S^_��
¦�_Oi(k�hol�f�¡HZ2c��

B
Y S^\�`�So\CSo`�c�hoY%_?¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`bSo_&f��

ªOSo_gq2Y U©qCcenyY%\�WXSVUXnyY WXSoY%_gY \|{
B

S^_�f§`�So\CSo` c�hoY%_�¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`]�
¦�_KnHhoY%Son2f ��v ��Y S^l�Y%\|{�¦�So\�`�S^\2S^`�c�h^Y _D¦ U ��Y%vCl�Y%\CZ2Y%\C_0�u_&f&Y%`bS^_�f§ªKc�_&S^_��
s7Y S

E
Y S^\]¦ U ��Y vCl�Y \CZCY \C_ �u_�fgY `x¡7Z2c�\2\]Y «uSo_&f&S^Y Ugf

B ⊆ E
¡
B

_gY SjªOc�_&S^_;¢¤\Cc�prq ªOc�_&S^_&c�v2_&WDc�qCh ¶
_gcef � ¥ � B

So_&fO¦�U ��Y%v2l�Y%\2ZCY%\2_ �u_&f&Y%`]¡
E

WDceU/`�So\CSo` c�h ⇒ B = E
��¨Ph^_&k6S^_�f

E
ªOc�_gSo_��

�yv
(iii)

{�¨N\2c�hok�l���v
(ii)

� ���2�o� � ¨P\zWDY%\CZ2vC\Cl7{
¢¤S ¥ Z2S^`

(Kn) = n, B := {e1, . . . , en}
ªKc�_gSo_O¯�k�\

n
¶ � Y w�f&k�U[Y%\ ¢!suf&c�\CZ2c�UrZ2nHc�_&S^_ ¥ �

v1, . . . , vn

_&Y%S^Y \°hoS^\2Y%ceUOv2\CcenHq2��\Cl�Sol ⇒ v1, . . . , vn

S^_�f?ªOc�_gSo_D¯�k�\
Kn

¢¤` SVf�fgY%ho_�ªOc�_&SV¶
_&Y U[l���\ ��v2\Cl�_g_gcef ��¡9suf&c�\CZCceU[Z7nHc�_gSo_�¡ s7cef-�

(II.4.1.b) ¥
¢¤S^S ¥ hoSo\CY%ceU[Y%_ } h^Y S^prq�v2\Cl�_g_ �u_�fgY ` Y n∑

j=1

aijxj = 0
i(�2U

i = 1, . . . , n

²y��_&vC\2l�_g`�Y%\2l�YtS^_�f  \zf&Y Ur¯�Y w�f&k�UrU[c�v2` ZCY%_
Kn = L

�sudC�efgY U {
L

ªKc�_gSo_/¯�k�\
v1, . . . , vr`�SVf

r ≤ n
{

L =

{
r∑

i=1

λivi : λi ∈ K

}

� ���2�o� � �Nc�Ur_&f&Y%h^hovC\2l6ZCv7U[prqxªOc�_&Y%\
v1, . . . vn

_gY%S|Y%S^\2Y;ªOc�_gSo_�¡
v ∈ V

�?¸;vC\�ho� ��fX_gSoprq
v
c�h^_X²ySo\CY%ceUrw�k�` nHSo\CcefgSok�\ZCceU[_&f&Y%hoh^Y \|{

v =

n∑

i=1

λivi

i(�7U l�Y WXSo_g_gY
λ1, . . . , λn ∈ K

Â � � �j����� �A"�$�¼ ����.§	&$�������$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� ���2�o�#� suc�f �
(II.4.2)

�/SoY;�/ceU[_�fgY h^hovC\2l ¯�k�\ � Y w�f&k�U[Y%\�nyY#���Cl�h^Soprq�Y S^\2Y U©ªOc�_gSo_§So_&fOY%S^\2ZCY%v7fgSol2�
ªOY�WKY S^_�{?s7Y S

v
ZCceU[l�Y%_&f&Y%hohofOZCv2Urprq|{

v =

n∑

i=1

λivi =

n∑

i=1

µivi

�yv ��Y%Sol�Y%\
λi = µi ∀i

�
s7Y SjY%So\

λi0 6= µi0

��¸;v2\]l�Sohof�{
n∑

i=1

λivi =

n∑

i=1

µivi ⇔
n∑

i=1

λivi −
n∑

i=1

µivi = 0 ⇔
n∑

i=1

(λi − µi) · vi = 0

�4�2UKY%So\CY%\µaPkuY � ��S^Y%\zf&Y%\y¡
i = i0

¡uS^_�f�ZCSoYNs7vC`�`�Y§Z2Y U
λ, µ

\CSoprqzfD¸;vChoh����/c�`�Sof�Y U[q2c�hVf&Y%\µWXSoU
Y%So\CY%\°RTS^Z2Y U[_�dCU[v2prq ��v7UPh^So\CY%ceU[Y \�¨PnCqC��\Cl�S^l�w�Y Sof��
±;SoY U©\�vC\]Y%So\�c�\C_&prqCc�v2h^SoprqCY _PªKY%So_&dHSoY%h i(�7U/Z2Y%\

R3 {s7Y S
v
l�Y%l�Y nyY%\Z2v2U[pgq|{

v = v1 + 2v2 − 3v3
vC\CZ

v = v1 + 2, 1 · v2 − 4v3s7v7nCf�U[c�qCSoY U[Y%\�W§SoUPZCSoYmnyY%SoZCY%\ } h^Y%Soprq�v2\Cl�Y \|¡H_&k6Y U[q2c�hof&Y%\�WXSVU%{
0 = 0, 1 · v2 + (−1) · v3�/c�`�SVf§Y U[q2c�hof&Y%\WXSVUPY%So\CY%\R<S^Z2Y U[_&d2U[vCpgq ��v7UNhoSo\CY%ceU[Y%\  \CcenCqC��\Cl�S^l�w�Y%SVf��

�7k�U[`�c�h^Y£aPk�\2_gY � v2Y%\ ��{ } Y%l�Y nyY%\x_gY%S4Y S^\
K
¶ � Y�w�fgk�UrU[c�vC` `�SVfXZCY \�ªKc�_&S^_

v1, . . . , vn

�©�Nc�\2\
So_&f§Y S^\ � Y w�fgk�U/Z2v2U[pgq l�Y%\Cc�v�Y S^\2Y%\

n− ¬jv7d|Y hjY%So\CZ2Y%v2f&S^ltZCceU[_�fgY%hohVnHceU%{
v =

n∑

i=1

λivi

� ���2�o� � ªKY%`�Y UrwuvC\2l�Y%\ ��vx\2S^prqzf§Y%\CZ2h^Soprq]Y U ��Y%v2l�f&Y%\ � Y w�f&k�UgU[��vC`�Y%\
���®¦�«uSo_&f&S^Y UrY%\]suS^Y � �uc �

R
S^_�f§Y%So\

Q
¶ � Y�w�fgk�UrU[c�vC`]{

• (R, +)
S^_�f§cenyY%ho_gprq2Y } Urv2dCdyY

• Q× R → R : (α, v) 7→ α · v ¢¤_&w�c�hoc�UrY � v2hof&SodCh^SVw�cefgSok�\ ¥
• (α · β) · v = α · (β · v)

¢�¨P_g_&k ��S^cef&So¯uSVf&��f ¥
• (α + β) · v = αv + βv

¡
α · (u + v) = αu + αv

¡HvC\2Z
1 · v = v

¨©n|Y�U
R

So_&f§\2S^pgqzfXY%\CZ2h^Soprq]Y U1��Y%v2l�f��
¨P\Cl�Y \Ck�`�`�Y%\y{

R
WD��UrYmc�h^_

Q
¶ � Y w�f&k�UgU[c�vC`bY%\2ZChoS^prq Y U ��Y%v2l�f����/c�\C\°qC�ef�fgY

R
Y%S^\2Y

Q
¶
ªOc�_gSo_

v1, . . . , vn

¡CZ2c�\2\°l��en|YNY%_DY%S^\2YNªKS !&Y w�fgSok�\
R→̃Qn

�®¨©n|Y�U
Qn

So_&f?l�hoY%Soprq ` ��prqzf&Sol£W§S^Y
Q

¢¤\Cc�prq
�Kc�\zf&k�U ¥ ¡®Z2c�\2\ i·k�hol�f�{

R→̃Q
¢¤l�hoY%S^pgqCY�� ��pgqzfgSol�w�Y%SVft¯�k�\

R
vC\2Z

Q ¥ ��RTSVU Y UrqCc�hof&Y%\ Y%So\CY%\
RTSoZCY Ur_&dCUrvCprq ��v �Kc�\zfgk�U%�?¨Ph^_&k6S^_�f

R
\CSoprqzfXY%\2ZChoS^pgq]Y U ��Y%vCl�fgY U

Q
¶ � Y w�fgk�UrU[c�vC`]�

} SVnCfXY%_O\�vC\]Y%So\CY%\aN��UrdyY U !gY%\C_&Y%SVfg_D¯�k�\
C
¡HWDk�nyY%S

R ⊆ C ⊆ K2 ` SVf
dimCK < ∞ �

C = {a + ib : a.b ∈ R} ¡HWDk�nyY%S
1, i

So_&f
R
¶�ªKc�_&S^_��

¦�_Pl�SVnCf©_&k�hoprqCY
K

\CSoprqzf�¡|ZCc�`�c�\ ��Y%Sol�Y \ w�c�\C\y¡jZ2c �]Y%So\CY a;vCl�Y h^k�n|Y�U �H��prq2Y/³r²y�uprqCY U ´ q2c�f�¡
ZCct`�c�\°n|Y _&f&S^`�`tf&YPa;v2Ur¯�Y%\]\CSoprqzf ��vC_&c�`�`�Y%\ ��SoY%qCY \ w�c�\C\y�
� �®±;c�nyY%\c�v2prqx\CSoprqzf>¶�Y%\2ZChoS^pgq]Y U ��Y%vCl�fgY � Y w�f&k�UgU[��vC`�Y;ªOc�_gY \ �

s7Y S
(vi)i∈I

ªOc�_gSo_�{
¢¤S ¥ !&Y%ZCY U � Y w�fgk�U/So_&fOY%So\CY;Y%\2ZChoS^prq2Y;²|So\CY c�Ugw�k�`tnHSo\Ccef&S^k�\¯�k�\]Y%So\CSol�Y%\°ZCY U

vi

�
¢¤S^S ¥ !&Y;Y%\CZ2h^Soprq�¯uSoY%h^Y

vi

_gSo\CZ�hoS^\2Y%ceUPvC\CcenCqC��\Cl�S^l]¢¤So` nCS^_&qCY UrS^l�Y%\]suS^\2\CY ¥

¹u	��!º��!	?»�$�¼e	��
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� ���2�o� � � Y%\2l�Y%\zf&qCY%k�U[SoY�{(� Y U[`�Y%hok�¶ �7U[c�Y%\7wuh^Y
�yv7UP� Y \Cl�Y \zfgq2Y%k�U[SoY;\Cc�prq �Kc�\zf&k�UPhoc�_&_gY%\_gSoprq�RTSoZCY U[_�dCU[�2prqCY;w�k�\2_&f�U[vCSoY U[Y%\y{
RTSVUXnyY f&Urc�pgqzfgY%\xZ2S^Y£� Y%\Cl�Y

M
c�hoh^Y U©� Y%\2l�Y%\y¡CZ2S^Y;_&S^pgq]\CSoprqzf©_gY%hVnH_�fOY \zfgq2c�hVf&Y%\|{

M := {m|m � Y \Cl�Y
, m 6∈ m}

¢�� ¥ ¨P\C\2c�qC`�Y�{
M

Y \zfgq2��hVf
M

c�ho_K¦�h^Y ` Y \zf
(M ∈ M)

�®�Nc�\2\So_&fD\Cc�prq�/Y �C\CSVfgSok�\
M 6∈ M

�
¢ � ¥ ¨P\C\2c�qC`�Y�{

M
Y%\zf&qC��hVfN_&S^pgq \2S^pgqzfNc�ho_©¦�hoY%`�Y%\zf

(M 6∈ M)
�O¨Nho_gkµY�U[i(�ChohVf

M
ZCSoYtl�Y%i(k�U&¶

Z2Y Urf&Y;¦�Sol�Y%\2_gprq2c�i·fXvC\2Z]S^_�f§_&k�`�SofDSo\
M

Y%\zf&qCc�hVfgY \
¨PvC_&WDY%l c�v2_XZCSoY%_gY `b�/Soh^Y%`�`�c�{ ¦�So\C_gpgq2U[��\2wuv2\ClµZ2Y%_§� Y%\Cl�Y%\znHSohoZCvC\2l�_�dCU[k���Y%�9�
�/c�_Ps��u_&f&Y%`]¡CZ2c�_Xc�` qC��v2�Cl�_�fgY%\c�\2l�Y WDY%\2ZCY fOWXSoUrZ�S^_�fXZCc�_O¯�k�\ � Y%`�Y%h^k�¶ �uU[c�Y%\7wuh^Y ¢ ��� ¥ �¨©n|Y�UNc�v2_ � � i(k�hol�fO\CSoprqzf�¡HZCc � !&Y%ZCY U � Y�w�fgk�UrU[c�vC` Y%So\CY;ªOc�_&S^_§q2cef��
�yv2` } ho�Cp&wi(k�h^l�f§c�vC_ ��� � ¨PvC_&WDc�qChoce«uS^k�`]{ �uY ZCY U � Y w�f&k�UgU[c�vC` q2cefXY%So\CY;ªOc�_&S^_��

� ���2�o� � suc�f �
(II.4.3)

s7Y SjZCSo`
(V) = n, U < V

¡HZ2c�\C\xl�Sohof�{
¢¤S ¥ U

So_&f§Y \CZChoSoprq�Y U ��Y%v2l�f�¡9ZCSo`
(U) ≤ Z2S^`

(V)

¢¤S^S ¥ Z2S^`
(U) =

ZCSo`
(V) ⇔ U = V

ªOY�WKY S^_�{
¢¤S ¥ s7Y S^Y%\

u1, . . . , uk ∈ U
h^So\CY%ceU vC\CcenCqC��\Cl�S^l7���Nc�\C\

k ≤ n
¢¤i(k�h^l�ftc�v2_tªKc�_&S^_&Y U[l���\ ��v2\Cl�_�¶

_gcef � ¥ ��s7Y%S
k
` ce«uSo`�c�h `�Sof/ZCSoY%_gY�U£¦�Sol�Y%\2_gprq2c�i^f�¡�Z2c�_£q2Y%S	��f�{

u1, . . . , uk

So_&f/Y%S^\ `�ce«uSo` c�hoY%_
vC\2cenHqC��\2l�Sol�Y%_Ps��u_&f&Y%` So\

U
¢�R c�Ur\�vC\Cl7{�³gªOc�_gY%\

=
`�ce«uS^`�c�hyvC\CcenCqC��\Cl�S^l�Y'�7c�`�S^hoS^Y \ ´ So_&f

qCSoY U?\2S^prqzf?c�\zWDY%\2Z2nHceU%¡uWDY%Soh7W§SoUD\Ckuprqµ\2S^pgqzf�\Cc�prq2l�Y WXSoY%_&Y%\6qCcenyY%\y¡uZCc �
U

Y \CZChoSoprq6Y U ��Y%v2l�f
WXSVU[Z ¥ �DsuY%S

u ∈ U
v2\CZ

u 6= u1, . . . , uk

�Dsuk�`�SofKSo_&f
u
²yS^\2Y%ceUrw�k�`tnCS^\2cefgSok�\¯�k�\

u1, . . . , uk

{

u =

k∑

i=1

λiui

R Y%l�Y \ZCY�U©� ce«uSo`�c�hoSVfg�efK_gSo\CZ
u1, . . . , uk, u

hoSo\CY%ceU©cenHq2��\2l�Sol2���/c�_XqCY%S ��f�{�Y%_OY «uS^_�fgSoY UrfKY%So\CY\CSoprqzfXf�U[SV¯uS^c�hoY;�/ceU[_&f&Y%hoh^v2\Cl6Z2Y UP¸;vChoh�{

0 =
k∑

i=1

λiui + µu

WDk�nyY%S|\CSoprqzfXc�h^hoY;aPk7Y � ��SoY%\zf&Y%\�¸;vChohj_&S^\2Z|�
¦�_Oi(k�hol�f�{ �4�7U

µ 6= 0
S^_�f

u
²|So\CY c�Ugw�k�`tnHSo\Ccef&S^k�\¯�k�\

u1, . . . , uk

�
¨Ph^_&k ��v2_g�ef ��hoS^pgq|{

u1, . . . , uk

Y U1��Y%v2l�Y%\
u ⇒ u1, . . . , uk

_&S^\2Z�Y%So\CY;ªOc�_&S^_��
¢¤S^S ¥ ³ ⇐́ {�wuh^ceU
³ ⇒́ {�Z2S^`

(U) =
ZCSo`

(V) = n
�

u1, . . . , un

_&S^\2ZY%So\CY/ªOc�_gSo_K¯�k�\
U
�®¸;c�pgq

(i)
i(k�h^l�f§v2\C`�Sof�f&Y%hV¶

nHceU%{
u1, . . . , un

_gSo\CZ]Y%So\CY/ªOc�_gSo_O¯�k�\
V ⇒ U = V

�

Â � � �j����� �A"�$�¼ ����.§	&$�������$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� ���2�o� � suc�f �
(II.4.4)

{®�/So` Y \C_gSok�\2_gi(k�U[`�Y%hCi·�2U  \zf&Y UrU[��vC`�Y
s7Y S

V
Y%\CZ2h^Soprq Z2S^`�Y%\2_gSok�\2c�hoY U � Y w�f&k�UrUrc�v2` v2\CZ _&Y%S^Y \

U1,U2  \zfgY�Ur¯�Y�w�fgk�UrU[��vC`�Y�¡ ZCc�\2\
l�SohVf�{

ZCSo`
(U1 ∩U2) +

ZCSo`
(U1 + U2) =

Z2S^`
(U1) +

Z2S^`
(U2)±;SoY U©Y%So\�ªOY%So_&dCS^Y h|i(�7UPZCY%\

R3s7Y S
U1

Y S^\2Y } Y U[c�ZCY ZCv7U[prqxZCY \�¸;vChohodCvC\7w�f�¡
U2

Y%So\CY;¦ nyY%\CY;Z2v2U[prqxZ2Y%\]¸;vChohodCvC\7w�f��
RTSVU©vC\zf&Y U[_&prqCY%SoZCY \ ��WDY%S �4��hoh^Y�{
��� �2c�hoh�{

z

x

y R3

������� � ¼e"�$��X�('�) � �A)�¿��������·� � ��	DÃ�	�����¼e	���� 	&������$m¼�	�� � ��	�$�	
�/SoY } Y U[c�Z2Y So_&fOS^\]Z2Y UP¦�nyY%\2YmY%\zf&qCc�hof&Y%\y{

U1 ⊆ U2¸;vC\]l�S^hVf�{
U1 ∩U2 = U1

vC\2Z
U1 + U2 = U2�/c�`�SVf§So_&f§Z2S^Y;�NS^`�Y%\2_gSok�\2_gi(k�U[`�Y%hCi(�7U  \zfgY�Ur¯�Y�w�fgk�UrU[��vC`�Y£Y U[i(�2h^hVf��

� � �2c�hoh�{

��

z

x

y R3

� ��������¼e"�$��X�('�) � �9½�¿������ �·� � ��	KÃ�	�����¼�	��
����$�	&��¼e	�� ¼e��	 �y��	&$�	?$%"��4��. ��"�� ����"�$�# �
¸;vC\]l�S^hVf�{

U1 * U2
¡
U1 ∩U2 = {0} �¨©n|Y�U%{

R3 ⊇U1 + U2 ⊇ 〈v1, v2, v3〉 = R3 ¡CWDk�nyY%S
v1

Z2Y U ~ S^prqzf&vC\2l�_�¯�Y w�f&k�UPZ2Y U } Y U[c�ZCY \�vC\2Z
v2, v3

Z2S^YmnyY%SoZCY%\ ~ Soprqzf&vC\2l�_&¯�Y w�f&k�U[Y \ Z2Y UP¦�nyY%\2Ym_gSo\CZy�
�/c�`�SVf§So_&f§Z2S^Y;�NS^`�Y%\2_gSok�\2_gi(k�U[`�Y%hCi(�7U  \zfgY�Ur¯�Y�w�fgk�UrU[��vC`�Y£c�vCprqxSo\]ZCSoY%_gY%` �7c�h^h|Y U[i(�2h^hVf��
�4�2UPZ2Y%\]ªOY WDY%So_§q2c�nyY%\°WXSoUP\�v2\]i(k�hol�Y%\2ZCY%_§s7prq2Y%`�c So`baNk�dHi
{

 1 +  2

 1 ∩  2

 1  2

������� � ¼e"�$��X�('¤½�Á�� �e����	0.X��,���� ¼e	&$ �j	 �j	�� � � ��$m���[�!º
(II.4.4)

ªOY�WKY S^_ { s7Y S
u1, . . . , uk

Y%So\CYµªKc�_&S^_N¯�k�\
U1 ∩U2

�6¸;vC\ Y U[l���\ ��Y
u1, . . . , uk

��v Y%So\CY U£ªKc�_&S^_
u1, . . . , uk, v1, . . . , vl

¯�k�\
U1

¿�� vCZCY ` Y�U[l���\ ��Y
u1, . . . , uk

��vµY%S^\2Y U�ªKc�_&S^_
u1, . . . , uk, w1, . . . , wm¯�k�\

U2
¢¤¦�Url���\ ��vC\2l�Y%\]`�SVf&f&Y%ho_KªKc�_&S^_&Y U[l���\ ��v2\Cl�_g_gcef � ¥

¹u	��!º��!	?»�$�¼e	��
"�$����9½ ¾%¿�À�"����2½�Á�Á�) Â � � �A���!���A"�$�¼ � ��.§	�$��!����$
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ªOY qCc�v2d2fgv2\Cl2{
u1, . . . , uk, v1, . . . , vl, w1, . . . , wm

S^_�f§Y%So\CY;ªKc�_&S^_K¯�k�\
U1 + U2¢¤¸;c�pgq ZCY U �7k�Ur` Y h�Y U[l�SVnCft_gSoprq i(�2U�Z2S^Y�hoSo\2w�Yxs7Y%SVf&Y�{

k + (k + l + m)
vC\2Z i(�7U�ZCSoYU[Y%pgqzfgY

s7Y Sof&Y�{
(k + l) + (k + m) ¥ªOY�WKY S^_�{®¦�U1��Y%v2l�Y%\2ZCY%\2_ �u_�fgY%`

v = z1 + z2
` SVf

zi ∈ Ui

�
s7Y S�{

z1 =

k∑

i=1

λiui +

l∑

j=1

µjvj

z2 =
k∑

i=1

λiui +
m∑

k=1

ϕkwk

¦�_Oi(k�hol�fOvC\C`�SVf&f&Y%hVnHceU%¡7ZCc �
z1 + z2

²yS^\2Y%ceUrw�k�`tnCS^\2cefgSok�\ ¯�k�\
u1, . . . , uk, v1, . . . , vl, w1, . . . , wmSo_&f��

z1 + z2 ∈ 〈u1, . . . , uk, v1, . . . , vl, w1, . . . , wm〉¸;kuprq ��v ��Y%Sol�Y \|{®²ySo\CY%ceU[Y  \2cenHqC��\2l�Sol�w�Y%Sof��DsuY%S
k∑

i=1

λiui

︸ ︷︷ ︸

u

+

l∑

j=1

µjvj

︸ ︷︷ ︸

v

+

m∑

k=1

ϕkwk

︸ ︷︷ ︸

w

= 0

¸;vC\]So_&f���v ��Y%Sol�Y%\y{®¨Ph^hoY
αi, βj, γr

_&S^\2Z�l�hoY%Soprq�¸;v2h^h¤�
RTSVUXWXSo_g_gY \|{

u
︸︷︷︸

U1 ∩U2

+ v
︸︷︷︸

U1

+ w
︸︷︷︸

U2

= 0

¨Ph^_&k6l�Sohof�{
w = −u− v ∈ U1 ∩U2ZCc

u, v ∈ U1
�

¦�_OY U[l�SVnCfO_gSoprq|{
w =

m∑

r=1

γrwr =

k∑

s=1

δsus = u

ªKUrS^\2l�Y%\�WXSVUN\�vC\xn|Y S^Z2Y ¬|Y U[`�Y£c�vCi�Y S^\2Y suY%SVfgY�¡H_gkµY U[q2c�hof&Y%\xWXSoUPY%So\CY \CSoprqzf©f�U[So¯uSoc�h^Y£�Nc�U&¶
_&f&Y%hoh^v2\CltZCY UP¸;vChoh¤{

m∑

r=1

γrwr −
k∑

s=1

δsus = 0

R Y%Soh
us, wr

Y%So\CY�ªKc�_gSo_t¯�k�\
U2

nHSohoZCY%\ i(k�hol�f�{ ¨Nhoh^YaNkuY � ��S^Y \zfgY%\ _gSo\CZ l�hoY%Soprq ¸;v2h^hDvC\2Z
ZCc�`�SVfOSo\C_�n|Y _gk�\2ZCY Ur_Oc�h^hoY

γr

_gSo\CZ�l�h^Y%Soprq�¸;v2h^h¤�
¦�So\C_&Y f ��Y%\S^\�Z2S^Y;¨PvC_&l�c�\Cl�_gl�h^Y%Soprq�v2\Cl6hoS^Y i(Y Urf�{

∑

i

αiui +
∑

j

βjvj = 0

R Y%Soh
ui, vj

Y S^\2Y;ªOc�_gSo_O¯�k�\
U1

nHSoh^Z2Y%\|¡2i(k�h^l�f�¡CZCc �c�hoh^Y;aPkuY � ��S^Y%\zf&Y%\
αi, βj = 0

_gSo\CZy�
�/c�`�SVf�{ Z2S^`

(U1 + U2) = k + l + m = (k + l) + (k + m) − l =
Z2S^`

(U1) +
ZCSo`

(U2) −ZCSo`
(U1 ∩U2)

Â � � �j����� �A"�$�¼ ����.§	&$�������$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
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� ���2�o��� ¨P\zWDY%\CZ2vC\Cl�c�vCi�hoS^\2Y%ceU[Y } hoY%S^pgq�vC\Cl�_g_0�u_&f&Y%`�Y
¦�So\�hoS^\2Y%ceU[Y%_ } hoY%Soprq�vC\2l�_&_ �u_&f&Y%`bSo_&fK¯�k�\ i·k�hol�Y%\2ZCY U } Y _&f&c�hVf

a11 · x1 + . . . + a1n · xn = 0
a21 · x1 + . . . + a2n · xn = 0��� ��� � � � ��� ��� ��� ���
am1 · x1 + . . . + amn · xn = 0

} Y%l�Y nyY%\�_gSo\CZc�hohoY
aij ∈ K

¡Cl�Y%_&vCprqzf©_&S^\2Z
x1, . . . , xn

�
RTSVUXw���\C\2Y%\]Y%So\CY%\�²y��_&vC\2l�_&Urc�v2` c�\2l�Y nyY%\y{

L =






(x1, . . . , xn) ∈ Kn :

n∑

j=1

aij · xj = 0
WDk�nyY%S

i = 1, . . . , m







�/Y�UN²y��_&vC\2l�_&Urc�v2` S^_�fXc�vCprqxc�vCi�ZCSoY;i(k�h^l�Y%\CZ2Y;¨PUrf§ZCceU ��vC_&f&Y%hoh^Y \|{

L =

m⋂

i=1






(x1, . . . , xn) ∈ Kn :

n∑

j=1

aij · xj = 0







︸ ︷︷ ︸

+ ui±;SoY U©\Ckuprq]Y%So\CYmwuhoY%So\CY;¨Pv � U[So_gprq�v2\Cl7{
a1 · x1 + . . . + an · xn = 0


XªOZC¨£{ suY%S
a1 6= 0

¡HZ2c�\2\]h^� ��fX_&S^pgq
x1

c�ho_§²|a ¯�k�\
x2, . . . , xn

Z2c�Ur_&f&Y%h^hoY%\y{
x1 =

n∑

j=2

−aj

a1
· xj

�/ceU[c�v2_Xi(k�hol�fKvC\2` SVf�fgY%hVnHceU%{
(x1, . . . , xn) =

n∑

j=2

xj ·
(

−aj

a1
, 0, . . . , 0, 1, 0, . . . , 0

) WDk�nyY%S Z2S^Y
1
c�\

ZCY�U
j
¶!f&Y%\xsuf&Y%hoh^Y;_�fgY qzf���¨Pho_gk2{






(x1, . . . , xn) :

n∑

j=1

ai · xi = 0






=

〈

. . . ,

(

−aj

ai

, 0, . . . , 0, 1, 0, . . . , 0

)

, . . .

〉 `�Sof
j = 2, . . . , n

�4�2UPZ2S^Y;�NS^`�Y%\2_gSok�\ ZCY%_§²y��_&vC\2l�_&Urc�v2`�Y%_Ol�S^hVf�{

Z2S^`





(x1, . . . , xn) :

n∑

j=1

ai · xi = 0






= n− 1

i(c�hoh^_
ai = 0

s7So\CZ�c�hoh^Y
ai = 0

_&k£i(k�hol�f?v2\C`�Sof�f&Y%honCceU%¡uZCc � {
x :

n∑

i=1

ai · xi = 0

}

= Kn WKk�nyY%S9ZCY U
Kn

\2c�f&�2U&¶
hoS^prq

n
¶
ZCSo` Y \C_gSok�\2c�hAS^_�f��/RTSoU/w���\C\CY \ c�h^_&k¨PvC_&_gc�l�Y%\��2nyY U;Z2S^Y �/So` Y \C_gSok�\]Z2Y%_/²y��_&vC\2l�_�¶

U[c�vC`�Y%_K`�c�pgqCY%\y�
RT��qChoY%\W§SoU

m = 2
_gk l�Sohof�{

L = L1 ∩ L2ZCSo`
(L) =

ZCSo`
(L1) +

Z2S^`
(L2)−

ZCSo`
(L1 + L2) ≥ (n− 1) + (n− 1)− n = n− 2�/c�`�SVfOw���\C\2Y%\�WXSVU©Y%So\CY;¨PvC_g_&c�l�Y;i(�7U

m = 3
f�U[Y �yY%\y{

L = (L1 ∩ L2) ∩ L3ZCSo`
(L) =

ZCSo`
(L1 ∩ L2) +

Z2S^`
(L3) +

ZCSo`
(L1 ∩ L2 + L3) ≥ (n− 2) + (n− 1)− n = n− 3

� Y U "�\2ZCv7w�fgSok�\]\2c�pgq
m

i(k�hol�f�{®Z2S^`
(L1 ∩ L2 ∩ . . . ∩ Lm) ≥ n−m�/SoYSo\zf&Y U[Y%_&_gc�\zfgY \ �4��h^hoY_&S^\2Z|{

m ≤ n − 1 ⇒ ZCSo`
(L) ≥ 1

¢�">\ Z2S^Y _gY%\ �4��h^hoY%\ qCcenyY%\ W§SoU
`�S^\2ZCY%_�fgY \C_DY%S^\2Y } h^Y S^prq�v2\Cl WDY%\2S^l�Y U©c�h^_ � c�UrS^cenHhoY%\ ¥
¹u	��!º��!	?»�$�¼e	��
"�$����9½ ¾%¿�À�"����2½�Á�Á�) Â � � �A���!���A"�$�¼ � ��.§	�$��!����$
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� ���2� � � s�fgv2ZCSovC`b¯�k�\  \zf&Y UrU[��vC`�Y%\
} Y%l�Y nyY%\�_gY S^Y%\

U1,U2
`�Sof

U1 ∩U2 = {0} �®±;S^Y U©Y S^\�c�\2_gprq2c�v2h^Soprq2Y%_©ªOY%So_&dCS^Y%h i(�7UPZCY%\
R3

"[�
U1

S^_�f§ZCY�U
R3 ¡ U2 = {0}

��
x

y
z

������� � ¼e"�$��X�('¤½e)��A)�¿ �|	&���!����	�� ,���� � $ �!	�� � 	&# �/���
� ��"�.§	
"1"[��suY%S

U1
Y%So\CYµ¦�nyY%\2Y6vC\2Z

U2
Y S^\2Y } Y U[c�ZCY�¡4WDk�n|Y S

U2 /∈ U1
¢¤�/SoY } Y U[c�ZCY�So_&f/\CSoprqzf;So\

ZCY�UN¦ nyY%\CY;Y%\zf&qCc�hVfgY \ ¥

��
U1

U2

������� � ¼e"�$��X�('¤½�½e� ½�¿ �|	&���!����	�� ,���� � $ �!	�� � 	&# �/���
� ��"�.§	
¨P\CZCY�U[Y  \zf&Y Ur¯�Y w�fgk�UrU[��vC`�Y�{

R3 ⊆ U1,U2,
ZCSo`

(Ui) ≥ 2ªOY qCc�v2d2fgv2\Cl2{®ZCSo`
(U1 ∩U2) ≥ 1ªOY�WKY S^_�{®ZCSo`

(U1 ∩U2) ≥
ZCSo`

(U1) +
Z2S^`

(U2)−
Z2S^`

(U1 + U2) = 2 + 2− 3 = 1s7Y SjZCSo`
(U1 ∩U2) = 2

¡CZCSo`
(Ui) = 2ªOY qCc�v2d2fgv2\Cl2{ ⇒ U1 = U2
���/c���v|{(">_&f

U < V
vC\2Z]ZCSo`

(U) =
ZCSo`

(V) ⇒ U = V

� ���2� � � suc�f �
(II.4.5)

s7Y S^Y%\
U1,U2 < V

¡HWDk�nyY%S
U1 6= U2

� �2k�h^l�Y%\CZ2Ym¨PvC_g_&c�l�Y%\�_&S^\2Z�� � vCSV¯�c�h^Y%\zf�{
¢¤S ¥ U1 ∩U2 = {0}¢¤S^S ¥ Z2S^`

(U1 + U2) =
ZCSo`

(U1) +
ZCSo`

(U2)¢�SoS^S ¥ 0 = u1 + u2
¡
ui ∈ Ui ⇒ u1 = u2 = 0¢¤So¯ ¥ ��Y%ZCY%_

v ∈ U1+U2
qCcef�Y%S^\2YOY%So\CZ2Y%v2f&Sol�YD�/ceU[_&f&Y%hoh^v2\ClNZCY U �7k�Ur`

v = u1+u2
`�SVf

ui ∈ UiªOY�WKY S^_&Y�{
(i) ⇒ (ii)

{��/So`�Y%\C_&S^k�\C_&i(k�U[`�Y%h¤{4Z2S^` {0} = 0

(ii) ⇒ (iii)
{m¨N\2l�Y%\2k�`�`�Y%\|{

0 = u1 + u2
¡�Y%So\

ui 6= 0
¢¤\CSoprqzf;nyY%SoZCY

ui

w���\2\CY%\ ¸;v2h^h _gY S^\ ¥ ��/c�`�SVf;_gSo\CZ nyY%SoZCY
ui

v2\Cl�hoY%Soprq ¸;vChoh�{
u1 = −u2 6= 0

�
u1 ∈ U1

¡�Z2c
u1 = −u2 6= 0 ⇒ u1 ∈

U2 ⇒ U1 ∩U2 6= {0} ⇒ ZCSo`
(U1 ∩U2) ≥ 1

�©�Nc�` SVf©Y U[q2c�hof&Y%\xWXSoUNY%So\CY%\]RTSoZCY�U[_&d2U[vCprq ��v2U
¨P\C\Cc�q2` Y�{®ZCSo`

(U1 + U2) =
Z2S^`

(U1) +
Z2S^`

(U2)

(iii) ⇒ (iv)
{O¨N\2\Cc�qC`�Y�{Xs7Y%S

v = u1 + u2 = u′1 + u′2
WDk�n|Y S

ui, u
′
i ∈ Ui

�&�yv ��Y S^l�Y%\|{
u1 = u′1

¡
u2 = u′2

��¦�_Ol�SohVf�{
0 = v − v = u1 + u2 − u′1 − u′2 = (u1 − u′1)

︸ ︷︷ ︸

∈ U1

+ (u2 − u′2)
︸ ︷︷ ︸

∈ U2

��¸;c�prq
(iii)

i(k�h^l�f�{

u1 = u′1
vC\CZ

u2 = u′2
�

(iv) ⇒ (i)
suY%S

v ∈ U1∩U2
vC\2Z

0 = v
︸︷︷︸

∈ U1

+ (−v)
︸ ︷︷ ︸

∈ U2

�
0 ∈ U1 +U2

v2\CZ
0 = 0

︸︷︷︸

∈ U1

+ 0
︸︷︷︸

∈ U2

�
�/ctY%_X\�v2UPY%So\CY;Y S^\2ZCY%v7fgSol�Ym�NceU[_&f&Y%hoh^v2\Cl6l�Son2f�¡Ci(k�hol�f�{

v = 0
�

Â � � �j����� �A"�$�¼ ����.§	&$�������$ � ���!�7�*)+)-,o�/.§���!�u¿ .X�[�
��	0.X�[�
� #z¿ "�$�� '(¼����!�/.D"�$�¼�¿ ¼e	1)��!���!���e�



���������
	�������������	����
�����
����	�� �!�
"�# �!"��
	�$ �%	�� �!	�!(' � �

� ���2� ��� �NY �H\2Sof&S^k�\
(II.4.d)

{�aNk�`µdHhoY%`�Y%\zfDY%S^\2Y%_  \zfgY�Ur¯�Y�w�fgk�UrU[c�vC`�_
U2

q2Y%S ��fOaPk�`µdHhoY%`�Y%\zfDkuZCY UXw�k�`µdCh^Y%`�Y%\zf&�eU[Y U � Y w�fgk�UrU[c�vC` ��v
U1 < V

¡HWDY%\2\]l�Sohof�{
U2 < V, U1 ∩U2 = {0} , U1 + U2 = V

¨§prqzf&vC\2l2{K�/SoY£�/Y �C\CSVfgSok�\]v2\zfgY Ur_gprq2Y%S^Z2Y fX_&S^prq]¯�k�\xZCY ` � Y%\2l�Y%\zf&qCY%k�U[Y f�U[So_gprq2Y%\�aPk�`µdHhoY�¶
`�Y%\zf��

� ���2� � � suc�f �
(II.4.6)

�uY%Z2Y U  \zf&Y Ur¯�Y w�f&k�UrUrc�v2` Y%So\CY _Y%\2ZChoS^prq Y U ��Y%vCl�fgY \ � Y w�f&k�UrUrc�v2`�_°nyY%_gSVf ��f°Y%So\ aPk�`µdHhoY�¶
`�Y%\zf��
ªOY�WKY S^_�{Ks7Y%S

U < V
¡9WDk�nyY%S

V
Y%So\]Y%\CZ2h^Soprq]Y U1��Y%v2l�f&Y U � Y w�f&k�UrU[c�v2` S^_�f��K�/c�\2\ q2cef

U
Y%So\CY

ªOc�_&S^_
u1, . . . , uk

��¸;c�pgqµZCY%` ªKc�_&S^_&Y U[l���\ ��v2\Cl�_g_gcef �KnCS^hoZCY f
u1, . . . , uk, uk+1, . . . , un

Y%So\CY§ªKc�_&S^_
¯�k�\

V
�KsuY f-��Y£\�vC\

U′ := 〈uk+1, . . . , un〉ªOY qCc�v2d2fgv2\Cl2{
U ∩U′ = {0} nyY#��S^Y q�vC\Cl�_&WDY%So_gY

U + U′ = VªOY�WKY S^_�{
U+U′ = V

¡zWDY%Soh
U+U′ Z2S^YKªOc�_gSo_�¯�k�\

u1, . . . , uk, uk+1, . . . , un

Y%\zf&qC��hVf�� R Y%SVfgY UrqCSo\|{
Z2S^`

(U + U′) = n = k + (n− k) =
Z2S^`

(U) +
Z2S^`

(U′)

¸;c�prq�s7cef �
(II.4.5) (ii)

i(k�hol�f�{
U ∩U′ = {0}ªOY ` Y�UrwuvC\2l2{

¢¤S ¥ ¸;k�fgcef&S^k�\|{
V = U⊕U

{
V

So_&fOZCSoY;ZCSVU[Y w�f&Y suvC`�`�YN¯�k�\
U

vC\2Z
U′

V = U⊕U :⇔ U ∩U′ = {0} , U + U′ = V

¢¤S^S ¥ ¦�_Ol�Son2fOSo` ¨Nhoh^l�Y%`�Y%So\CY%\µ`�Y%q7U[Y U[YNaNk�`�dCh^Y ` Y \zfgY�{�ªKY%So_&dHSoY%hoY6¢¤_gSoY%qCY
(iii) ¥ k7Z2Y U%{�ªOc%¶

_&S^_&Y U[l���\ ��v2\Cl6So_&fO\CSoprqzfXY%So\CZ2Y%v2f&Sol2�
¢�SoS^S ¥ ªKY%So_&dHSoY%h¤{

V = (Z/3Z)
2

±;SoY U©ZCSoY;�/ceU[_�fgY%hohovC\Clt¯�k�\
U1 =

{(
0, 0
)
,
(
1, 0
)
,
(
2, 0
)}

= Z/3Z ·
(
1, 0
)

vC\2Z
U2 =

{(
0, 0
)
,
(
1, 2
)
,
(
2, 1
)}

= Z/3Z ·
(
1, 2
)

 1 +  2

 1 ∩  2

 1  2

��������� ¼e"�$��X!('�½ � � �����
���!	&� ��"�$�� � ��$ U1
"�$�¼

U2

¹u	��!º��!	?»�$�¼e	��
"�$����9½ ¾%¿�À�"����2½�Á�Á�) Â � � �A���!���A"�$�¼ � ��.§	�$��!����$
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ªOY qCc�v2d2fgv2\Cl2{
U2

So_&fXZ2c�_§aNk�`µdHhoY%`�Y%\zf ��v
U1

�
�yv ��Y%Sol�Y%\y{

U1 ∩U2 = {0} v2\CZ
U1 + U2 = V

�
ªOY�WKY S^_�{®� c�\]_gSoY%qzf§hoY%Soprqzf�{

U1 ∩U2 =
{(

0, 0
)
,
(
1, 0
)
,
(
2, 0
)}
∩
{(

0, 0
)
,
(
1, 2
)
,
(
2, 1
)}

=
{(

0, 0
)}

V = (Z/3Z)
2

=
{(

0, 0
)
,
(
1, 0
)
,
(
0, 1
)} ¦�_®U[Y%SoprqzfDZCSoY%_gY©Z2UrY%S�� c�ceU[Y&��vµnyY f�U[c�prqzfgY \|¡2ZCc/WXSVUKc�hohoY

c�\CZ2Y U[Y%\]c�ho_§²|So\CY c�Ugw�k�`tnHSo\Ccef&S^k�\CY%\ZCceU[_&f&Y%hoh^Y \w���\C\2Y%\|�
�/c Y%_m_&S^pgq vC` Y%So\CY \�Y%\2ZChoS^pgqCY%\ aP��Ugd|Y�U;qCc�\CZ2Y%hVf/w���\C\2Y%\ WXSVU;c�hoh^Y6aPk�` nHSo\Ccef&S^k�\CY%\ c�vC_�¶
U[Y%pgqC\CY \|{

U1 + U2 =
{(

0, 0
)
,
(
1, 0
)
,
(
2, 0
)
,
(
1, 2
)
,
(
2, 1
)}

(
0, 0
) So_&f���WXS^\2l�Y%\2ZY Uri(k�U[Z2Y U[hoS^pgq|¡Hc�ho_gk n2U[c�vCprq2Y%\�WXSVUX\�v2UP\2k7pgq ��WDY%S|h^So\CY c�UrYmvC\2c�nCqC��\Cl�S^l�Y

� Y w�f&k�UrY%\ ��v WD��q2h^Y \ vC\2Z ��Y%Sol�Y%\y¡AZCc �x_&S^Y
V

Y U ��Y%vCl�Y%\|� ����ªP� (
2, 0
)
,
(
1, 2
) � ">\

(Z/3Z)
2 So_&f

2 ·
(
2, 0
)

=
(
4, 0
)

=
(
1, 0
)
∈ V

vC\2Z
2 ·
(
1, 2
)
−
(
2, 0
)

=
(
2, 1
)
−
(
2, 0
)

=
(
0, 1
)
∈ VªOY�WKY S^_�{

(ii) ⇒ (i)
{ �
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