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FHGJI KML<NPORQTSVU
(V.1) WYX OZUJOZ[�S\L^]�_%`a]�bcSV[

d\egfhegf i�j�kmlon!pqnrk�s\t<u<v�n!u
wyxgzgx u/n!{Tk|nD}�~�t/pqn�� x u<��}�~�t<pqnDp xg� n x u<nrk w�x�zgx u<n!{Tk|��j�k|p�e
� l���nrs ����� i�nrs � j�k�k|{�t<p�� wyxgz u<n!{Tk|��j�k|p��
� {�t/� � lon x �"� x n z n � s�n!u<u/n!u�� x k�lonrkmn xg� �|�m� �

R2 �o�\s�{ z {�k��<k|j\�<tVs � �m� � R3 �a�\s�{ z {Tkm� � kmjV�/t/s � �
w n�s�{�u/u � �B��{����\s�{ z {Tkm�/k|j\�<tVs ��x p

Rn � n∑

i=1

x1 · y1
p x���� �<n!u���l^� � {�u/��� ��n x nrk�¡�t<uVs � nhe

¢1£ k��/n!u�¤PtVs z�x � x ��¥m¦/n!u���l^� � {�u<��v x�z�� �
d (P, Q) =

√
〈−−→
PQ,

−−→
PQ
〉

�+{�����s�{ z {Tkm�<kmjV�/t/s ��x � � n x u w n x �"� x n z � £ k�n x u/n z�x u<n!{Tk|n���l<l x�z �<t/u<vVe 〈 · 〉 � Rn × Rn → R

�§x � zgx u<n!{Tk x u���n!�/n!p���k|v�t<pqn!u �
�§x�x �Y��¨\pqp©n � k x ��¥�¦�� 〈x, y〉 = 〈y, x〉
ª u/� x � � � t<�/n!p«n x u/nDp¬t zg�"x�zgx u<n!{Tk|nD��l<l x�z �<t/u<v¬lonrs�{�u/u � �

Kn ×Kn × . . .×Kn

︸ ︷︷ ︸

n ­ pq{ z
→ K

�®�<n �
(·) { z � ¢ t<uVs ��x jhu¯�/nrk°�\�^{ z�� nru²±hnrs � j�kmn!u

³´x k�¦<{Tlon!u�lonrk|n x�� ��vhn!� n x v � �
�§x �µ� x n���n � nrk|p x u/{ � n x � �yz�x u<nr{�k x u���n!�/n!p�¤ z n!pqn!u �
�§x�x �Yu x ¥�¦ � �"¨\pqpqn � k x �"¥m¦��V�"jhu<�/nrk|u�{ z�� n�k|u x nrk|n!u/��e ¢1£ k

i 6= j
�

�<n �




↑ ↑
· · · vi · · · vj · · ·
↓ ↓



 = − �/n �




↑ ↑
· · · vj · · · vi · · ·
↓ ↓





w nr¦<{�t/� � t/u<v/�B�Vn x
σ ∈ Sn

e��+{�u<uo�
�<n � (

vσ(1), vσ(2), . . . , vσ(n)

)
=
��v�u

(σ) · �/n � (v1, v2, . . . , vn)
w n���n x �"�"s x ��� nh�¶�/n � (

vσ(1), vσ(2), . . . , vσ(n)

)
= α (σ) · α (τ) · �/n � (v1, v2, . . . , v2)

e
³´x k�� x ����nru��

α (σ) · α (τ) = α (στ) = α (τ) · α (σ)
�
α (Transposition) = −1

⇒ Sn = 〈Transpositionen〉 ⇒ w n!¦/{�tV� � t<u/v/e

d\egfhe¸· �+nr¹<u x���x jhu
(V.5.a)

� wyxgz�x u<nr{�km��j�k|p
V,W

��n x n!u
K ­ i�nrs � j�kmk|~�t/p©n�e�+{�u/uº¦<n x����
s : V ×W → K

l xgz�x u<n!{Tk|nµ��l/l xgz �/t<u/v�lon!� x n!¦�t/u<v��"��n x ��n wyxgz�x u<n!{Tk|�»j�k|p��a��n!u<u
��j z v�n!u<�/n!�yv x�z�� �
�§x �µ¼ x u<n!{Tk x�� ~ ��x p�nrk|� � n!u½��k|v�t<pqn!u � � ∀α, α′ ∈ K, ∀v, v′ ∈ V

� ∀w ∈W
v x�z�� �

s (α · v + α′ · v′, w) = α · s (v, w) + α′ · s (v′, w)

�§x�x �Y¼ x u<n!{Tk x�� ~ ��x p�� ��n x�� n!u���kmvht<pqn!u � e ∀β, β′ ∈ K, ∀v ∈ V
� ∀w, w′ ∈W

v xgzg� �
s (v, β · w + β′ · w′) = β · s (v, w) + β′ · s (v, w′)

� z ��{ z�� n�k|u<{ �"x ±�n ¢ j�kmp¬t zgx nrk|t<u/v/�Vj�l x v�nrk�¤ x vhnru<��¥�¦<{�� � n!u��<¦ x nrk�n x u<n�¾�t/km����{��"��t<u/v/�
∀w � s (·, w)

�
V → K

z�x u<n!{Tk!� ∀v � s (v, ·) � W→ K
zgx u/n!{Tk!e
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d\egfhe�� w n x �"� x n z n+� £ k wyxgz�x u<nr{�km��j�k|pqn!u
� {h�P��nrk��+t/{ z k|{�t<p��

V, W = V∗ =
� jhp

K (V, K)
e�	at/k�¤ k x u<u/nrk|t/u<v/�

V ×V∗ → K

(x, λ) 7→ λ (x)

ª p � t � n x vhn!uo�<�/{ � �/nrk+��t<{ z k|{�t<p n x u/n wyxgz�x u<nr{�km��j�k|p x � � p £ �"��n!u©� x k�� x n�¼ x u<n!{Tk x�� ~ ��x p
nrk|� � nru�t<u/��� ��n x�� nru���k|v�t<pqn!u � u<{�¥m¦²��n x ��n!uo�
	ot

(i)
�

(·, λ)
zgx u/n!{Tk�u<{�¥m¦ �+nr¹<u x���x jhu�±hj�u

V∗ � � x nr¦<n��+n�¹^u x��"x j�u½�+t/{ z k|{�t/p (3.1.9)
�

	ot
(ii)

�
λ 7→ λ (x)

zgx u/n!{Tk x u
λ
u<{�¥m¦ �+nr¹<u x���x jhu��<nrk�i�n�s � j�kmk|{�t<pq� � k|tVs � tVk+{�t<�

V∗

� la�P¤ x u w n x ��� x n z {�t<���<n�k���u<{ z ¨\� x ���
V = C ([a, b] , R) = {f : [a, b]→ R

� � n �"x v }w nr¦<{�t/� � t/u<v/�
V
x � � n x u

R ­ i�n�s � j�kmk|{�t<p����t<�
f, g

� � n �"x v3�»j z v � �
α · f � £ k

α ∈ R
lon!� x nr¦�t<u<v��"��n x ��n

f ◦ g
� � n ��x v � � x n!¦/n���u/{ z ¨\� x �|�

w nr¦<{�t/� � t/u<v/�¶� x p
R (V) =∞ ��
�x ¥m¦ � nru<� zgx ¥m¦�� x pqn!u<� x j�u<{ z �

	ot/p w n x �"� x n z �
R [X ] ↪→ C ([a, b] , R)

f 7→ f |[a,b]

� £ k
a < b

e

 t<u��/nr¹^u x n�k|n!u½� x k�n x u©�\s�{ z {�k��<k|j\�<tVs � � £ k ¢ t<uVs ��x jhu/n!u �

V ×V → R, (f, g) 7→
b∫

a

f (t) · g (t) dt

� x n�¼ x u/n!{Tk xg� ~ ��x p�nrkm� � n!u�t<u/��� ��n x�� n!u���kmvht<pqn!u ��x � ��z n x ¥m¦ � � t ��n x vhnru��
���/� x���x jhuo�

(f + f ′, g) 7→
b∫

a

(f + f ′) · g dt =

b∫

a

(f · g + f ′ · g) dt =

b∫

a

f · g dt +

b∫

a

f ′ · g dt = (f, g) + (f ′, g)

�\s�{ z {Tk|n
�8t zg�"x � zgx s�{ �"x j�u��

(α · f, g) 7→
b∫

a

(α · f) · g dt =

b∫

a

α · (f · g) dt = α ·
b∫

a

f · g dt = α · (f, g)

��u<pqnrkms\t/u<v � � x k|� x u �<nrk+��u/{ z ¨\� x ��lon!¦<{�u<�/n z�� �a�/{�¦/nrkD¦ x n�k+u x ¥m¦ � ±�jhu ��jqv�k|j � nrk w n!�/n!t ­� t<u<v²�|� C ([a, b] , R)
zgx n!�»nrk � n x u/n!u½� x ¥m¦ �"x v�n!u�pqn � k x �"¥m¦<nru½}�{�t/p��

d (f, g) :=

√
√
√
√
√

b∫

a

(f − g)
2

dt

�+n�k¶��l^� � {�u<�Y� ��n x nrk ¢ t/u/s �"x j�u<n!u x � ��
 t zgz �T��n!u/uµ� x n x �<n!u �"x �"¥m¦7� x u<�oe ¤ x u7{�u<�/nrk|n!� w n x ��� x n z
� £ k�����n xH¢ t<uVs ��x jhu/n!u�p xg� ��l<� � {�u<� 
 t zgzox � � �

f = c, g =

{
c x 6= x0

d x = x0

� £ k
c 6= d

¢1£ k
x 6= x0

� x u<� � x n ¢ t<uVs ��x jhu/n!u x �/n!u ��x ��¥�¦�� {�u/��j�u<� � n!u
(x = x0)

t/u � n�k|��¥m¦/n x �<n!u � x n�� x ¥m¦
u�t/k x u�n x u<n!p ¡�t/u/s � e
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� ¥!���\n x
A ∈Mn (K)

�
Kn ×Kn → K

e�¤P���"n x v�n!vhn�l�nru��

(x, y) 7→ xT ·A · y = (x1, . . . , xn) ·A ·






y1eee
yn




 = (x1, . . . , xn)





n∑

j=1

aijyj





¢1£ k�� x n
i ­ � nY� � n zgz nD±hj�u x

v x�z�� u�t/u��
xi · A · y = xi ·





n∑

j=1

aij · yj




e¶�+{�p xg� nrk|¦<{ z�� nru�� x kr�

(x, y) 7→
n∑

i=1

xi ·





n∑

j=1

aij · yj



 =
n∑

i,j=1

aij · xi · yj

� �Å� 
 t/u���j z�z n!u©� x k�n x u<nru �\�on!� x { z ��{ z�z ±�jhu
(c)

lon � k|{�¥m¦ � nru����Vn x
A = En

e�¤ ����j z v � �

〈x, y〉 := xT · y =

n∑

i=1

xi · yi

³´x k�nrk|¦/{ zg� n!u �/{���{�t<���/nrkM�V¥m¦�t z nºlonrs�{�u/u � n8��s�{ z {Tkm�<kmjV�/t/s � e>�+{�� �\s�{ z {Tkm�<k|j\�/t/s ��x � �
t<u/��nrkmn���� � {�u<�<{Tk|��� ­ wyxgz�x u<n!{Tk|�»j�k|p {�t<� �<n!p

Kn e
³´x kq��j z�z n!u u�t/u

(c)
n�l�nru<��{ zgz � { z �©�\s�{ z {Tkm�/k|j\�<tVs ��x u � nrkm�<kmn ��x nrk|nru t<u<� ±�nrk|n x u²l^{Tk|nru@� x n

��j z v�n!u<�/n 
 j � { �"x jhu��
〈·, ·〉 :=

{
Kn ×Kn → K
(x, y) 7→ 〈x, Ay〉 = xT · A · y

� O��aS/[	��

� L<_
QTSV[ SVOZ[�S\] X OJUZOJ[�SVL<]�_
`o]�b �	��S\]�SVOJ[ SV[ � [	��`�b `o]�N�� O��!b��	�

d\egfhe�� �+nr¹<u x���x jhu
(V.1.b)

���"¨\pqpqn � k x ��¥m¦/nh�\{ zg� nrk|u x nrkmn!u<�/n wyxgz�x u<n!{Tk|�»jhp
V,W

��n x n!u
K ­ i�n�s � j�kmk|~�t<pqn3t/u<�º�"n x V = W

�§wyxgzgx u/n!{Tk|��j�kmp £ lonrk7n x u<nrp ¤Pu/�<jhpqj�km�^¦ x � ­p¬t/�|�me¶��{�u/u��<nr¹<u x nrk|n!u�� x kr�
�§x �µ¤ x u/n ¢ j�k|p ¦<n x���� ��¨\pqp©n � k x ��¥�¦<n w�x�zgx u<n!{Tk|��j�k|p��\��nru<u�v x�z�� �

∀v, w ∈ V : s (v, w) = s (w, v)

�§x�x �Y¤ x u/n ¢ j�k|p ¦<n x���� { z�� n�k|u x nrk|n!u/�<n w�x�zgx u/n!{Tk|��j�k|p��V��n!u/u�v xgzg� �
∀v ∈ V : s (v, v) = 0

¢ { z�z ��¥m¦/{Tk
(K) 6= 2

s��hu/u<n!u�� x k�n x u<n�~���t x ±�{ z nru � n w nr� x u<vht/u<vµ��j�k|pµt zgx n�k|n!u��
∀v ∈ V : s (v, v) = 0 ⇔ ∀v, w ∈ V : s (v, w) = −s (w, v)

d\egfhe¸d �+nr¹<u x���x jhu
(V.1.c)

� ��j�� x���x ± ­ �<nr¹<u x n � lon!� x n!¦�t<u/vh�"��n x ��n���j�� x���x ± ­ ��n!p x �<nr¹<u x n �
�Vn x

K = R
t<u/�

V,W
��n x n!u

K ­ i¶nrs � j�kmk|~�t<pqnhe
�§x �µ¤ x u/n wyxgzgx u/n!{Tk|��j�kmp x � � �ojh� x��"x ± ­ �<nr¹<u x n � �V��n!u/u ∀v ∈ V

v x�z�� �
s (v, v) 	 0

�§x�x �Y¤ x u/n wyxgzgx u/n!{Tk|��j�kmp x � � �ojh� x��"x ± ­ ��n!p x �<nr¹<u x n � �h��n!u<u ∀v ∈ V
v xgz�� �

s (v, v) ≥ 0
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d\egfhe�� w n x �"� x n z n � £ k ��¨\p©pqn � k x ��¥m¦/nh��{ z�� n�k|u x nrk|n!u/�<n°lon!� x n!¦�t<u/vh�"��n x ��n �ojh� x��"x ± ­ �<nr¹<u x n � nh���j�� x���x ± ­ ��n!p x �<nr¹<u x n � n w�x�zgx u<n!{Tk|��j�k|pqn!u
³´x k���nrk|�<nru�n x u x v�nD�<n�k w n x �"� x n z n+{�t<�

(5.1.3)
��n x�� n�k�t/u � n�k|��t/¥m¦<n!uo�

	ot�lÅ��¼on x ¥�¦ � ��t��"n!¦<n!uo� w�x�zgx u/n!{Tk|��j�k|p x � � �"¨\pqp � nrk x �"¥m¦�t/u<���ojh� xg�"x ± ­ �"n!p x �/nr¹^u x n �

⇒ s (f, f) =

b∫

a

f2 dt ≥ 0

w nr¦<{�t/� � t/u<v/� � l x v�n wyxgz�zgx u/n!{Tk|��j�k|p x � � {�t<¥�¦ �oj�� x���x ± ­ �/nr¹^u x n � e
	ot 	an x vhn!uo�B�Vn x

f
� � n �"x vµt<u/� b∫

a

f2 dt = 0 ⇒ f = 0

w n���n x � �

a b

f2 ≥ 0

� � ������ÂT����Ã�
�#%$ �a �!��À�À�	
�Vn x n � ��{

f2 (c) > 0
p x��

c ∈ [a, b]
e

⇒ f2 (d) > 0
{�t/�

(c− ε, c + ε) ⇒
b∫

a

f2 dt ≥
c+ε∫

c−ε

f2 dt ≥ p x u
(c−ε,c+ε)

(
f2
)
· 2ε > 0

¤P�y��j z v � � x n w n!¦/{�tV� � t<u/v/e
	otM�Å� ¢1£ k

K = R
x � � � x n!��n wyxgz�x u<n!{Tk|�»j�k|p«�"¨\pqpqn � k x �"¥m¦�t<u/�M�ojh� xg�"x ± ­ �<n�¹^u x n �Y� vhn!� n x v ��x u

(1.3.2)

 j�k|p�n x u<nr�yi�nrs � j�k|�m�|e

¤ x u<n���¨\pqp©n � k x ��¥�¦<n��oj�� x���x ±q�<nr¹<u x n � n wyxgz�x u<n!{Tk|�»j�k|pE� x k|��{ z ���\s�{ z {�k��<k|j\�<tVs � lon!��n x ¥m¦/u<n � e
� � {�u<�/{�km�<�"s�{ z {Tkm�<k|j\�/t/s � �

〈x, y〉 =
n∑

i=1

xi · yi, 〈x, x〉 =

n∑

i=1

x2
i

	ot�¥r���Vn x
n = 2

t<u<�
A
v�n!vhn�l�nru�p xg�

A =

(
1 0
0 −1

) e 
 t/u�v xgzg� �

〈x, Ay〉 =
〈(

x1

x2

)

,

(
y1

−y2

)〉

= x1 · y1 − x2 · y2

� x n wyxgz�x u<n!{Tk|�»j�k|p x � � { z ��jq��¨\p©pqn � k x ��¥m¦oe��9� � � x nY{�t<¥m¦ ��j�� x���x ± ­ ��n!p x �<nr¹<u x n � e 
 n x uo�a�<n!u/u
〈e2, Ae2〉 = −1

e �+{�p xg� s�{�u/u�� x n wyxgzgx u/n!{Tk|��j�kmp u/{ �"£ k z�x ¥m¦q{�t<¥m¦�u x ¥m¦ � ��j�� x���x ±Y�<nr¹<u x n � ��n x uoe
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d\egfhe�� 	ot/k�¤ k x u/u<nrkmt<u<vV� � k � ¦/jhv�jhu<{ zgxg� ~ � t/u<� �\s�{ z {Tkm�<k|j\�/t/s �
�9p

R2 � R3 � 〈·, ·〉 e¶¤P��v x�z�� � u ⊥ v ⇔ 〈u, v〉 = 0
e

�+nru ³´x uVshn z ��� x �"¥m¦<nru
u
t/u<�

v
s��hu<u/n!u�� x k���j z vhn!u/�<nrkmp©{ � n!uqlon!� �"x p©pqn!uo�

cos] (u, v) =
〈u, v〉
‖x‖ · ‖y‖

��j�lon x ‖x‖ =
√

〈x, x〉

� � z ��¤ k x u/u<nrk|t/u<v {�u
(I.3.1)

�

d\egfhe�� �+nr¹<u x���x jhu
(V.1.d)

� � k � ¦/jhv�jhu<{ zgxg� ~ ��� ±hn�k|{ z�z vhn!pqn x u<n�k � �
�Vn x

s : V ×W→ R
n x u<n w�x�zgx u<n!{Tk|��j�k|p�e ³ x k��/nr¹^u x nrkmn!u��

v ⊥ w ⇔ s (v, w) = 0

�9u�� x n!��nrp ¢ { zgz � x u<�
u
t/u<�

v
j�k � ¦<j�vhj�u<{ z � t<n x u<{�u/�<nrk!e

d\egfhe�� �+nr¹<u x���x jhu
(V.1.e)

� zgx uVshn!�yt<u<��kmn!¥m¦ � n!��}�{�� x s�{ zHz ­ }�{�� (s)
�^k ­ }�{�� (s)

� n!v�nrlon!u
s : V ×W→ K

wyxgzgx u/n!{Tk|��j�kmp e ³´x k��<nr¹<u x nrk|n!uo�
�§x � z ­ }�{�� (s) := {v ∈ V| v ⊥W} ⇔ s (v, w) = 0 ∀w ∈W

�§x�x �7k ­ }�{�� (s) := {w ∈W|V ⊥ w} ⇔ s (v, w) = 0 ∀v ∈ V

��u<pqnrkms\t/u<v/� �9� � � x n w�x�zgx u/n!{Tk|��j�k|p �"¨\pqpqn � k x �"¥m¦��V�/{�u/u�� z ­ }�{�� (s) =
k ­ }�{�� (s)

d\egfhegf�� ��nr¹^u xg�"x j�u
(V.1.f)

��{�t<�"vhn!{Tk � n � n wyxgz�x u<n!{Tk|�»j�k|p
s
¦<n xg��� u x ¥m¦ � {�t<�"vhn!{Tk � n � �^��n!u<u z ­ }�{�� (s) =

k ­ }�{�� (s) = {0}w nrp©n�kms\t<u/v/�
0V ∈

z ­ }�{�� (s)
�
0W ∈

k ­ }�{�� (s)
�Å�/n!u<u

s (0, w) = 0 ∀w ∈W
�
s (v, 0) = 0 ∀v ∈ V

e

d\egfhegfhf w n x ��� x n z nD��t zgx u/s�n!u�t<u/��k|n!¥m¦ � n!p«}�{�� x s�{ z
	ot

(5.1.3)
{��

V ×V∗ � (x, λ) 7→ λ (x)
�

w nr¦<{�t/� � t/u<v/�
z ­ }�{�� = {x| ∀λ ∈ V∗ : λ (x) = 0} = {0} ,

�<nru<u�� t7��n!�<nrp
x 6= 0 ∃λ : V → K

p xg�
λ (x) = 1

e
w n���n x � �¶¤ kmvh~�u<� n

x = v1
� t n x u/nrk w {�� x �

v1, v2, . . . , vn
±hj�u

V
e��+n�¹^u x nrk|n

λ
� x n���j z v � �

x 7→ 1, v2, v3, . . . , vn 7→
x k|vhnru<�/��j�¦ x u

,

[

λ

(
n∑

i=1

αivi

)

=

n∑

i=1

αiλ (vi)

]

¤P�yv xgzg� vhn!pq~ � �<nrk���nr¹^u xg�"x j�u½�/nrk 
 t zgz {Tl<l x�z �<t/u<vV�
k ­ }�{�� = {λ ∈ V∗| ∀x ∈ V : λ (x) = 0} = {0}
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	ot
(5.1.3)

lÅ�
(f, g) 7→

∫ b

a

f · g dt

�+{µ� x n!��n w�x�zgx u<n!{Tk|��j�k|p �"¨\pqpqn � k x ��¥m¦ x � � v xgz�� � z ­ }�{�� =
k ­ }�{�� e ³ n x�� nrkr�

z ­ }�{�� =

{

f ∈ C ([a, b] , R)| ∀g : g
� � n �"x v/�

g : [a, b]→ R
v x�z�� � ∫ b

a

f · g dt = 0

}

= {0}

�<nru<u x u<�"lon!�"jhu/�<nrk|n�p¬t � v�n z�� n!uo� ∫ b

a

f2 dt = 0
e w nrk|n x�� � x u

(5.1.7)
vhn!� n x v � � ⇒ f ≡ 0


 t<u�u/j\¥m¦�n x u���t/��~ � � zgx ¥�¦<n!� w n x ��� x n z �
� n����Vn x

s
vhnrvhnrlon!u�p x�� �

R3 × R3 → R
�
s









x1

x2

x3



 ,





y1

y2

y3







 = x1 · y1 + x2 · y2

¤P�yv xgzg� �

z ­ }�{�� =
k ­ }�{�� =











x1

x2

x3





∣
∣
∣
∣
∣
∣

∀y1, y2, y3 : x1 · y1 + x2 · y2 = 0






=











0
0
x3





∣
∣
∣
∣
∣
∣

x3 ∈ R






= Re3

w n x � x n!�"nrk�¡�t<uVs � pqn!u/vhnD¦/{�u/�<n z�� n!�y� x ¥m¦�t<p�� x n
z ­ �y¥m¦<�"nhe

d\egfhegf�· w n!��¥m¦Vk|n x l^t/u<v �<tVk|¥m¦ � { � k x � n!u��
s : V ×V→ K

��x u<� £ ¦/k|t/u<v/�
� {h�

ϕ : V →W
� � { � k x � n!u £ l�n�k w {�� x ��{�t<����{�¦ z �

ϕ (vj) =

n∑

i=1

αij · wi

� la�
V ×V → K

� ³ ~�¦ z n w {�� x �
A
±hj�u

V
�

v =
n∑

i=1

αi · vi
e¶�+{�u<uo�

s (v, w) = s





n∑

i=1

αi · vi,

n∑

j=1

βj · vj




(∗)
=

n∑

i,j=1

αi · βj · s (vi, vj)

��u<pqnrkms\t/u<v/�
(∗) ��j z v � {�t<���/nrk wyxgz�x u<nr{�k xg� ~ � ±�jhu s

e

d\egfhegf � ��nr¹^u xg�"x j�u
(V.1.g)

� � { � k x�� ±�jhu
s
lon!� £ v zgx ¥m¦ w {�� x �

A

�Vn x
A
w {�� x ��±hj�u

V
t/u<�

s
n x u<n w�x�zgx u<n!{Tk|��j�k|p

: V ×V → K
e¶�+{�u<u��/nr¹^u x nrkmn!u½� x k

MA (s) :=
(

s (vi, vj)i,j=1,...,n
∈Mn (K)

)

{ z �y� x n �8{ � k x�� ±�jhu
s
lon!� £ v zgx ¥m¦��<n�k w {�� x �

A
e

d\egfhegf�� i�j�kmlon!pqnrkms\t/u<vhnru��
MA (s)

z n!v �
s
��nr� �

¤P�yv xgzg�D� � x n�j�lon!u^�|�
s (v, w) =

n∑

i,j=1

αi · βj · s (vi, vj)

��x nrk�� x n!��n z lonD��t<�"��{�vhn�{ z � � { � k x ��nru � ¦/n!j�k|n ��x ��¥m¦/n ¢ j�k|p¬t z�x nrk|t/u<v��

v =
n∑

i=1

xi · vi ↔ (x1, . . . , xn) , w =
n∑

j=1

yj · vj ↔ (y1, . . . , yn)
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�+{�u/u�v xgzg� �

s (v, w) = (x1, . . . , xn) ·MA (s) ·






y1eee
yn






w n���n x � �

s (v, w) =

n∑

i,j=1

xi · yj · s (vi, vj) =

n∑

i=1

xi ·





n∑

j=1

s (vi, vj) · yj





︸ ︷︷ ︸

i ­ � n ¾�j\j�k|� x u/{ � n

=

n∑

i=1

xi ·




MA (s) ·






y1eee
yn











i

= (x1, . . . , xn) ·MA ·






y1eee
yn






d\egfhegf�d �\{ � �
(V.1.1)

�\¨\pqpqn � k x n!�"~ � � n
�Vn x � x p

(V) = n
t<u<���"n x

A
n x u<n w {�� x �y±�jhu

V
e¶�+{�u<u vhn zg� n!u½�»j z vhn!u/�<n���t<���"{�vhn!uo�

�§x �µ� x n�	at<j�k|�<u�t/u<v
s 7→MA

x � � n x u<n wyx ��nrs �"x jhuD��� x ��¥m¦/n!u��<nrk�� n!u/vhn��<n�k w�x�zgx u<n!{Tk|��j�k|pqn!u
{�t/�

V
t/u<�

Mn (K)

�§x�x �
s
�"¨\pqpqn � k x �"¥m¦ ⇔ MA (s)

�"¨\pqpqn � k x �"¥m¦ (

⇔ MA (s) =
(
MA (s)

)T
)

�Jxgx�x � ³ n!u/u
s
�"¨\pqpqn � k x ��¥m¦o�\�<{�u<u

z ­ }�{�� (s) =
k ­ }�{�� (s) =







n∑

i=1

xi · vi

∣
∣
∣
∣
∣
MA (s)






x1eee
xn




 = 0

(∗)
=






0eee
0












�9p � lonrk � k|{�vhnru<n!uM� x u<uo� z ­ }�{�� (s) =
k ­ }�{�� (s) ↔ ¾�nrkmu (

MA (s)
) � 	ot

(∗) ��� x�� �/nrk
0� x k|��s z {Tk|nrk���n x �"nYn x u½i¶nrs � j�k�l�nr��¥m¦Vk x n�l�nruÅ�

�§x ±/�
s
x � � u x ¥m¦ � {�t<�"vhn!{Tk � n � ⇔ MA (s)

x � � k|nrvht z ~Tk
w n���n x �"n �
	ot

(i)
���Vn x

A = (aij)i,j=1,...,n
∈Mn (K)

lon zgx n�l x v/e
	ot � n x v�n!u��B¤ ��n �\x � ��x nrk � n x u/n wyxgz�x u<n!{Tk|�»j�k|p

s
{�t/�

V
p x��

MA (s) = A
� �VtVk§��nrs �"x ± x�� ~ � ��t<u/�

s
x � � �/t/k|¥�¦

A
n x u<�/n!t �"x vµlon!� �"x p©p ��� �9ur��nrs �"x ± x�� ~ � �|e

¤ x u<�/n!t �"x v�s�n xg� � 
 j � ��n!u/� x v v xgzg� �

s

(
n∑

i=1

xi · vi,

n∑

i=1

yi · vi

)

= (x1, . . . , xn) · A ·






y1eee
yn






︸ ︷︷ ︸

(∗)
� z �"j x � �

s
n x u/�<n!t ��x v � lon!� �"x pqp � �\��n xgz ��tY��nr�<n!p

v ∈ V
�an x u<�/n!t �"x vµl�nr� �"x pqp � n

xi ∈ K
p xg�

v = x1 · v1 + . . . + xn · vn
n �\x � �"x nrkmn!u��/{ z �"j x � � � x u!�"nrs ��x ±Åe
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¤ �\x � � n!u/� � 	ot�� n x vhn!u x � � �P� x nD�<tVk|¥m¦
(∗) �<n�¹^u x nrk � nD��l<l x�z �<t/u<v x � � � x kms zgx ¥�¦�n x u<n w�x�zgx u<n!{Tk ­��j�k|p��

�§x � w�x�z �
(s) ⊆ K

s z {Tk
�§x�x �Y¼ x u<n!{Tk x�� ~ ��x p�nrk|� � n!u½t<u<������n x�� n!u���k|v�t<pqn!u � �
�Vn x n!u

v, v′, w, w′ ∈ V
�
λ, µ ∈ K

��j�lon x

v =

n∑

i=1

xi · vi, v′ =

n∑

i=1

x′i · vi, w =

n∑

i=1

yi · vi, w′ =

n∑

i=1

y′i · vi

�+{�u/u x � � �

s (λ · v + v′, w)

�������

= (λ · (x1, . . . , xn) + (x′1, . . . , x
′
n)) · A ·






y1eee
yn






���
	���
��

= λ · (x1, . . . , xn) ·A ·






y1eee
yn




+ (x′1, . . . , x

′
n) ·A ·






y1eee
yn






�������

= λ · s (v, w) + s (v′, w)

��u<{ z j�v3� n x v�n!u½� x k�� x n�¼ x u<nr{�k xg� ~ ��x p�����n xg� n!u���k|vht/pqn!u � �

s (v, µ · w + w′) = µ · s (v, w) + s (v, w′)

� z �"j x � �
s
�"t/k§��n�s ��x ±½t/u<���"jhp xg� l x ��n�s ��x ± � � x n �9u!��n�s ��x ± xg� ~ � ¦<{Tlon!u�� x k���tV±hj�k+v�n!� n x v � �me

	ot
(ii)

�
� ⇒� �\n x s

��¨\p©pqn � k x ��¥m¦ ⇒ s (vi, vj) = s (vj , vi) ∀i, j
⇒

(
MA (s)

)

ij
=
(
MA (s)

)

ji
∀i, j ⇒ MA (s)

x � � ��¨\pqp©n � k x ��¥�¦�e
� ⇐� �\n x MA (s)

��¨\p©pqn � k x ��¥m¦

⇒ s

(
n∑

i=1

xi · vi,

n∑

i=1

yi · vi

)

= (x1, . . . , xn) ·MA (s) ·






y1eee
yn






︸ ︷︷ ︸

∈ K

=




(x1, . . . , xn) ·MA (s) ·






y1eee
yn











T

= (y1, . . . , yn) ·MA (s) ·






x1eee
xn




 = s

(
n∑

i=1

yi · vi,

n∑

i=1

xi · vi

)

⇒ s
x � � ��¨\p©pqn � k x ��¥m¦oe
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	ot
(iii)

�P¤P��v xgz�� �

}�{��
(s) =







v ∈ V| s (v, w) = 0 ∀






y1eee
yn




 ∈ Kn







=







n∑

i=1

xi · vi

∣
∣
∣
∣
∣
s

(
n∑

i=1

xi · vi,

n∑

i=1

yi · vi

)

= 0 ∀






y1eee
yn




 ∈ Kn







=







n∑

i=1

xi · vi

∣
∣
∣
∣
∣
(x1, . . . , xn) ·MA (s) ·






y1eee
yn




 = 0 ∀






y1eee
yn




 ∈ Kn







=

{
n∑

i=1

xi · vi

∣
∣
∣
∣
∣
(x1, . . . , xn) ·MA (s) = (0, . . . , 0)

}

(∗)
=







n∑

i=1

xi · vi

∣
∣
∣
∣
∣
MA ·






x1eee
xn




 =






0eee
0












��u<pqnrkms\t/u<v/�
(∗) ��j z v � {�t<���/nrk+�\¨\pqpqn � k x n�±�jhu s

	ot
(iv)

��¤P�yv xgzg� �

z ­ }�{�� (s) =

{
n∑

i=1

xi · vi

∣
∣
∣
∣
∣
(x1, . . . , xn) ·MA (s) = (0, . . . , 0)

}

=







n∑

i=1

xi · vi

∣
∣
∣
∣
∣






x1eee
xn




 ∈ ¾�nrk|u (MA (s)

)







��u<{ z j�v/�
k ­ }�{�� (s) =







n∑

i=1

yi · vi

∣
∣
∣
∣
∣






y1eee
yn




 ∈ ¾�nrk|u (MA (s)

)







s
u x ¥m¦ � {�t/��vhnr{�k � n � ⇔ z ­ }�{�� (s) =

k ­ }�{�� (s) = {0}
⇔ ¾�nrk|u (

MA (s)
)

=
¾�nrk|u (

MA (s)
)T

= 0 ⇔ MA (s)
x � � k|n!vht z ~Tk!e
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d\egfhegf � w n!pqnrkms\t<u/v3� t �V{ � �
(V.1.1)

�+n�kY�V{ � �µlon!��{�v � t/u � nrkD{�u/�<nrkmn!p�� �/{ � pq{�u �<n!uM{ zgz vhn!pqn x u<n!u ¢ { zgz n x u<n�k wyxgzgx u/n!{Tk|��j�kmp
s{�t<� n x u/n!p

n ­ � x pqn!u/� x jhu<{ z n!u K ­ i�nrs � j�kmkm{�t/p p xg��w {�� x �
A
k|n!�<t/� x nrk|nru s�{�u<uoe

V = Kn �a� £ k
s̃ : Kn ×Kn → K

nrk|¦<{ z�� nru½� x k!�
s̃ (x, y) = xT · A · y = 〈x, Ay〉 〈x, Ay〉 =

∑

xiAyi

i�nrkmv z n x ¥�¦<n �<{�� t@� x n � ¦<n!j�k x n �/nrk z�x u<n!{Tk|nru ��l/l xgz �/t<u/vhn!uo�M�Vn x n!u
V, W n

lon!� x n!¦�t/u<vh� ­��n x ��n
m ­ � x p©nru<� x jhu/{ z n K ­ i�nrs � j�kmk|~�t/p©n�p xg� A = (v1, . . . , vn)

{ z � w {�� x �Y±�jhu
V
t<u/�

B =
(w1, . . . , wn)

{ z � w {�� x �y±�jhu
W
e��+{�u<uo�

ϕA : Kn → V ϕA (v1, . . . , vn) =

n∑

i=1

xi · vi

ϕB : Km →W ϕB (w1, . . . , wm) =
m∑

i=1

yi · vi

�Vn x
f : V→W

zgx u/n!{Tk|n���l<l xgz �<t<u/v/eP�+{�u<u n �\x � �"x n�k � v�n!u<{�t�n x u<n � { � k x��
MA

B (f) ∈Mm,n (K)

��j¬�<{ � �»j z vhn!u/�<n!��� x {�v�k|{�pqp�s�jhpqpµt � { �"x ± x � � �

V

≡
f

// W

Kn

ϕ
A

OO

� A

B
(
Ë
)

// Km

ϕ
B

OO

� � �����¸ÂT����Ã�
�#§ÄT�Å� Ì������T�%�|�Z��� 	���� �¸��Ã��
� �y�

d\egfhegf � �\{ � �
(V.1.2)

� w {�� x ����n!¥m¦<�"n z � £ k wyxgzgx u/n!{Tk|��j�kmp©nru
�Vn x n!u

A
�
B
w {��"n!u�±�jhu

V
t<u/�½��n x

s
n x u<n wyxgz�x u<n!{Tk|�»j�k|pE{�t/�

V
t<u/�

T = MA
B

� x n � k|{�u<�"��j�k ­pq{ ��x jhu/��pq{ � k x�� e �+{�u<u v x�z�� �
MA (s) = TT ·MB (s) ·T

i�nrkmv z n x ¥�¦<nh���Vn x
f ∈ ¤Pu<� (V)

e�� z {���jV�
MA

A (f) = MB

A (
x �

)
︸ ︷︷ ︸

(∗)
·MB

B (f) ·MA

B (
x �

)

��j�lon x
(∗) =

(
MA

B
(
x �

)
)−1

w n���n x � ���Vn x
A = (v1, . . . , vn)

t<u/�
B = (w1, . . . , wm)

e¶¤P��v x�z�� �

v =
n∑

i=1

xi · vi =
n∑

i=1

x′i · vi, w =
n∑

i=1

yi · wi =
n∑

i=1

y′i · wi

t<u/�





x′1eee
x′n




 = T ·






x1eee
xn






t<u/�





y′1eee
y′n




 = T ·






y1eee
yn





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�+{�p x�� �

s (v, w) = s

(
n∑

i=1

x′i · vi,

n∑

i=1

y′i · wi

)

= (x′1, . . . , x
′
n) ·MB (s) ·






y′1eee
y′n






=




T ·






x1eee
xn











T

·MB (s) ·




T ·






y1eee
yn











= (x1, . . . , xn) ·TT ·MB (s) ·T ·






y1eee
yn






= (x1, . . . , xn) ·
(
TT ·MB (s) ·T

)
·






y1eee
yn




 = s

(
n∑

i=1

xi · vi,

n∑

i=1

yi · wi

)

��t<���<n�k�¤ x u/�<n!t ��x v�s�n x�� ±�jhu
MA (s)

�»j z v � �
MA (s) = TT ·MB (s) ·T

d\egfhegf�� ��nr¹^u xg�"x j�u
(V.1.h)

��¾�jhu/v�k|t/n!u<�+� ��n x nrk � { � k x ��nru
�Vn x n!u

A, B ∈Mn (K)
	a��n x � { � k x � n!u

A, B ∈ ��¨\p (n, K)
¦<n x�� n!u°s�jhu/v�k|t/n!u � � ��n!u<u8n x u

S ∈ � ¼
(n, K)

n �\x � �"x nrk �
p xg�

B = ST · A · Sw {�¦/{�tV� � t<u/v ��� x n�¾�jhu<v�k|t<nru<�D����n x n�k � { � k x � n!u x � � n x u/n � ��t x ±�{ z nru<��k|n z { �"x jhu�e
w n���n x � � ³´x k�p £ ����nru½��j z v�n!u<�/nD¤ x vhn!u/��¥m¦/{�� � nru�u<{�¥m¦²��n x ��nh�
�§x �µ}�n��<n �\x ± x�� ~ �
�§x�x �¬��¨\pqp©n � k x n
�Jxgx�x � � k|{�u<� xg�"x ± x�� ~ �
	ot

(i)
���Vn � � n

S = En ⇒ w n!¦<{�tV� � t<u<vVe
	ot

(ii)
���Vn x

S ∈ � ¼
(n, K)

p xg�
B = ST · A · S e��+{�u<uo�

A =
(
ST
)−1 ·B · S−1 =

(
S−1

)T · B · S−1

³´x k�� x ����nru��
S−1 ∈ � ¼

(n, K) ⇒ w n!¦/{�tV� � t<u/v/e
	ot

(iii)
���Vn x n!u

S1,S2 ∈
� ¼

(n, K)
p x��

B = ST
1 ·A · S1

t<u/�
C = ST

2 · B · S2
e���{�u<u��

C = ST
2 ·
(
ST

1 ·A · S1

)
· S2 =

(
ST

2 · ST
1

)
· A · (S1 · S2) = (S1 · S2)

T · A · (S1 · S2)

³´x k�� x ����nru��
(S1 · S2) ∈

� ¼
(n, K)

�<�<{ � ¼
(n, K)

� k|tV�<�on ⇒ w n!¦<{�tV� � t<u<vVe
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FHG�� KML<NPORQTSVU
(V.2) W�� ]TQ�� ` �a`o[ L^U�� L �rSV[

d\e¸·\egf 	ot/k�¤ k x u/u<nrkmt<u<v

�\s�{ z {Tkm�<k|j\�/t/s ��x p
R3 � 〈·, ·〉 : R3 × R3 → R

� 〈x, y〉 =
n∑

i=1

xi · yi

	a��n x i�nrs � j�k|n!u x p
R3 � � n!¦/n!u���nru/s�k|n!¥�¦ � {�t/��n x u<{�u<�/nrk!�^��n!u/u�v xgz�� �

〈x, y〉 = 0

� x n½i�n�k|{ z�z vhn!pqn x u<n�k|t<u/v��<n!�3�\s�{ z {Tkm�/k|j\�<tVs � n!�¬{�t/���"¨\pqpqn � k x �"¥m¦<n wyxgzgx u/n!{Tk|��j�kmp©nru £ lonrk
n x u<n!pEi¶nrs � j�kmk|{�t<p

V
z�x n!��nrk � �<{�p x�� � x n���j z v�n!u<�/nD�+nr¹<u x���x jhuo�

d\e¸·\e¸· �+nr¹<u x���x jhu
(V.2.a)

� � k � ¦/jhvhj�u<{ zgxg� ~ � � � k � ¦<j�vhj�u<{ z km{�t/p
�Vn x

s
�"¨\pqpqn � k x ��¥m¦/n wyxgzgx u/n!{Tk|��j�kmp {�t/�

V
�
U < V

t<u/�
u, v ∈ V

e ³ x k��<n�¹^u x nrk|nru��
�§x �

u ⊥ v
�Jx u ³ j�k � n!uo�

u
j�k � ¦<j�vhj�u<{ z � t

v
�|�/��n!u<u�v x�z��

s (u, v) = 0

�§x�x �
U⊥ = {v ∈ V| s (u, v) = 0 ∀u ∈ U}

w nrp©n�kms\t<u/vhn!uo�
� {h�

U⊥ < V
�
U⊥ =

}�{��
(s)

��j�lon x

U⊥ = {v ∈ V| s (w, v) = 0 ∀w ∈ V}
� la�

U ⊥U
x � � p �hv z�x ¥m¦oe 	at<p w n x �"� x n z �

�Vn x
V = K2 t/u<� s ((x1, x2) , (y1, y2)) = x1 · y1 − x2 · y2

e
�+{�u/u x � � 〈( 1

1

)〉

=

〈(
1
1

)〉⊥ �^�/n!u<u

s ((λ, λ) , (y1, y2)) = λ · y1 − λ · y2 = 0 ⇔ y1 = y2 ⇔
(

y1

y2

)

∈
〈(

1
1

)〉 � £ k
λ 6= 0

��l�n�k!� 〈( 1
0

)〉

=

〈(
0
1

)〉⊥ �<�<n!u/u

s 〈(λ, 0) , (y1, y2)〉 = λ · y1 = 0 ⇔ y1 = 0 ⇔
(

y1

y2

)

∈
〈(

0
1

)〉 � £ k
λ 6= 0

d\e¸·\e�� �+nr¹<u x���x jhu
(V.2.b)

� � k � ¦/jhv�jhu<{ z n 	onrk z n!v�t<u/v
�Vn x

s
�"¨\pqpqn � k x ��¥�¦<n wyxgz�x u<nr{�km��j�k|p�{�t<�

V
e ³ x k��/nr¹^u x nrkmn!u��

V = U1 ⊥ U2 ⊥ . . . ⊥ Ur

x � � n x u<n 	anrk z n!vht/u<v¬±�jhu
V
{ z ��� x kmnrs � nY�\t<pqpqn

V = U1 ⊕U2 ⊕ . . .⊕Ur

p xg� �<n�k�� t<�"~ � � z�x ¥m¦/n!u�¤ x vhn!u/��¥m¦/{�� �
s (Ui,Uj) = 0

� £ k
i 6= j ­ ¾�t/k|� ��{����"t<u/v/� Ui ⊥ Uj

e
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d\e¸·\e�� w n x �"� x n z � £ k�n x u/n�j�k � ¦<j�vhj�u<{ z n 	anrk z n!vht/u<v
�Vn x

V = K2 t/u<���"n x s
��¨\pqp©n � k x ��¥�¦<n w�x�zgx u<n!{Tk|��j�k|p�p xg�

s ((x1, x2) , (y1, y2)) = x1 · y1 − x2 · y2

¤P� x � �
K2 =

〈(
1
0

)〉

⊥
〈(

0
1

)〉 �^�/n!u<u 〈( 1
0

)〉

∩
〈(

0
1

)〉

= {0} e
	ot/�<n!p��

s ((λ, 0) , (0, µ)) = 0 ∀λ, µ ∈ K

d\e¸·\e¸d �V{ � �
(V.2.1)

�¶��l<�"�^{ z�� t/u<v3�/n!��}�{�� x s�{ z �
�Vn x

s
n x u<nY�"¨\pqpqn � k x ��¥m¦/n wyxgz�x u<nr{�km��j�k|p«{�t<�

V
t<u<�

U
�"n x n x uM¾�jhp � z n!pqn!u � ±�jhu }�{��

(s)
�

�<{���¦/n xg���
V =

}�{��
(s)⊕U

e��+{�u<u v x�z�� �
�§x �

V =
}�{��

(s) ⊥ U

�§x�x �
s|

U

x � � u x ¥m¦ � {�t<�"vhn!{Tk � n �
w n���n x � �B� x n!¦/n���t/��vh{Tlon

(35− LinAII)

d\e¸·\e�� �+nr¹<u x���x jhu
(V.2.c)

� � k � ¦<j�vhj�u<{ z l<{�� x �
V
��n x n x u

n ­ � x pqn!u/� x jhu/{ z nrk K ­ i�nrs � j�kmkm{�t/p � p xg� ¥m¦/{�k
(K 6= 2

��t<u/�
s
n x u<n �"¨\pqpqn � k x ��¥m¦/n

wyxgzgx u/n!{Tk|��j�kmp {�t<�
V
eM¤ x u/n w {�� x �

A = (v1, . . . , vn)
±hj�u

V
¦/n x���� � k � ¦<j�vhj�u<{ z l<{�� x ������n!u<u

v xgz�� �
vi ⊥ vj

� £ k
i 6= j

e
� xg� {�u<�<n�k|n!u ³ j�k � n!uo�

V = 〈v1〉⊥ 〈v2〉⊥ . . .⊥ 〈vn〉

d\e¸·\e�� �V{ � �
(V.2.2)

�¶¤ �\x � � n!u<��±hj�u � k � ¦<j�vhj�u<{ z l^{���n!u
�Vn x

V
n x u

n ­ � x p©nru<� x jhu/{ z nrk K ­ i¶nrs � j�kmk|{�t<p>p xg� ¥m¦/{�k
(K) 6= 2

t/u<� �"n x
s
n x u/n��"¨\pqpqn � k x �"¥m¦<n

wyxgzgx u/n!{Tk|��j�kmp {�t/�
V
e

�+{�u/u�l�nr� x�� � �
V
n x u<n � k � ¦/jhv�jhu<{ z l^{�� x ��e

	ot/p w nr��n x ��lon!u � ��x vhnru½� x k��<{�����j z vhnru<�<n���l^���^{ z�� t/u<vh� z nrp©pq{�e

d\e¸·\e�� ¼�n!pqpq{
(V.2.3)

����l^���^{ zg� t<u/vh� z n!pqpq{
�Vn x � x p

(V) = n <∞ � U < V
t<u/��� x p

(U) = r
e��+{�u/u v x�z�� �

�§x �µ� x p (
U⊥
)
≥ n− r

�§x�x � �9� �
s|

U

u x ¥m¦ � {�t<�"vhn!{Tk � n � �Å��j¬v xgzg� �
V = U⊥U⊥
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w n���n x � �
	ot

(i)
���Vn x

A1 = (v1, . . . , vr)
w {�� x ��±hj�u

U
e ³ x k�nrkmvh~�u<� n!u

A1
� t�n x u/nrk w {�� x �

A = (v1, . . . , vr, vr+1, . . . , vn)
±�jhu

V


 t<u�v x�z�� �

U⊥ = {v ∈ V| s (u, v) = 0 ∀u ∈ U}

=

{
∑

xi · vi

∣
∣
∣ s

(
n∑

i=1

xi · vi,

r∑

i=1

yi · vi

)

= 0 ∀ (y1, . . . , yr) ∈ Kr

}

=







∑

xi · vi

∣
∣
∣ (x1, . . . , xn) ·MA (s) ·











y1eee
yr

0eee
0











= 0 ∀ (y1, . . . , yn) ∈ Kn







=
{∑

xi · vi

∣
∣
∣ (x1, . . . , xn) ·MA (s) = (0, . . . , 0, ∗, . . . , ∗)

}

(r

 t z�z n!u

)

=

{
∑

xi · vi

∣
∣
∣ (x1, . . . , xn)T ∈ ¾�nrk|u (MA (s)i,j

)

i=1,...,r

j=1,...,n

}

⇒ � x p (
U⊥
)
≥ n− r

	ot
(ii)

��¤P� x � �
U ∩U⊥ =

}�{��
(s|

U
) = {0} e � x��

(i)
��j z v � � x n w n!¦/{�tV� � t<u/v/e

d\e¸·\e�� w nr��n x �y� tM�V{ � �
(V.2.2)

w n���n x ��n�k|��j z v � �<tVk|¥m¦�±hj z�z � � ~�u<� x v�n �9u<�<tVs ��x jhu�u/{�¥m¦
n
e

�9u<�/t/s �"x j�u<��{�u/��{�u<v/�
n = 1

� s z {Tk
�9u<�/t/s �"x j�u<���"¥m¦ z t � �

(n− 1) n³´x k�t<u � nrk|�"t<¥m¦/n!u � ��n xH¢ ~ zgz n��
fhe ¢ { zgz ���Vn x

s

 t zgz {Tl<l x�z �<t/u<v ⇒ w n!¦<{�tV� � t<u<v �§� k x ± x { z �

·\e ¢ { zgz ���Vn x
s
u x ¥m¦ � 
 t zgz {Tl<l x�z �<t/u<vVeP��{�u/u�n �\x � �"x n�k � n x u

v1 ∈ V
p xg�

s (v1, vi) 6= 0
�/�<nru<u�n!�

n �\x � �"x n�k|n!u
v, w ∈ V

p x��
s (v, w) 6= 0

e ��� �
s (v, v) = s (w, w) = 0

�<��j x � �

s (v + w, v + w) = s (v, v) + s (w, w) + 2 · s (v, w)

= 2 · s (v, w) 6= 0
�»{ zgz ��¥m¦<{Tk

(K) 6= 2

��e�¦�e
s|〈vi〉

x � � u x ¥m¦ � {�t<�"vhn!{Tk � n � e 
 {�¥m¦��<n!p���l^���^{ zg� t<u/vh� z n!pqpq{
(V.2.3)

v xgz�� { z �"j/�
V = 〈v1〉 ⊥ 〈v1〉⊥

e

 {�¥m¦ �9u<�<tVs ��x jhu/�"±�j�k|{�t/����n � � t<u/v x � � 〈v1〉⊥ = 〈v2〉⊥ . . .⊥ 〈vn〉

e
� z �"j/�

V = 〈v1〉⊥ 〈v2〉⊥ . . .⊥ 〈vn〉w nrp©n�kms\t<u/vhn!uo�
� {h�¬��nrk w nr��n x ��±�jhuM�\{ � �

(V.2.2)
v x l � {�uo�<� x n�pq{�u�� x n � k � ¦/jhvhj�u<{ z l^{�� x �ys�jhu<� � kmt x nrk � e

� la� �9� �
A
n x u<n � k � ¦<j�vhjhu/{ z l<{�� x ��±hj�u

V
�Å�"j3¦<{ �

MA (s)
� x {�vhjhu/{ z v�n!� � { zg� e
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d\e¸·\egf�� �\{ � �
(V.2.4)

� lonrk�n x u<n!p5¾ ��km�onrk�p x�� � {Tk|{Ts � nrk x � �"x s 6= 2
x � � ��n!�/n���¨\pqp©n � k x ��¥�¦<n � { � k x�� shj�u<v�k|t<n!u � � t

n x u<nrk�� x {�v�jhu<{ z pq{ � k x�� e
w n���n x � ���\n x

A ∈ �\¨\p (n, K)
�
s
�<nr¹<u x nrk � �<tVk|¥m¦

s (x, y) = xT ·A ·y x � � ��¨\pqp©n � k x ��¥�¦<n w�x�zgx u/n ­{Tk|��j�k|p {�t/�¶�<nrp
Kn e 
 {�¥m¦ �V{ � �

(V.2.2)
n �\x � �"x n�k � n x u/n � k � ¦<j�vhjhu/{ z l<{�� x �

A = (v1, . . . , vn)±�jhu
Kn l�nr� £ v zgx ¥m¦ s

�

MA (s) =
� x {�vhj�u<{ z pq{ � k x��

=
(
MA

B (
x �

)
)T · A

︸︷︷︸

MB (s)

·
(
MA

B (
x �

)
)

	otVk�¤ k x u<u/nrk|t<u/v/�
MA

B (
x �

) =





↑ ↑
v1 · · · vn

↓ ↓





d\e¸·\egfhf w n x ��� x n z � £ k�¾�jhu<� � kmt/s �"x j�u�n x u/nrk � k � ¦/jhv�jhu<{ z l^{�� x �

�Vn x
A =





0 1 2
1 0 3
2 3 0



 ∈ �\¨\p (3, R)
t<u/����n x

s
vhn!v�nrlon!u�p x��

s (x, y) = xT ·A · y e
�+{

s (e1, e1) = s (e2, e2) = s (e3, e3) = 0
p £ ����nru©� x k�n x u<n!u�{�u/�<nrk|nru�i�nrs � j�k���~�¦ z nru�e

¤P�yv xgzg� �
s (e1 + e2, e1 + e2) = 2 · s (e1, e2) = 2 (

� x n!¦/n8�V{ � �
(V.2.2))

� z �"j¬��~�¦ z n
v1 :=





1
1
0




e 
 t/u½��j zgz n!u�� x k 〈





1
1
0





〉⊥

lon!� �"x p©pqn!uoe1¤P��v x�z�� �

(1, 1, 0) ·





0 1 2
1 0 3
2 3 0



 = (1, 1, 5)

� z �"j/� 〈




1
1
0





〉

=
¾�nrkmu

(1, 1, 5) =

〈



5
0
−1



 ,





1
−1

0





〉

=: U1

�Vn x
A1 =









5
0
−1



 ,





1
−1

0








e 
 t<u�lon � k|{�¥m¦ � n

s|
U1

e�¤ ��v xgzg� �

(
5 0 −1
1 −1 0

)

·





0 1 2
1 0 3
2 3 0



 ·





5 1
0 −1
−1 0



 =

(
−20 −4
−4 −2

)

= MA1
(
s|

U1

)
=: Ã

ã11 6= 0
�<��~�¦ z n

v2 =





5
0
−1




e�¤ ����j z v � {�u<{ z j�v ��t�j�lon!u��

e1 ·
(
−20 −4
−4 −2

)

= (−20, −4) (5, 1)


 t<u�lon!� ��x pqpqn!u3� x k��/n!u�¾�nrkmu�t<u<��n�k|¦<{ z�� n!u/p
v3
�

¾�nrk|u
(5, 1) =

〈(
−1

5

)〉

⇒ 〈v2〉⊥ ∩U1 =

〈

−





5
0
−1



+ 5 ·





1
−1

0





〉

=

〈



0
−5

1





〉
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�Vn � � n!u�� x k�u�t<u n x u��/��j ��j z v � �

s









0
−5

1



 ,





0
−5

1







 = (−1, 5) ·
(
−20 −4
−4 −2

)

·
(
−1

5

)

= −30

�+{�p x�� �




1 5 0
1 0 −5
0 −1 1





T

·A·





1 5 0
1 0 −5
0 −1 1



 =





s (v1, v1) 0 0
0 s (v2, v2) 0
0 0 s (v3, v3)



 =





2 0 0
0 −20 0
0 0 −30






 j\¥m¦ z n x ¥m¦ � nrk�vhnr¦ � nr�P�<tVk|¥m¦3� x pµt z�� {�u/n 	an xgz n!u ­ t<u<�3�\�<{ z�� n!u�t<pq��j�k|p¬t/u<vhnru�e � nr�<n����^{ z�� n ­u�t<pq��j�k|p¬t/u<v�n!u � ���<k x ¥m¦ � �<n�k � t z��"x � z�x s�{ ��x jhuµn x u/nrk x u²±�nrk �"x nrkml^{Tk|nru � { � k x��
S1
±�jhuqk|n!¥m¦ � ��e

� n!�/n 	on xgz nru�t<pq��j�kmp¬t<u/vhn!u � �"�/k x ¥m¦ � n x u/nrk � t z���x � zgx s�{ �"x jhu½p x��
ST

1

±�jhu zgx uVs\��e
¢1£ ¦Vk � pq{�u ��~�p ��zgx ¥�¦<n ���^{ zg� n!u�t/p©�»j�k|pµt<u<v�n!uc{�u �/nrk©¤ x u<¦<n xg� ��pq{ � k x�� �/t/k|¥�¦�����jºnrkm¦<~ zg�
pq{�u�� x n � k|{�u/����j�k|pq{ �"x jhu<pq{ � k x�� �





0 1 2
1 0 3
2 3 0



 





1 1 5
1 0 3
2 3 0



 





2 1 5
1 0 3
5 3 0





 





2 1 5
0 − 1

2
1
2

0 1
2 − 25

2



 





2 0 0
0 − 1

2
1
2

0 1
2 − 25

2



 





2 0 0
0 − 1

2 0
0 0 − 23

2





��u<{ z j�v¬��n!u<�/n!u�� x k�� x n � �onrk|{ �"x j�u<n!u½{�t/�
E3

{�u�e
ª p � t���n x vhnru��^�/{ � ¥�¦<{Tk

(K) 6= 2
�"n x u�p¬t � ¦ x nrk�n x u � n!vhn!u²lon x �"� x n z �

�Vn x ¥m¦/{�k
(K) = 2

�
A =

(
0 1
1 0

) t/u<��n x u<n���¨\pqp©n � k x ��¥�¦<n w�x�zgx u<n!{Tk|��j�k|p
s
vhnrvhnrlon!u�p x��

s (x, y) = (x1, x2) ·A ·
(

x1

x2

)

= (x1, x2) ·
(

x2

x1

)

= 2x1 · x2 = 0

³ ~Tk|n7{ z �"j
A
shj�u<v�k|t<n!u � � t�n x u<nrk�� x {�v�jhu<{ z pq{ � k x��

B
�<��j¬��~Tk|n

B =

(
0 0
0 0

)

d\e¸·\egf�· �\{ � �
(V.2.2)

′ ���V{ � �
(V.2.2)

� £ k�¥m¦<{Tk
(K) = 2

�Vn x ¥m¦<{Tk
(K) = 2

�
V
n x u

n ­ � x pqn!u<� x j�u<{ z n�k K ­ i�nrs � j�kmkm{�t/p t/u<�8��n x
s
n x u<n©�"¨\pqpqn � k x �"¥m¦<n

wyxgzgx u/n!{Tk|��j�kmp {�t/�
V
e

�+{�u/u�l�nr� x�� � �
V
n x u<n�j�k � ¦/jhvhj�u<{ z n 	onrk z n!v�t<u<vV�

V = U1⊥ . . .⊥Ur⊥W1⊥ . . .⊥Wsp xg� � x p
(Ui) = 1

t/u<� � x p
(Wj) = 2 ∀i, j e ��� � Wj = 〈u, v〉 �a�"j x � � s (u, u) = s (v, v) = 0

t/u<�
s (u, v) = 1

e

d\e¸·\egf � �\{ � �
(V.2.4)

′ ���V{ � �
(V.2.4)

� £ k�¥m¦<{Tk
(K) = 2

�Vn x ¥m¦/{�k
(K) = 2

�
A ∈ ��¨\p (n, K)

e
�+{�u/u��

A
x � � s�jhu/v�k|t/n!u � � t n x u/nrk � { � k x��

B
p xg�

B =









B1

B2 e e e
Bλ









��j�lon x
Bi = (αi)

j\�/nrk
Bi =

(
0 1
1 0

)
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d\e¸·\egf�� ��nr¹^u xg�"x j�u
(V.2.d)

� ��t/{��/k|{ �"x �"¥m¦<n ¢ j�k|p
�Vn x

s
n x u<n���¨\p©pqn � k x ��¥m¦/n w�x�zgx u/n!{Tk|��j�k|p {�t<��n x u<n!p

n ­ � x pqn!u<� x j�u<{ z nruqi¶nrs � j�kmk|{�t<p V
e

�+{�u/uM� x k|� � x n¬��l<l xgz �<t<u/v
q : V → R

�
q (v) = s (v, v)

{ z ��� x n¬�<{�� t<v�n!¦ ��k x v�n ��t/{��Vk|{ ��x ��¥�¦<n
¢ j�k|p�lon!��n x ¥m¦/u<n � e¶¤ ��v xgz�� �

q (λ · v) = λ2 · s (v, v)
� £ k

λ ∈ K.

d\e¸·\egf�d ��¨\p©pqn � k x ��¥m¦/nrk � {�t � ­ � j�k|�<{�u�� z v�j�k x�� ¦/p¬t/� � �"¨\pqpqn � k x �"¥m¦<n ª pq��j�kmp¬t<u/vhn!u^�
{�� ³´x k�� x �"��n!uo�P� x n � ¼

(n, K)
� x k|��nrk|� n!t/v � ±�jhu ª p©�»j�k|pµt<u<v���pq{ � k x � n!u��

S = U1 ·U2 · . . . ·Ur
��j�lon x

Ui

ª pq��j�k|p¬t/u<vh�"pq{ � k x ��nru
la��¤ x u<��n � � n!u zgx nr��nrk � �

ST · A · S = (U1 ·U2 · . . . ·Ur)
T · A · (U1 ·U2 · . . . ·Ur)

= UT
r · . . . ·UT

2 ·UT
1 · A ·U1 ·U2 · . . . ·Ur

= UT
r · . . . ·

(
UT

2 ·
(
UT

1 · A ·U1

)
·U2

)
· . . . ·Urw {�� x �"j��onrk|{ �"x j�u<n!uo� ª p©�»j�k|pµt<u<v���pq{ � k x � n!u��

A UT · A ·U�Vn x
U ↔ ���<� xg�"x j�uº�<nr�

α ­ ��{�¥m¦<nru n x u/nrk 	an x�z n¬lon!� x nr¦�t<u<v��"��n x ��n3�\�^{ z�� n¬��t n x u<n�k�{�u<�<n�k|n!u
	on x�z nDlon!� x n!¦�t/u<vh����n x �"n����^{ zg� nhe��\n x

U
vhn!v�nrlon!u½p x��

U =







1 0
α 1

0

0 E







⇒ UT =







1 α

0 1
0

0 E







¢1£ k�� x n � t z��"x � z�x s�{ ��x jhu���j z v � �

UT ·A ·U =







1 α

0 1
0

0 E






·
(

αij

)

·







1 0
α 1

0

0 E







	otVk�i�nrk|n x u<�»{�¥�¦�t<u<v k|nr¥m¦<u/n!u�� x k�p x�� ��¨\pqp©n � k x ��¥�¦<n!u
(2× 2) ­ � { � k x ��nru��

(
1 α

0 1

)

·
(

a b

b d

)

·
(

1 0
α 1

)

=

(
a + αb b + αd

b d

)

·
(

1 0
α 1

)

=

(
a + 2αb + α2d b + αd

b + αd d

)

³ ~�¦ z n!u½� x k�u�t<u
α = − b

d

� £ k
d 6= 0

�^�"j3nrk|¦/{ z�� n!u�� x k�� x {�v�jhu/{ z vhnr� � { z�� �
(

1 − b
d

0 1

)

·
(

a b

b d

)

·
(

1 0
− b

d
1

)

=

(

a− b2

d
0

0 d

)

�9� � u�t/u
d = 0

�^��j¬��j�k|pqn!u©� x k�� x n � { � k x�� t<p��
�Vn x

V1,2 ↔
i�nrk � {�t<�"¥m¦�t<u/vq�<nrk�nrk|� � nru�t<u<������n x�� n!u��\�^{ z�� n�lon!� x nr¦�t<u<v��"��n x ��n
	an xgz nhe

�9u�� x n!��nrp ¢ { zgz v xgz�� � £ k�� x n � k|{�u<���»j�k|pq{ ��x jhu/��pq{ � k x�� �
S =

(
0 1
1 0

)

=

(
0 1
1 0

)T

¢1£ k�n x u<n
(2× 2) ­ � { � k x�� nrk|¦/{ zg� n!u�� x k!�
(

0 1
1 0

)

·
(

a b

c d

)

·
(

0 1
1 0

)

=

(
c d

a b

)

·
(

0 1
1 0

)

=

(
d c

b a

)
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(V.2.5)

� � k|{�p ­ �V¥m¦/p x � �
� x�� t<{ ��x jhuo���Vn x

(V, s)
l x�zgx u/n!{Tk|nrk�}�{�t<p��

(v1, . . . , vn)
w {�� x ��p x��

s|〈v1,...,vk〉

u x ¥m¦ � {�t/��vhnr{�k � n �
� £ k

k = 1, . . . , n
� ��{���¦/n x���� � ( �<n �

(s (vi, vj))i,j≤k

)

6= 0
� £ k�{ z�z n

k = 1, . . . , n
�|e

�+{�u/u�n �\x � ��x nrk � n x u<n � k � ¦/jhv�jhu<{ z l^{�� x �
w1, . . . , wn

p xg�

〈v1, . . . , vn〉 = 〈w1, . . . , wn〉 ,
�/n � (

(s (vi, vj))i,j≤k

)

=

k∏

i=1

s (wi, wj)

¾�jhu<�"n���t<nru<���

(s (vi, vj))i,j≤k
=







Dk







��j�lon x
Dk

�/nrk
k − � n � {�t/� � p x u<j�k x � �

³´x k�s���u<u/n!u��<n!u
k ­ � n!u � {�tV� � p x u/j�k|n!u x p�� x n!�"n!p ¢ { zgz ��j z v�n!u<�/nrk|pq{ � n!uql�n�k|n!¥m¦/u<n!uo�

Dk =
�/n �






s (v1, v1) · · · s (v1, vk)eee e e e eee
s (vk, v1) · · · s (vk, vk)






� x nDi�j�k|{�t<���"n � ��t/u<v3lon!�<nrt � n � �P� zgz n � {�tV� � p x u/j�k|n!u 6= 0
t<u/�

s (wk, wk) =
Dk

Dk−1� { � k x � n!u � ¦/n!j�kmn ��x ��¥�¦<n w n!�/n!t � t<u/v/�
�Vn x

A
�"¨\pqp � nrk x ��¥�¦��

A =

(

αij

) t<u/����n x n!u�{ zgz n � {�tV� � p x u<j�k|n!u 6= 0

⇒ A
s�jhu/v�k|t/n!u � ��t










D1

D2

D1 e e e
Dk

Dk−1










w n���n x � �
A
z�x n!��nrk �

sA : Kn ×Kn → K
�
(x, y) 7→ xT · A · y � E = {e1, . . . , en}

�
ME (sA) = A

ey�V{ � �
(V.2.2)zgx n!�»nrk � � k � ¦<j�vhjhu/{ z l<{�� x �

(w1, . . . , wn)
p x�� �/n!u�j�l x v�n!u�¤ x vhnru<��¥�¦<{�� � n!u�e

MA (sA) =







e e e
0

s (wk, wk)

0

e e e







Uk = 〈v1, . . . , vk〉 ⊆ Uk+1
��� x p

(Uk) = k
��� x p

(Uk+1) = k + 1
e 
 {�¥�¦ i¶j�k|{�t<�"��n � � t<u<v�� x u/�

Uk,Uk+1
u x ¥m¦ � {�t<�"vhn!{Tk � n � e

��l^�"�<{ zg� t<u/vh� z n!pqpq{D{�u<v�nr��{�u/� � {�t/�
Uk+1

�
s
�
Uk

zgx nr��nrk � �
Uk+1 = Uk⊥ 〈w〉��j�lon x 〈w〉 n x u<� x pqn!u/� x jhu<{ z u/{�¥�¦ i¶j�k|{�t<�"��n � � t<u<v�n!u x � � e

w ∈ 〈u1, . . . , uk+1〉
�Å{ z ��j

w = α1 · u1 + . . . + αk · uk + αk+1 · uk+1 = β1 · w1 + . . . + βk · wk + αk+1 · uk+1

¿\	��ZÀ��Z	BÁ���ÂT	��
����Ã��ÅÄrÆ!Ç�È������/Ä�É�É�$ Ê%Ä���� ����Ì�Ã Ì ���������%�|�



 !	"���
	�
�#§Ä�É ¿\����	"� �Z	 � ��Ã 	����%����#a
ÅÌ �
��	��J����Ã

¤P�yv xgzg� �
s (w, wi) = 0

� £ k
i = 1, . . . , k

t/u<�

s (w, uk+1) = s

(
k+1∑

i=1

αi · vi, vk+1

)

=
k∑

i=1

αi · s (vi, vk+1) + αk+1 · s (vk+1, vk+1)

αk+1 6= 0
�^�/{¬�"jhu<� �

w ∈ Uk
e � ¤

αk+1 = 1
e ³ n xg� nrk|n+}�n!¥�¦<u�t<u/vhn!u zgx n!��nrk|uo�

�§x �
w = vk+1 −

k∑

i=1

s (wi, vk+1)

s (wi, wi)
· wi

�<��n � ��n
wk+1 = w

(V, s)
¦<{ � � k � ¦/jhv�jhu<{ z l^{�� x �

(w1, . . . , wn)
e

�\n x n � ��{
s (wi, wi) = 0, i = 1, . . . , r

�
s (wj , wj) 6= 0, j = r + 1, . . . , n

e
³ ~�¦ z n

vi = wi
� £ k

i = 1, . . . , r
�

vj = αjwj
� £ k

j = r + 1, . . . , n
p xg�

α2
js (vj , vj) = 1� � t<{��/k|{ � ��t/k|� n z n �\x � �"x n�k ��x u

C!)


 t/u x � � � 〈v1, . . . , vk+1〉 = 〈v1, . . . , vk〉+ 〈w〉
� ¤

w = vk+1 +

k∑

1

αivi = vk+1 +

k∑

1

βiwi

¢1£ k
i = 1, . . . , k

�
0 = s (w, wi) = s (vk+1, wi) +

k∑

j=1

βjs (wj , wi) = s (vk+1, wi) + βis (wi, wi)

⇒ βi =
−s (vk+1, wi)

s (wi, wi)
; wk+1 = w = vk+1 +

k∑

1

−s (vk+1, vk+1)

s (wi, wi)
wi

w {�� x ��±�jhu 〈v1, . . . , vk+1〉
︸ ︷︷ ︸

A

�
v1, . . . , vk, wk+1
︸ ︷︷ ︸

B

= vk+1 +
k∑

1

αivi = vk+1 +
k∑

1

βiwi

�§x�x � k+1∏

i=1

�<n �
(s (wi, wi)) = Dk+1 ⇒ s (wk, wk) =

Dk

Dk−1

� � x ¥m¦ ��x vhnr��¤ k|v�nrl^u x �m�

d\e¸·\egf � w n x ��� x n z ��t � k|{�p ­ �V¥m¦/p x � �

�Vn x
A ∈M3 (R)

t<u/�
A
v�n!vhnrlon!u�p x��

A =





3 3 9
3 9 21
9 21 61




e 	ot/nrk|� � ��j z�z n!u�� x k+� x n � {�t/� � ­

p x u/j�k|nru�lonrk|n!¥�¦<u<nru�e�¤ ��v xgzg� �

D1 = |3| = 3, D2 =

∣
∣
∣
∣

3 3
3 9

∣
∣
∣
∣
= 18

� x n w n�k|n!¥m¦/u�t<u<vq�/n!���/k xg��� nru � {�tV� � p x u/j�k x � � u�t<u�n x u½��n!u x v pqn!¦/k���kmlon x�� �

D3 =

∣
∣
∣
∣
∣
∣

3 3 9
3 9 21
9 21 61

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

3 3 9
0 6 12
0 12 34

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

3 3 9
0 6 12
0 0 10

∣
∣
∣
∣
∣
∣

= 180

�+{���lon!�/n!t � n � �

A
x � � s�jhu<v�k|t<nru � � t









D1 0
D2

D1

0 D3

D2









=





3 0
6

0 10




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¢ k|{�vhn � �9� � � x nDi�j�km{�t/���"n � � t<u/v/�Å�/{ � { zgz n � {�tV� � p x u<j�k|n!u 6= 0
��n!¦Vk�n x u/��¥m¦Vk|~�u/s�n!u<� �

	ot/u<~�¥m¦/� �3x � � n x u/n � {�t/� � p x u<j�k
= 0

� x ¥�¦<nrk zgx ¥m¦ n x u/n�¤ x u/��¥m¦Vk|~�u/s\t<u/v/�¶� x kµs���u<u<nru � x n!�"n
¤ x u<�"¥m¦/km~�uVs\t<u/v {�lonrk�v�n!��¥m¦ x ¥"s � t<pqvhn!¦/n!u�e
�Vn x

A
u�t<u�v�n!vhnrlon!u½p x��

A =

(
0 1
1 3

) e ��� n!u<� x ¥�¦ ��zgx ¥�¦<n!��¡¶kmj�l z n!p��
D1 = 0

e
�+{�p x�� � x kPn x u<nruYn�k|� � n � {�tV� � p x u<j�k 6= 0

n�k|¦<{ z�� n!uo����nru<�<nru7� x k n x u<n��"¨\pqpqn � k x �"¥m¦<n � {�t � ­
� j�k|�<{�u ª p©�»j�k|pµt<u<v7{�u�t/u<�½n�k|¦<{ z�� n!u

A′ p x�� A′ =

(
3 1
1 0

) ��j�l�n x
D1 = 3

t<u/�
D2 = −1

e
�+{�p x�� � x ���"n!u�� x k!�

A′ x � � shj�u<v�k|t<n!u � � t




D1 0

0
D2

D1



 =

(
3 0
0 − 1

3

)

�+{q{�t<¥�¦
A
s�jhu/v�k|t/n!u � � t

A′ x � � t<u<�M� x n¬¾�jhu/v�k|t/n!u<��±�jhu � { � k x � n!uMn x u/n � ��t x ±�{ z n!u/� k|n ­z { �"x jhu x � �D� � x n!¦/n
(IV.3.a)

�m�Å��j z v � �

A
x � � s�jhu<v�k|t<nru � ��t

=

(
3 0
0 − 1

3

)

� { � ��{�¥m¦/n ��¤ k|� £/z�z�� � x n¬��¨\p©pqn � k x ��¥m¦/n � { � k x��
A
p xg� �/n �

(A) 6= 0
u<j\¥m¦Mu x ¥m¦ � � x nµi�j�k|{�t<� ­��n � � t<u/v��<n!� � k|{�p ­ �\¥m¦<p x �<��¥�¦<n!u � k � ¦/jhvhj�u<{ zgx � x nrkmt<u<v��"±�nrk|��{�¦Vk|n!u�� t<u/� x � � � t<p w n x ��� x n z

K = Q, R, C
�H��j zgx nr��nrk � n x u/n3� t<��~ zgz�x vhn ��¨\p©pqn � k x ��¥m¦/n � {�t � ­ � j�k|�<{�u ­ � k|{�u<���»j�k|pq{ ��x jhu n x u/n� t

A
s�jhu/v�k|t/n!u � n � { � k x��

A′ �^��n z ¥m¦/nY� x n w n!� x u<v�t<u/v¬nrk|� £<zgzg� ew nrv�k £ u<�<t/u<v �

A =




Dk




��j�lon x �/nrk

k ­ � n � {�t/� � p x u<j�k Dk = 0

� n!�"t<¥m¦ � �
tij ∈ R

p x�� �/n �
(tij) 6= 0

(

tij

)T

· A ·
(

tij

) ¦<{ � { zgz n � {�t/� � p x u/j�k|nru 6= 0
e ¢ { z�z �µ� x nr�Yu x ¥�¦ � nrkm� £<zgzg�Yx � � �¶�/{�u/u

��j�k|pqn!u�� x k�t<p��

A′ =

(

Pzs (t11, . . . , tnn)

) p xg�
Dk =

∣
∣
∣
∣
∣

Pzs (t11, . . . , tnn)

∣
∣
∣
∣
∣
= P k (t11, . . . , tnn)

� x n
P k (t11, . . . , tnn)

� x u/� � x n � x u<j�kmn!u�e � {�u n�k|¦<~ z�� � lon x t<u/v £ u/� �"x v�n!u � { � k x ��nru�� � z n x ­¥m¦�t/u<vhnru��
P 1 (. . . , tij , . . .) = 0

j\�<n�k
· · ·

j\�<nrk
Pn (. . . , tij , . . .) = 0 ⇔

∏

P j (A) = 0��x nrk�n x u½shj�u/s�k|n � n!� w n x �"� x n z � £ k
(2× 2) ­ � { � k x � n!u��

(
t11 t12
t21 t22

)T

·
(

a b

c d

)

·
(

t11 t12
t21 t22

)

=

(
t11 t21
t12 t22

)

·
(

a b

c d

)

·
(

t11 t12
t21 t22

)

=

(
t11 · a + t21 · c t11 · b + t21 · d
t12 · a + t22 · c t12 · b + t22 · d

)

·
(

t11 t12
t21 t22

)

=

(
t211 · a + t11t21 (b + c) + t221 · d t11t12 · a + t21t12 · c + t11t12 · b + t21t22 · d

t12t11 · a + t22t11 · c + t12t21 · b + t22t21 · d t212 · a + t12t22 · (b + c) + t222 · d

)

=

(
P1 (t11, t12, t21) P2 (t11, t12, t21, t22)

P3 (t11, t12, t21, t22) P4 (t12, t21, t22)

)

� z �"j/�
P1 = 0

jV�/nrk
P1 · P4 − P2 · P3 = 0
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��x nrk�n x u<nD��n x�� nrkmn!� w n x ��� x n z p x�� shj�u/s�k|n � n!u 	o{�¦ z n!uo���Vn x
A ∈ �\¨\p (3, R)

v�n!vhn�l�nru�p xg�

A =





0 0 2
0 1 0
2 0 6





¢1£ k�� x n � {�t/� � p x u<j�k|n!u v xgz�� �
D1 = 0

�
D2 = 0

t<u<�
D3 = −4

e 
 t<u ��~�¦ z n!u � x k�n x u<n
� t<��~ zgz�x vhn � { � k x��

S
�

S =





2 3 5
4 0 −2
1 12 13



 ⇒ ST =





2 4 1
3 0 12
5 −2 13






 t<u � £ ¦/kmn!u � x k�n x u<n���¨\pqp©n � k x ��¥�¦<n � {�t � ­ � j�k|�<{�u ­ � k|{�u<���»j�k|pq{ ��x jhuq�/t/k|¥m¦qt/u<�qnrk|¦/{ z�� n!u��

ST · A · S =





2 4 1
3 0 12
5 −2 13



 ·





0 0 2
0 1 0
2 0 6



 ·





2 3 5
4 0 −2
1 12 13





=





2 4 10
24 0 78
26 −2 88



 ·





2 3 5
4 0 −2
1 12 13





=





30 126 132
126 1008 1121
132 1121 1278



 + A′


 t<u�v x�z�� � £ k�� x n � {�t/� � p x u/j�k|nru�±�jhu
A′ �

D1 = |30| = 30, D2 =

∣
∣
∣
∣

30 126
126 1008

∣
∣
∣
∣
= 12364, D3 =

∣
∣
∣
∣
∣
∣

30 126 132
126 1008 1121
132 1121 1278

∣
∣
∣
∣
∣
∣

= 39911532

�V{ � �
(V.2.5)

�"{�v � {�t<� �





0 0 2
0 1 0
2 0 6




x � � s�jhu/v�k|t/n!u � ��t









D1 0
D2

D1

0 D3

D2









=





30 0
412 2

25
0 3228 540

39911532





w nrp©n�kms\t<u/v/� ��u��/nrk�¼ x�� nrk|{ � tVk+j�� � � km{�p ­ �V¥m¦/p x � � u�tVk+� £ k�}�~�t<pqn £ lonrk R
� ¦<n�k|p xg�"x �"¥m¦<n

}�~�t/pqn £ l�n�k
C
� ��u � x n!��n�k3� z�z vhn!pqn x u<¦/n x�� vhnr��n x v � ±�jhu ³ ��k � pq{�u<u�� n x u<n!p®n!¦<nrp©{ zgx v�n!u

� � t<�/n!u � n!u��<nrk ª u x ±hnrkm� x�� ~ � ��j�k � p¬t/u<��e

d\e¸·\egf�� ¾�jhu/��n���t/n!u<�+±�jhu �\{ � �
(V.2.5)

�o�\{ � �D±�jhu � {�t/¥m¦²¨
�Vn x

M
n x u<n ��¨\pqp©n � k x ��¥�¦<n � { � k x�� p xg� ¥m¦/{�k

(K) 6= 2
t<u/�(��n x n!u { z�z n � {�t/� � p x u<j�k|n!u

D1, D2, . . . , Dn 6= 0
�<��j x � � � s�jhu<v�k|t<nru � ��t�n x u/nrk�� x {�v�jhu/{ z pq{ � k x��






D1

�e e e
Dk

Dk+1�
e e e






¾ z {��"� x ¹<s�{ �"x j�u�±�jhu �"¨\pqpqn � k x �"¥m¦<nru w�x�zgx u<n!{Tk|��j�k|pqn!u £ lonrk
C
� l^���De � { � k x � n!u £ l�n�k

C
�

� x {�v
(α1, . . . , αn) =

(
α1 0e e e
0 αn

)
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d\e¸·\egf�� �\{ � �
(V.2.6)

������nr� x n zgz nD}�~�t<pqn £ lonrk
R
t/u<�

C

� n!�/nrkY�"¨\pqpqn � k x �"¥m¦<n wyxgz�x u<nr{�k�k|{�t<p £ lonrk
C
¦<{ � n x u<n � w

v1, . . . , vn
p x��

s (v1, v1) = . . . =
s (vr, vr) = 0

�
s (vr+1, vr+1) = . . . = s (vn, vn) = 1

�
r
x � � �<t/km¥m¦

s
n x u<�<nrt �"x v3�»n!� � vhn z n!v � e

� { � k x � n!u � ¦/n!j�kmn ��x ��¥�¦ � � nr�<n½��¨\pqp©n � k x ��¥�¦<n � { � k x��
A ∈ Mn (C)

x � � shj�u<v�kmt<n!u � ��t n x u<nrk
� x {�vhj�u<{ z pq{ � k x�� �







0 e e e
0

1 e e e
1







=
� x {�v

( 0, . . . , 0
︸ ︷︷ ︸

r

, 1, . . . , 1
︸ ︷︷ ︸

n− r

)

r
x � � n x u<�<nrt �"x v��<t/km¥m¦

A
lon!� �"x pqp � �

r =
� x p

(
}�{��

(s)) =
� x p

(
¾�nrk|u

(A)) = n− k|v (A)
e 	Å��n x

�"¨\pqpqn � k x ��¥m¦/n � { � k x ��nru £ lonrk
C
� x u<� v�n!u<{�tq�<{�u/u©s�jhu/v�k|t/n!u � ����n!u/uq� x n��/n!u<�"n z l�nru3}�{�u/v

¦<{Tlon!uoe
w {�� x ����nr¥m¦<�"n z �

S =









1 0e e e
0 1

α1eee
αk

0 · · · 0 1









�<{�u<u
MB (s) = ST ·MA (s) · S

wyxgz �<n!u½� x k�u�t/u�� x n��+n � nrk|p x u<{�u � n��^��j¬��j z v � �
�<n � (

MB (s)
)

=
�<n � (

ST
)
· �/n � (MA (s)

)
· �/n � (S) =

�/n �
(S)2 · �<n � (MA (s)

)

=
�<n � (

MA (s)
)

=
�<n � (

(s (vi, vj))i,j≤k+1

)

³´x k�nrk|¦/{ z�� n!u�n x u<n�u<nrt<n � { � k x�� ±hj�u
s
l�nr� £ v zgx ¥m¦ w {�� x �

B
�

MB (s) =










s (vi, vj)i,j≤k

s (vi, wk+1) = 0eee
s (vi, wk+1) = 0

0 · · · · · · 0 s (wk+1, wk+1)










�+{
MB (s)

wyz j\¥�s\vhn!� � { z�� ¦/{ � �»j z v � �

�/n � (
MB (s)

)
=
�<n �

(s (vi, vj))i,j≤k
· s (wk+1, wk+1) =

k∏

1

s (wi, wi) · s (wk+1, wk+1)

� z �"j �1v�nr� £ u<��¥�¦ � n w�x�zgx u/n!{Tk|��j�k|p�e
r
x � � n x u/�<n!t ��x v��<t/km¥m¦

s
lon!� �"x pqp � � �<nru<u

r =
� x p

(
}�{��

(s))
�

p xg� }�{��
(s) = {x| s (x, v) = 0} = 〈v1, . . . , vr〉 .
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d\e¸·\e¸· � �\{ � �
(V.2.7)

����¨ z ±�n!� � nrk|�"¥m¦<n�k � k|~�vh¦/n xg� ���"{ � �
�§x �µ¤ x u/n �"¨\pqpqn � k x �"¥m¦<n wyxgz�x u<n!{Tk|�»j�k|p lon!� x�� � � n x u/n � k � ¦<j�vhj�u<{ z l<{�� x �

v1, . . . , vn
�<nrkµ��j z ­v�n!u<�/n!u ¢ j�k|p��

s (vi, vi) = 0
� £ k

i = 1, . . . , r

s (vr+k, vr+k) = +1
� £ k

k = 1, . . . , r+

s
(
vr+r++l, vr+r++l

)
= −1

� £ k
l = 1, . . . , r−

��{Tl�n x v xgzg� �
r+r+ +r− = n

�\t<u/� � x n ³ nrk � n
r, r+, r−

� x u<� n x u<�/n!t �"x v�l�nr� �"x pqp ���R� km~�v�n
	 x u²±�{Tk x {�u � �yv�n!vhn!u £ lonrk��<nrk ³ {�¦ z n x u/nrk � w p x��

s (wi, wi) = 0, +1,−1
�me

�§x�x � � n!�<nµ�"¨\pqpqn � k x �"¥m¦<n
� { � k x�� ∈ �\¨\p (n, R)
x � � s�jhu/v�k|t/n!u � � t°v�n!u<{�t°n x u/nrkD� x {�vhj�u<{ z ­�»j�k|p��<n�k���k � �

� x {�v
( 0, . . . , 0
︸ ︷︷ ︸

r

, +1, . . . , +1
︸ ︷︷ ︸

r+

, −1, . . . ,−1
︸ ︷︷ ︸

r−

)

w n���n x �"n �
	ot

(i)
�

¤ �\x � � n!u/� � ³ ~�¦ z n � w
v′1, . . . , v

′
n

� � ¤
s (v′1, v

′
i) = 0

� £ k
i = 1, . . . , r

t/u<�
s (v′i, v

′
i) = 0

�"jhu/� � e
[
s (αiv

′
i, αiv

′
i) = α2

i s (v′i, v
′
i)
] ³ ~�¦ z n

αi =
1

√
|s (v′i, v

′
i)|
���"n � ��n { vi = αiv

′
i

� £ k
i = r + 1, . . . , n

vi = v′i
� £ k

i = 1, . . . , r�+{�u/u x � �
v1, . . . vn

n x u/n�vhnr� £ u<�"¥m¦ � n � w e
¤ x u<�/n!t �"x v�s�n xg� �
�9� �

w1, . . . , wn
n x u<n���n x�� nrk|n w {�� x �Yp xg�

s (wi, wi)
� £ k

i = 1, . . . , r′ : s (w1, . . . , wr′) = 0
�

i =

r′ + 1, . . . , r′ + r′ + r′+ : s
(

wr′+1, . . . , wr′+r′
+

)

= +1
�
s (wi, wi) = −1

��jhu/� � e
r = r′

� �+{���	a{�¦ z �<nrk 
 t zgz nru x uqn x u<nrk � w �
=
� x p

(
}�{��

(s))
w n � k|{�¥m¦ � n

U =
〈
v1, . . . , vr+r+

〉

︸ ︷︷ ︸

s≥0

�

U ′ =
〈

wr′+r′
+

+1, . . . , wn

〉

︸ ︷︷ ︸

s≤0

�^�<{
s

(
r+r+∑

1

αivi,

r+r+∑

1

αivi

)

=

r+r+∑

1

α2
i s (vi, vi) ≥ 0

¢ j z vhnrk|t/u<v �
U ∩ U ′ = {0} ⇒ � x p

(U) +
� x p

(U ′) = (r + r+) +
(
n− r − r′+

)
≤ n

⇒ r+ ≤ r′+
t/u<�

r′+ ≤ r+ ⇒ r+ = r′+�+{Tk|{�t/���»j z v � {�t/¥m¦��
r− = r′−

�^�<{
r + r+ + r− = n = r′ + r′+ + r′−	ot

(ii)
� ¢ j z v � {�t<���/nrk�¤ x u<�/n!t �"x v�shn xg�

d\e¸·\e¸·\f ��nr¹^u xg�"x j�u
(V.2.e)

��� x v�u<{ � t/k ­ � x v�u (A)

�Vn x
s
�"¨\pqpqn � k x ��¥m¦/n w�x�zgx u/n!{Tk|��j�k|p {�t/�

R
t/u<� �"n x

A
��¨\p©pqn � k x ��¥m¦/n � { � k x�� ����j�lon x

As�jhu<v�k|t<nru � ��t
� x {�v

( 0, . . . , 0
︸ ︷︷ ︸

r

, +1, . . . , +1
︸ ︷︷ ︸

r+

, −1, . . . ,−1
︸ ︷︷ ︸

r−

)

�+{�u/u��<nr¹<u x nrk|n!u½� x k�� x nY� x vhu/{ � tVk!��� x vhu
(A) = r+ − r−

e
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d\e¸·\e¸·h· ª k|�"�/k £ u/v zgx ¥m¦/n w n!�/n!t � t<u/v3�<n!� � k|~�vh¦/n xg� ���"{ � � n!�
� � x n!¦<n�¾�u/nrl^t/��¥m¦ ­ �\¥m¦<u/n x �/nrk!��¤ x u/� £ ¦Vk|t<u/v x u�� x n�k|n!n zgz n+� z vhnrl/k|{��
� ¦<n!pq{ �"x sÅ�P��u/��{�¦ z k|n!n zgz n 
 t z�z � � n zgz nru

f = 0
�
f ∈ R [X ]� � t/kmp©�"¥m¦<n�¾�n �"� n!u � f�� � �²�m�

[a, b] , f1 = f, f2 = f ′, ..., fk ∈ R [X ]

f1 (a) , f2 (a) , . . . , fk (a) 
��u/��{�¦ z i�j�k|� n x ¥m¦<nru²��nr¥m¦<�"n z

= V (a)

f1 (b) , f2 (b) , . . . , fk (b) 
��u/��{�¦ z i�j�km��n x ¥m¦/n!u²��n!¥m¦<�"n z

= V (b)��t<�
V (a)− V (b) ⇒ ��u<� {�¦ z k|nrn z�z nrk 
 t z�z � � n zgz n!u©{�t<�

[a, b]
e

fa = X2 + aX + 1 M (fa)
��¨ z ±�n!� � nrkmp©{ � k x�� {�t<�

X · f ′a
fa

=
∞∑

k=0

sk · x−k

︸ ︷︷ ︸¡ j � n!u/� kmn x ¦/n!u<v�n!� � { zg�
, M (fa) =

(

si+j−2

)


 t<uo����u<� {�¦ z �<n�k�kmn!n zgz n!u 
 t zgz � � n z�z n!uq±hj�u
fa
�¶� x vhu

(M (fa))
�\¨\pqpqn � k x ��¥m¦/n wyxgzgx u/n!{Tk|��j�kmp©nru�{�t<�

R
e
V
z ~ ��� � x ¥m¦�� nrk z n!vhnru��

V =
}�{��

(s)⊥V+⊥V−

��j�lon x
V+ =

〈
v1, . . . , vr+

〉 � k � ¦<j�vhjhu/{ z l<{�� x � �
s (vi, vi) > 0

lon!� x n!¦�t<u/vh�"��n x ��n
V− =

〈
w1, . . . , wr−

〉

� k � ¦/jhv�jhu<{ z l^{�� x ���
s (wi, wi) < 0

e ��x nrkmlon x � x u<�
r+
�
r−

n x u<�/n!t �"x vYlon!� �"x pqp � e
(V+, s)

�
s (v, v) ≥ 0

�
s (v, v) = 0 ⇒ v = 0 ⇒ s|

V+

x � � �ojh� xg�"x ±©�/nr¹^u xg� e
(V−, s)

�
s (w, w) ≤ 0

�
s (w, w) = 0 ⇒ w = 0 ⇒ s|

V−

x � � u<n!v�{ ��x ±½�/nr¹^u xg� e
� { � k x � n!u � ¦/n!j�kmn ��x ��¥�¦<n ¢ j�k|p¬t z�x nrk|t/u<vV�
�Vn x

A ∈ �\¨\p (n, R)
e��+{�u/u

A
shj�u<v�k|t<n!u � � t













Er+ 0

Er−

0 0













��u<pqnrkms\t/u<vhnru��
�§x �

r
�
r+

t<u/�
r−

� x u<��n x u/�<n!t ��x v¬lon!� �"x p©p �
�§x�x �

r
�
r+

t<u/�
r−

� x u<��n x u½±�j zgz � � ~�u/� x vhn!� ��u²±�{Tk x {�u � nru<�"¨\� � nrp«�/nrk�¾�j�u<v�kmt<n!u/� s z {�����n�e
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d\e¸·\e¸· � �\{ � �
(V.2.8)

� ��	a~�¦ z nrk�kmn!n zgz n 
 t zgz � � n zgz n!u �
	ot n x u/n!p ¡ j z ¨\u/jhp

f ∈ R [X ]
v x l � n!��n x u/n �"¨\pqpqn � k x �"¥m¦<n �8{ � k x��

M (f)
p x�� ��j z vhn!u/�<n!u

¤ x vhnru<��¥�¦<{�� � n!u��
�§x �

# {z ∈ C| f (z) = 0} =
k|v

(M (f))
�§x�x �

# {x ∈ R| f (x) = 0} =
� x vhu

(M (f))

M (f) =
�\¨ z ±�n!� � nrk|pq{ � k x�� ±�jhu

f
� p x�� v�k|{��

(f) = n
�

=

(

si+j−2

)

i,j=1,...n

�
sk =

n∑

i=1

αk
i

�

��j�lon x
f = c ·

n∏

1

(X − αi)
x u

C [X ]

w nr�<n!t � t/u<v �<n�k
sk
�<� x n�{ z�z nDk|n!n zgz � x u/���

Xf ′

f
=

n∑

1

X

X − αi

=

n∑

1

1

1− αiX−1
=

n∑

i=1

∞∑

k=0

αk
i X−k =

∞∑

k=0

(
n∑

i=1

αk
i

)

X−k =

∞∑

k=0

skX−k

d\e¸·\e¸·
� w n x ��� x n z nh�
(a)
�
f = X3 − 3X2 + 2 � f ′ = 3X2 − 6X n = 3, 2n− 2 = 4 s0, s1, s2, s3, s4

Xf ′

X
= 3X3 − 6X2 : X3 − 3X2 + 2 = 3 + 3X−1 + 9X−2 + 21X−3 + 61X−4 + . . .� z �"j3� x u<�

s0 = 3, s1 = 3, s2 = 9, s3 = 21, s4 = 61
t/u<�

M (f) =





3 3 9
3 9 21
9 21 61



 ,
kmv

(M (f)) = 3

�+{��1¦/n xg����� u/{�¥�¦
(5.2.17)

�|�
M (f)

x � � s�jhu/v�k|t/n!u � � t




3 0
6

0 10




��p xg�

r = 0, r+ = 3, r− = 0

⇒ ��u/��{�¦ z ±hnrkm��¥m¦ x n!�/n!u<n�k s�jhp � z n � nrk 
 �
= 3

t<u/�7��u/��{�¦ z ±�nrk|�"¥m¦ x n!�/n!u<nrk k|n!n z�z n!u 
 �
= 3


 �a�
x = 1

x3 − 3x2 + 2 = x3 − x2 − 2
(
x2 − 1

)
= x2 (x− 1)− 2 (x− 1) (x + 1)

= (x− 1)
(
x2 − 2x− 2

)


 �
=
{
1, 1±

√
3
}

(b)
�
f = X2 − a � a ∈ R � f ′ = 2x

Xf ′

X
=

2X2

X2 − a
=

1

1− aX−2
=
∑

i

(
aX−2

)i
= 2 ·

(
1 + aX−2 . . .

) e � z �"jy� x u<�
s0 = 2, s1 = 0, s2 =

2a
t/u<�

M (f) =

(
2 0
0 2a

)

,
k|v

(M (f)) =

{
2

� £ k
a 6= 0

1
� £ k

a = 0

� x v�u
(M (f)) =







2
� £ k

a > 0
1

� £ k
a = 0

0
� £ k

a < 0
, r+ = r− = 1

�+{���¦/n xg��� � £ k
x2 − a = 0

�






a > 0 2
k|nrn z�z n ¼ �h��t/u<v�n!u

a = 0 1
k|nrn z�z n ¼ �h��t/u<v

a < 0
s�n x u<n k|n!n z�z n ¼ ����t<u/v
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d\e��Vegf �8j ��x ±�{ ��x jhu
�\�on!� x { z ��{ zgz �

C ∼= R2

�Vn x
z = u + i · v ∈ C

e 
 j�k|p ‖z‖ =
√

z · z =
√

u2 + v2 =
√

〈(u, v) , (u, v)〉³´x k���j zgz n!u½��j z vhn!u/�<nD��l<l x�z �<t/u<v�n!u�� � t<� x n�k|n!u��

Cn × Cn → C : ((z1, . . . , zm) , (w1, . . . , wm)) 7→
n∑

i=1

zi · wi

d\e��Ve¸· �+nr¹<u x���x jhu
(V.3.a)

�P¦<nrkmp x�� n!��¥m¦/n ¢ j�k|p
�Vn x

V
n x u

C ­ i�nrs � j�kmkm{�t/p�e¶�+{�u/u©¦/n x���� h : V×V→ C
n x u<n�¦<nrkmp x�� n!��¥m¦/n ¢ j�k|p��²��n!u<uqv x�z�� �

�§x � ∀v ∈ V
x � �

h (v, ·) : V → C
z�x u<n!{Tk

�§x�x � ∀v, w ∈ V
�

h (v, w) = h (w, v)

¢ j z vhnrk|t/u<v�n!u��
{��

h (v + v′, w) = h (v, w) + h (v′, w)
�^�/n!u<u

h (v + v′, w) = h (w, v + v′) = h (w, v) + h (v′, w) = h (v, w) + h (v′, w)

� z �"j x � � n x u<n�¦/nrk|p x�� n!�"¥m¦<n ¢ j�k|p�{��/� x���x ± x p�nrk|� � nru���kmvht<pqn!u � e
la� w n!¦/{�tV� � t<u/v/�

h (α · v, w) = α · h (v, w)
e�¤ ��v xgzg� �

h (α · v, w) = h (w, α · v) = α · h (w, v) = α · h (w, v) = α · h (v, w)

d\e��Ve�� �+nr¹<u x���x jhu
(V.3.b)

� � nrk|p x�� nr��¥m¦/n � { � k x��

A ∈Mn (C)
¦<n x���� ¦/nrk|p xg�"x ��¥m¦o�/�»{ zgz

A
T

= A
e¶�+{���¦<n x���� �

(

aji

)

=

(

aij

) � £ k°{ zgz n
i, j = 1, . . . , n

d\e��Ve�� w n x �"� x n z n+� £ k�¦<nrkmp x�� n!��¥m¦/n ¢ j�k|pqn!u

{����Vn x
A
v�n!vhn�l�nru¬p xg�

A =





1 i 2
−i 6i 3
2 3 6




e

A
x � � u x ¥�¦ � ¦<nrk|p x���x ��¥�¦��²�/n!u<u � £ k�¦<nrk|p x���x ��¥�¦<n

� { � k x � n!u�v xgzg� �
aii = aii

�<{ z ��j
aii ∈ R

la�y�Vn x
B
vhn!v�nrlon!u½p x��

B =

(
1 2 + i

2− i 2

) e
B
x � � ¦/nrk|p xg�"x ��¥m¦/n � { � k x�� �Å�/{

aji = aij
e
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d\e��Ve¸d �+nr¹<u x���x jhu
(V.3.c)

� Hn (C) = { ¦<nrkmp x��"x �"¥m¦<n n× n
� { � k x � n!u }

w nrp©n�kms\t<u/v/�
A
kmn!n zgz �

A
¦<nrk|p x�� nr��¥m¦ ⇒ A

�"¨\pqpqn � k x ��¥m¦o�
A
�"¨\pqpqn � k x �"¥m¦
Hn (C)

}

⇒ Hn (C) ∩Mn (R) =
��¨\p

(n, R)

d\e��Ve�� �V{ � �
(V.3.1)

� w n!�"¥m¦/k|n x l<t<u<vµ±hj�u�¦<nrkmp x�� n!��¥m¦/n!u ¢ j�kmp©nru��<tVk|¥m¦ � { � k x ��nru
w n x ��n!� � n�k w {�� x �

A = {v1, . . . , vn}
x � � � x n 	at<j�k|�<u�t/u<v

h 7→MA (h) :=

(

h (vi, vj)

)

i,j

n x u<n wyx ��nrs �"x j�u � � x ��¥�¦<n!u �<nrk � n!u<v�nM�/nrk�¦/nrk|p xg� n!�"¥m¦<n!u ¢ j�kmp©nru t/u<� �<nrk � n!u<v�nM�/nrk
¦<n�k|p xg� n!��¥�¦<n!u �8{ � k x ��n!u Hn (C)

e
³ n x�� nrkm¦ x u�v xgzg� �
�9� �

v =

n∑

i=1

xi · vi
t<u/�

w =

n∑

j=1

yj · vj
�<�<{�u<u ��j z v � �

h (v, w) =

n∑

i,j=1

xi · yj · h (vi, vj) = (x1, . . . , xn) ·MA (h) ·






y1eee
yn






w n���n x � �

h (v, w) = h





n∑

i=1

xi · vi,

n∑

j=1

yj · vj




h
� ��� ��� 

=

n∑

i,j=1

h (xi · vi, yj · vj)

(#)
=

n∑

i,j=1

xi · yj · h (vi, wj)
(∗)
= (x1, . . . , xn) ·MA (h) ·






y1eee
yn






	ot
(#)

��¦/nrk|{�t<�"� x n!¦<nru��<nrk���s�{ z {Tk|n!u ¢ {Ts � j�k|n!u � � x nr¦<n
(V.3.c) ­ ¢ j z vhn�k|t<u/vµla�

	ot
(∗) ���"n z l�n�k�u<{�¥m¦/kmn!¥m¦<u/n!u¾�jhu<�"n���t<nru<���

V = Cn � A = {e1, . . . , en}
� �<{�u<u°� x u<�°�/t/k|¥�¦

(x, y) 7→ xT · A · y � A ∈ Hn (C)
�

{ z�z n�¦<n�k|p xg�"x �"¥m¦<nru ¢ j�k|pqn!u�{�t/� �/n!p
Cn v�n!vhn�l�nru�e

d\e��Ve�� �+nr¹<u x���x jhu
(V.3.d)

��}�{�� x s�{ z n x u/nrk�¦<nrkmp x�� n!��¥m¦/n!u ¢ j�kmp
�Vn x

h
� nrkmp x�� n!��¥m¦/n ¢ j�k|p�e

³´x k��<nr¹<u x nrk|n!uo�¶}�{��
(h) := {v ∈ V|h (v,V) = 0} � � x k|��{ z ��}�{�� x s�{ z ±�jhu h

l�nr��n x ¥m¦/u<n � e �
w nrp©n�kms\t<u/v/�

v ∈ }�{�� (h) ⇔ h (V, v) = 0w n���n x � �
h (v, w) = h (w, v)

eP¤P����j z v � � x n w n!¦<{�t/� � t/u<vVe
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d\e��Ve�� �V{ � �
(V.3.2)

w n x ��n!� � n�k w {�� x �
A = {v1, . . . , vn}

t<u/�
v =

n∑

i=1

xi · vi
�^v x�z�� �

v =
n∑

i=1

xi · vi ∈
}�{��

(h) ⇔ MA (h) ·






x1eee
xn




 = 0

w n���n x � �¶{�u<{ z jhv3� t<p w nr��n x ���/n!���V{ � ��nr��� £ k�� x n��"¨\pqpqn � nrk x ��¥m¦/n w�x�zgx u/n!{Tk|��j�k|p
(V.1.1)

e

d\e��Ve�� ¾�j�k|j zgz {Tk
(V.3.3)

�Vn x
h
� nrkmp x�� n!��¥m¦/n ¢ j�k|p�e

�+{�u/u��
h
u x ¥�¦ � {�t<�"vhn!{Tk � n � ����e�¦�eg�q}�{��

(h) = {0} ⇔ ¾�nrk|u
(h (v,V)) = {0} ��{ z ��j ¦<{ �

MA (h)
i�j zgz km{�u/v ⇔ MA (h)

x � � k|n!vht z ~Tk!e

d\e��Vegf�� �\{ � �
(V.3.4)

� w {�� x ����n!¥m¦<�"n z � £ k�¦<n�k|p xg� n!��¥�¦<n ¢ j�k|pqn!u
w {�� x ����nr¥m¦<�"n z ±�jhu

A
u<{�¥m¦

B
�
S = MA

B
(
x �

)
�+{�u/u��

MB (h) = S
T ·MA (h) · Sw n���n x � �B�Vn z lonrk�u/{�¥�¦/k|n!¥�¦<u<nru

d\e��Vegfhf ��nr¹^u xg�"x j�u
(V.3.e)

��¾�jhu/v�k|t/n!u<��±hj�p � n�k|p xg� n!��¥�¦<n!u �8{ � k x ��n!u
A, B ∈ Hn (C)

¦<n xg� n!u�shj�u<v�kmt<n!u � �^��n!u<u�nr��n x u<n
S ∈ � ¼

(n, C)
v x l � p x��

B = S
T ·A · S

w nrp©n�kms\t<u/v/�¶�Vn x n!u
S ∈ � ¼

(n, C)
�
A ∈ Hn (C)

e �9� � u�t<u
ST ·A · S ∈ Hn (C)

�

�+{�u/u�p £/��� n�vhn zg� n!u��
ST · A · ST

= ST ·A · S e¤P�yv xgzg� �
ST ·A · S = ST · A · S = S

T · A · S
�<{

A ·B = A · B t<u/�
ST = S

T e
��t<���<nrk�{�u<�/nrk|n!u �\n x�� nh�

(

ST ·A · S
)T

=
(

ST ·A · S
)T

= S
T ·AT · ST

T
= S

T ·A · S

�<{
(A · B)T = BT · AT t/u<�

A
T

= A
u/{�¥m¦ �+nr¹<u x���x jhuoe

�9p«{ zgz v�n!pqn x u<n!uq��{ z ��¥m¦o�
S

T · A · S 6= S
T · A · S � £ k

S ∈ � ¼
(n, C)³ jh¦ z �/nr¹^u x nrk � ¦/n xg� � �+{�vhn!v�n!u

(

S
T ·A · S

)T

=
(
ST · A · S

)T
= S

T ·AT · S = S
T ·A · S

� z �"j/� (
S

T ·A · S
)T

∈ H (C)

¿\	��ZÀ��Z	BÁ���ÂT	��
����Ã��ÅÄrÆ!Ç�È������/Ä�É�É�$ Ê � ��� 	��
����� ��� ��		��Ì �
��	��



 !	"���
	�
�# � É ¿\����	"� �Z	 � ��Ã 	����%����#a
ÅÌ �
��	��J����Ã

d\e��Vegf�· ��nr¹^u xg�"x j�u
(V.3.f)

� � k � ¦<jhv�jhu/{ z l^{�� x ��n x u/nrk�¦<nrkmp x�� n!��¥m¦/n!u ¢ j�kmp
�Vn x

h
n x u/n�¦/nrk|p xg� n!�"¥m¦<n ¢ j�k|pE{�t/�

V
�
A = {v1, . . . , vn}

¦<n x���� � k � ¦/jhvhj�u<{ z l^{�� x ��±hj�u
h
��n!u<u

v xgz�� �
h (vi, vj) = 0

� £ k
i 6= j

� { � k x � n!u � ¦/n!j�kmn ��x ��¥�¦<n ¢ j�k|p¬t z�x nrk|t/u<vV�

A
x � � � k � ¦/jhvhj�u<{ z l^{�� x � ⇔ MA (h) =

(
α1 e e e

αr

) p xg�
αi ∈ R

w n���n x � �
� ⇒�¬v�n!u<nrkmn z�z v xgz�� � h (v, v) ∈ R

�<�<n!u/u
h (v, v) = h (v, v)

� ⇐�µs z {Tk�u/{�¥m¦ �+nr¹<u x���x jhu

d\e��Vegf � �\{ � �
(V.3.5)

�\¨ z ±hn!� � nr��¥m¦/nrk � k|~�vh¦/n x�� �"��{ � ��� £ k�¦<n�k|p xg� n!��¥�¦<n ¢ j�k|pqn!u
(i)
�Vn x

(V, h)
n x u

C ­ i�nrs � j�k�k|{�t<p5p xg� ¦/nrk|p xg� n!�"¥m¦<nrk ¢ j�k|p�e��+{�u<u¬v x l � n!�Pn x u<n�j�k � ¦<j�vhj�u<{ z n
	on�k z nrvht<u/v3� £ k

V
�

V =
}�{��

(h) + V+ + V−p xg�
v ∈ V+ ⇒ h (v, v) ≥ 0

e ¢ { zgz �
h (v, v) = 0 ⇒ v = 0lon!� x n!¦�t/u<v��"��n x ��n

w ∈ V− ⇒ h (w, w) ≤ 0
e ¢ { z�z �

h (w, w) = 0 ⇒ w = 0

(ii)
�Vn x

A ∈ Hn (C)
e���{�u<u�v x l � n!�

S ∈ � ¼
(n, C)

p x��

S
T ·A · S =











Er+
0

Er−

0 0











�+{Tlon x � x u<�
r+
�
r−

n x u<�<nrt �"x vYl�nr� �"x pqp � e
w n���n x ��� t

(ii)
�

�Vn x
A =








a11 a12 · · · a1n

a21 a22 · · · a2neee eee e e e eee
an1 an2 · · · ann







∈ Hn (C)

��j�lon x
aii ∈ R

t/u<�
aji = aij

	otVk�i�nrk|n x u<�»{�¥�¦�t<u<vq�/nrk�}�n!¥�¦<u�t<u/v ��n x u�t<u
n = 2

e
�+{�p x���x � �

A =

(
α b

b β

) �<p x��
α, β ∈ R

t/u<�
b ∈ C

¢ { zgz f��
α 6= 0

e ³´x k���j�k|pqn!u½p x�� n x u<nrp ��¨\pqp©n � k x ��¥�¦<n!u � {�t � ­ � j�km�<{�u�i�nrk|��{�¦Vk|n!u t<p�e
�Vn x

S =

(
1 − b

α

0 1

) e��+{�u/u��

S
T ·A · S =

(
1 − b

α

0 1

)T

·
(

α b

b β

)

·
(

1 − b
α

0 1

)

=

(
1 0

− b
α

1

)

·
(

α 0

b −b · b
α

+ β

)

=

(
α 0

0 β − b·b
α

)
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³´x n�nrk|¦/{ z�� n!u½� x k�u�t<u ±1
� £ k�� x n�¤ x u � km~�v�n �

α 6= 0
u<{�¥m¦�i�j�k|{�t<���"n � ��t/u<v/eB�Vn x u�t/u

β′ = β − b · b
α

�
β′
x � � }�n!n zgz �meP¤ ��v xgz�� �

(
x 0
0 1

)T

·
(

α 0
0 β′

)

·
(

x 0
0 1

)

=

(
x 0
0 1

)

·
(

α 0
0 β′

)

·
(

x 0
0 1

)

=

(
α · x · x 0

0 β′

)

¢ { zgz �
α > 0

���Vn � � n
x :=

1√
α

e ¢ { zgz �
α < 0

���Vn � � n
x :=

1√
−α

e

�+{�p x�� nrk|¦/{ zg� n!u½� x k!�
A 

(
α
|α| 0

0 β′

)

=

(
±1 0
0 β′

) e

³´x k�±hn�k|��{�¦/k|nruM{�u<{ z jhv3� £ k
β′
t/u<��nrkm¦<{ zg� n!u ( ±1 0

0 ∗

) �^��j�l�n x ∗ = −1, 0, +1
e

·\e ¢ { zgz ���Vn x u�t<u
α = 0

e ³´x k�t<u � nrk|�"¥m¦<n x �/n!u�u�t<u ����n x ��n x�� nrkmn ¢ ~ zgz n��
�Vn x

β 6= 0
eM�+{�u/u � {�t/��¥m¦/n!u � x k¬� x n

0
t/u<�

β
�<t/km¥m¦cn x u<n��"¨\pqpqn � k x �"¥m¦<n � {�t � ­ � j�k|�<{�u ­� km{�u/����j�k|pq{ ��x jhuo�

(
0 b

b β

)

 

(
0 1
1 0

)T

·
(

0 b

b β

)

·
(

0 1
1 0

)

=

(
β b

b 0

)


 t<u�s��hu/u<n!u�� x k��/n!u�nrk|� � n!u ¢ { zgz {�u²��nru<�<nru�e
�Vn x u�t<u

β = 0
e��+{�u/u�nrk|¦<{ z�� nru�� x kr�

(
1 γ

0 1

)T

·
(

0 b

b 0

)

·
(

1 γ

0 1

)

=

(
0 b

b γ · b + γ · b

)

¢ { zgz �
b + b 6= 0

�<�<{�u<u �"n � � n
b := r · i t/u<����n!u<�/n��<n!u�±�j�km¦<nrk x vhnru ¢ { zgz {�u�e¢ { zgz �

b + b = 0
�<�<{�u<u���~�¦ z n�n x u

γ ∈ C
�^�"j3�<{ �

γ · b + γ · b 6= 0
t<u/����n!u<�/n�j�l x vhnru ¢ { zgz {�u�e

d\e��Vegf�� �\¥m¦<n!pq{µ�<nrk�� x {�vhj�u<{ z�x � x nrk|t/u<v � ±�jhu � { � k x � n!uÅ�
� k|t/u<�<j��onrk|{ ��x jhu/n!u��P�"¨\pqpqn � k x �"¥m¦<n wyxgz�x u<nr{�km��j�k|pqn!uo�

S
T · A · S�\¨\pqpqn � k x ��¥m¦/nrk � {�t � ­ � j�km�<{�u ­ ¡¶k|jh� n � ���\n x a ∈ C

�

S S
T ·A A · S

�������Z���������|�|�
��Ì��D�y���P �|� ��� �
a i

#»�Z	��h	"����	¶�y���
a
�������
��������À���	��Z�

i
#»�Z	B !�������Z	������

a
�������Z��������À"��	"�J�


Å	��Z�
� � ��� �r����Ã
i
#��
	¶����Â

j
#��
	��h	�����	 ��	��Z�
� � ��� �r�

i
#»�Z	¶����Â

j
#»�Z	B !�������Z	 � 	"�J�%��� ��� �r�

� Â�ÂT���
��Ì��D	�����	��H
 ��	"��Ëg��� ��	��
a

� Â�ÂT���
��Ì���ÂT	��
a
#�Ëg��� ��	��DÂT	"� � Â�ÂT���Z��Ì �DÂT	��

a
#»Ëg� � ��	"�+Â�	��

j
#»�Z	����h	"����	¶À����

i
#��
	����h	�����	

j
#»�Z	��7 !�������Z	¶À����

i
#��
	��� !��� ���
	

� � ������ÂT����Ã�
�# � ���P�
����ÂTÌ���	"�
���Z��Ì ��	"�

�V¥�¦ zgx n �\zgx ¥m¦�nrk|¦/{ z�� n!u�� x kr�
S

T ·A·S =

(
α1 0e e e
0 αn

) e
A
z�x n!��nrk � ¦<nrkmp x�� n!��¥m¦/n ¢ j�k|p

hA
�

Cn×

Cn → C
�
(x, y) 7→ xT ·A · y
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hA ­ � k � ¦<jhv�jhu/{ z l^{�� x ��� x u<��� x nY���^{ zg� n!u²±�nrs � j�k|n!u�±�jhu S
�

S =





↑ ↑
v1 · · · vn

↓ ↓



 ⇒ A · S =





↑ ↑
A · v1 · · · A · vn

↓ ↓





�+{�¦/nrk+� x n � { � k x � n!u/p¬t z��"x � z�x s�{ ��x jhu x u½u<n!t/nrk�¡ nrkm�"�onrs �"x ±�nh�




← a1 →eee
← an →



 ·





↑ ↑
b1 · · · bn

↓ ↓



 =



 〈ai, bi〉





i,j

��j�lon x 〈·, ·〉 �/{���� � {�u/�<{Tk|�/�"s�{ z {Tkm�/k|j\�<tVs ��x � � e¶��{�p x�� �»j z v � �

S
T ·A · S =



 vi
T ·A · vj





i,j

³´x k���j z vhn�k|u��
vi

T · A · vj = δij · αi

d\e��Vegf�d }�nrs\t/km� x ±hn7¾�jhu<� � kmt/s �"x j�u�±hj�u
S

S
x � � ¡¶kmjV�/t/s � ±�jhu ª p©�»j�k|pµt<u<v���pq{ � k x � n!u��

S = S1 · S2 · . . . · Sr−1 · Sr�+{�u/u��
S = E · S1 · S2 · . . . · Sr−1 · Sr� � x n!��n z lon�¾�n ��� n!u�±�jhu ª pq��j�k|p¬t/u<vh�"pq{ � k x ��nru½{�t<�

E
{�u<vhn���{�u/� � �|e 
 t/u ��n!u/�<n!u � x k+�»j z ­vhnru<�<nr���V¥m¦/n!pq{µ{�uo�

A → Sr
T · . . . · S1

T · A · S1 · . . . · Sr =

(
α1 0e e e
0 αn

)

E → E · S1 · S2 · . . . · Sr = S

³´x nD¹^u/�<n � pq{�u½� x n
Si

�
� ª p©�»j�k|pµt<u<v�n!uÅ� �
� n!v�nrlon!u

A ∈ Hn (C)
��	at<nrkm� � lon � k|{�¥m¦ � n!u�� x k

a11
�

A =









a11 ∗· · · · · · ∗
∗····∗

∗ · · · · · · ∗····
····∗ · · · · · · ∗









��u<pqnrkms\t/u<v/�
a11 ∈ R

�<�/{Yn x u/nD¦<nrkmp x�� ��¥m¦/n � { � k x�� u�t/k�kmn!n zgz n ³ n�k � n+{�t/�H�<n�k�� x {�v�jhu/{ z n!u
¦<{ � e

 t<u�t/u � n�k|��¥m¦/n x �<n!u�� x k�����n xH¢ ~ z�z nh�
fhe ¢ { z�z

a11 6= 0 ⇒ �/t/k|¥m¦º�\�<{ z�� n!u�t<pq��j�k|p¬t/u<vhnru�t<u/�M� x pµt z�� {�u<n 	an x�z n!u�t/p©�»j�k|pµt<u<v�n!u
nrk|¦/{ zg� n!u�� x k

A′ p x��

A′ =









a11 0 · · · · · · 0
0····
0

B









� x n � { � k x��
B
x � ��x u�� x n!��nrp ¢ { zgz � x n!�<n�k�¦<nrk|p x�� �"¥m¦<n � { � k x�� �

B
T

= B
e
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�Vn x
S0

T · B · S0 =

(
β1 0e e e
0 βn−1

) e¶�+{�u<u









1 0 · · · · · · 0
0····
0

S0









T

·









a11 0 · · · · · · 0
0····
0

B









·









1 0 · · · · · · 0
0····
0

S0









=

(
α1 0e e e
0 αn

)

·\e ¢ { zgz �
a11 = 0


 t<u�t/u � n�k|��¥m¦/n x �<n!u�� x k�����n x ��n xg� nrk|n ¢ ~ zgz n��
{�� ∃a1j 6= 0 ⇒ �<{�����nru<�<nµ���^{ zg� n!u ­ lon!� x n!¦�t/u<v��"��n x ��n
	an x�z n!u/{��/� x���x jhu/n!u zgx n!��nrk|u









a′11 ∗· · · · · · ∗
∗····∗

∗ · · · · · · ∗····
····∗ · · · · · · ∗









p x��
a′11 6= 0

la��� z�z n
a1j = 0 ⇒ { z�z n¬¤ x u � k|~�vhn x u �<nrk�n�k|� � n!u°�\�^{ z�� n¬� x u<� 
 t zgz �a�/{

ai1 = a1i
e ³´x k

nrk|¦/{ zg� n!u��<{�p x�� �








0 0 · · · · · ·0
0····
0

B









d\e��Vegf � � k|{�p ­ �V¥m¦/p x � � ��¥�¦<n!� � k � ¦<j�vhj�u<{ z�x � x nrk|t/u<v��"±�nrk|��{�¦/kmn!u

�Vn x
h : V ×V → C

¦/nrk|p xg� ��¥�¦<n ¢ j�k|p�p x��
MA (h) =

(

h (vi, vj)

)

i�j�k|{�t<���"n � ��t/u<v/�¶� zgz n � {�tV� � p x u<j�k|n!u
Dk =

∣
∣
∣
∣
∣
∣
∣

h (v1, v1) · · · h (v1, vk)eee eee
h (vk, v1) · · · h (vk, vk)

∣
∣
∣
∣
∣
∣
∣

6= 0

��t<�
v1, . . . , vn

nrkm¦<~ zg� p©{�u�� x n � k � ¦<j�vhjhu/{ z l<{�� x � �
w1 = v1

�
wk+1 = vk+1 +

k∑

j=1

αj · wj

� �+{���¦<n x���� � 〈v1, . . . , vk〉 = 〈w1, . . . , wk〉
t<u<�

wk+1⊥ 〈v1, . . . , vk〉
 t<u�� � n z�z�� � x ¥�¦�� x n ¢ k|{�v�nh�^� x n�pq{�u�� x n
αi
lonrk|nr¥m¦<u/n � � ¤P��v x�z�� �

0 = h (wi, wk+1) = h (wi, vk+1) + αi · h (wi, wi) ⇔ αi =
h (wi, vk+1)

h (wi, wi)

	ot/��~ � � zgx ¥�¦<n7¤ x vhn!u/��¥m¦/{�� � nru��
Dk =

k∏

i=1

h (wi, wi)
�<�<{�p xg� �

h (wk+1, wk+1) =
Dk+1

Dk��u<�<n�k|��{�t<��v�n!�/k £ ¥�s � �

MA (h)
x � � shj�u<v�k|t<n!u � � t (

D1 e e e
Dk

Dk−1

)

� l x vhn���t<���"{�vhnD� x k|��{�t<¥�¦ { z ���V{ � �D±hj�u � {�t<¥m¦²¨�lon!� n x ¥m¦<u/n � e
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FHG�� KML<NPORQTSVU
(V.4) W � ���HUZO���� 
���S � ��� G � [ O§Q��^]�S	�YS
� QT`a]�]�� � bcS

d\e��/egf i�j�kmlon!pqnrk�s\t<u<v
��x nrk!�

K = R
j\�<n�k

C
�<lon � k|{�¥m¦ � n

K ­ i�n�s � j�kmk|~�t<pqn�� t<��{�pqpqn!u©p x��
� {h�

K = R
���"¨\pqpqn � k x �"¥m¦<n wyxgz�x u<nr{�km��j�k|p

� la�
K = C

��¦<nrkmp x�� n!��¥m¦/n ¢ j�k|p
�9u�lon x �/n!u ¢ ~ zgz n!u�l�nr��n x ¥m¦/u<n!u½� x k�� x n ¢ j�k|p�p xg�

h��u<pqnrkms\t/u<v/� n x u<n�¦<n�k|p xg� n!��¥�¦<n ¢ j�k|pEn x u<v�n!��¥�¦/k|~�u/s � {�t<� � x n�k|nrn z�z n!u 	a{�¦ z nru��/n!vhn!u/nrk x nrk �
� t�n x u/nrk��"¨\pqpqn � k x ��¥m¦/n!u w�x�zgx u<n!{Tk|��j�k|p�e

d\e��/e¸· �+nr¹<u x���x jhu
(V.4.a)

���\s�{ z {�k��<k|j\�<tVs � 〈·, ·〉
〈·, ·〉 � V×V→ K

x � � n x u/nD�ojh� x��"x ±q�/nr¹^u xg� n
� {h�

K = R
���"¨\pqpqn � k x �"¥m¦<n wyxgz�x u<nr{�km��j�k|p

� la�
K = C

��¦<nrkmp x�� n!��¥m¦/n ¢ j�k|p
�+{���lon!�/n!t � n � �^�<{ � � t<��~ � � zgx ¥m¦ v xgzg� � ∀v � h (v, v) ≥ 0

� ∀v 6= 0
�

h (v, v) 	 0

d\e��/e�� w n x �"� x n z n+� £ k��<{����\s�{ z {Tkm�<k|j\�/t/s �
� {h�y� � {�u/�<{Tk|�/�"s�{ z {Tkm�/k|j\�<tVs � �

Cn × Cn → C
e�¤P�yv xgzg� �

((z1, . . . , zn) , (w1, . . . , wn)) 7→ 〈(z1, . . . , zn) , (w1, . . . , wn)〉 =

n∑

i=1

zi · wi

¡ jh� x��"x ±�n��+nr¹<u x�� ¦/n x�� �

〈(z1, . . . , zn) , (z1, . . . , zn)〉 =
n∑

i=1

zi · zi =

n∑

i=1

|zi|2 ≥ 0

¢ { zgz � n∑

i=1

|zi|2 = 0 ⇒ |zi| = 0 ∀i ⇒ zi = 0 ∀i ⇒ z = 0

� la��¤ x u/��¥m¦Vk|~�u/s\t<u/v ±hj�u
(a)

{�t<�
Rn × Rn → R

� 〈(x1, . . . , xn) , (y1, . . . , yn)〉 =
n∑

i=1

x1 · yi

� ¥!� C (X, R)× C (X, R)→ R
p x��

X = [a, b]

�\s�{ z {Tkm�<k|j\�/t/s � p xg� � nr� x ¥m¦ � �
(f, g) 7→

∫ b

a

f (t) · g (t) · w (t) dt

w (t)
x � � n x u<n�� � n �"x vhn � nr� x ¥m¦ � ���»t<u/s �"x jhu��<��j�lon x

g (t) > 0
{�t/�

X� x n!�"n!� w n x ��� x n zox � � �ojh� xg�"x ±q�/nr¹^u xg� �^�/{
∫ b

a

(f (t))
2 · w (t) dt ≥ 0

∫ b

a

(f (t))
2 · w (t) dt = 0 ⇒ f ≡ 0

{�t/�
[a, b]

�V¥�¦<jhu�v�n!� n x v � lon x �<nrk��+n�¹^u x��"x j�u½±hj�u��+nr¹<u x�� ¦/n x�� e
� �Å��¤ x u/��¥m¦Vk|~�u/s\t<u/v ±hj�u

(c)
n!u<� z�x ¥m¦�� x pqn!u/� x jhu<{ z n � n xgz k|~�t/p©n

�+n�k�}�{�t<p��<n�k�¡ j z ¨\u<j�pqn x � � n!u/� zgx ¥m¦½� x p©nru<� x jhu/{ z �
Pk ([a, b]) = {f : [a, b]→ R

�
f
¡ j z ¨\u<j�p ±�jhp � k|{�� ≤ k}

¤P�yv xgzg� �¶� x p
(Pk) = k + 1

e¶��t<�
Pk

x � �
(f, g) 7→

∫ b

a

f · g · w dt
n x u �\s�{ z {Tkm�<k|j\�/t/s � e
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d\e��/e�� �+nr¹<u x���x jhu
(V.4.b)

��n!tVs z�x � x ��¥m¦/n�t<u/��t<u x�� ~�kmnrk�i�nrs � j�kmk|{�t/p
��lY��n � � � { z ��¾�j�u²±hnru ��x jhuo�

V
x � � n x u

K ­ i�nrs � j�k�k|{�t<p t<u<� 〈·, ·〉 n x u ��s�{ z {Tkm�<kmjV�/t/s � {�t<� V
e

¢1£ k
K = R

�"�/k|n!¥m¦/n!u�� x k�±hj�u�n x u/n!p�n!t/s zgx � x ��¥m¦/n!u�i�n�s � j�kmk|{�t<p�e
¢1£ k

K = C
�"�/k|n!¥m¦/n!u�� x k�±hj�u�n x u/n!p�t<u xg� ~Tk|n!u�i�nrs � j�k�k|{�t<p�e

d\e��/e¸d �V{ � �
(V.4.1)

� n!�/nrk ª u � nrkm±�nrs � j�kmk|{�t<p n x u/n!��n!t/s zgx � x ��¥m¦/n!u½lon!� x n!¦�t/u<v��"��n x ��n�t<u xg� ~Tk|n!u�i�nrs � j�k�k|{�t<p x � �
u x ¥m¦ � {�t<�"vhn!{Tk � n � e
�+{���¦<n x���� ���+{�� � k|{�p ­ �V¥m¦/p x � � i¶nrk|��{�¦/kmn!u x � � t<u x ±�nrk|�"n z�z {�u²��n!u<�Vl^{TkYt<u/� zgx n!�»nrk �µ� u/{�¥m¦
 j�kmp x nrk|t/u<v²�Bn x u<n � k � ¦<j�u<j�k|pq{ z l^{�� x � � � 
�w �me

d\e��/e�� �+nr¹<u x���x jhu
(V.4.c)

� � k � ¦<j�u<j�k|pq{ z k|{�t<p
¤P�yv xgzg� � 〈vi, vj〉 = 0

� £ k
i 6= j

t<u<� 〈vi, vi〉 = 1

d\e��/e�� w nr��n x �y� tM�V{ � �
(V.4.1)

�Vn x
U < V

t<u/� 〈·, ·〉|
U

=: h′
� ¤ x u<�"¥m¦/k|~�uVs\t<u<vq�/nrk ¢ j�k|p�{�t/� �/n!u ª u � nrk�k|{�t<p��

¢1£ k��/{���}�{�� x s�{ z v xgz�� �P}�{��
(h′) = {u ∈ U| ∀u′ ∈ U

�
h′ (u, u′) = 0} e

�9u<��l�nr��jhu/�<nrkmn ��~�¦ z n
u′ = u

e(��{��½¦<n xg��� �
h′ (u, u) = 〈u, u〉 = 0

e 
 {�¥�¦ �+nr¹<u x���x jhu �<nr�
�\s�{ z {Tkm�<k|j\�/t/s � n!����j z v � �

u = 0� z �"j3v xgzg� � £ k��/{���}�{�� x s�{ z � 〈·, ·〉|
U

= 0
� £ k�{ z�z n ª u � nrkmk|~�t/p©n�e

	ot � k|{�p ­ �\¥m¦<p x � � � v1, . . . , vn
�
Uk := 〈v1, . . . , vk〉

� 〈·, ·〉|
Uk

eP� x n�lon!�"¥m¦/k|n x lon!u/�<n �8{ � k x��qx � � �
(

〈vi, vj〉
)

i,j≤k

³´x k�� x ����nru��¶}�{��
(h) =

¾�nrk|u (
MA (h)

)

�+{�p x�� �P}�{�� ( 〈·, ·〉|
Uk

)
= 0 ⇒ �<n � ( 〈vi, vj〉

)

i,j≤k

6= 0

��t<�
v1, . . . , vn

v�nr� x u<u � pq{�u � k � ¦<jhv�jhu/{ z l^{�� x �
w1, . . . , wn

�<{ z�z n
h (wi, wi) 	 0


 t<u���j z�z n!u�� x k
αi
l�nr� �"x pqpqn!u��²��j3�/{ �

h (α · wi, α · wi) = 1
e


 {�¥m¦°��nr¹^u xg�"x jhu��
h (α · wi, α · wi) = α · α · h (wi, wi)

e ³ ~�¦ z n!u�� x kDu�t<u
α =

1
√

h (wi, wi)

�o��j

nrk|¦/{ zg� n!u�� x k�� x n�vhnr� £ u<�"¥m¦ � n � k � ¦<j�u<j�kmp©{ z l^{�� x � ( 1
√

h (w1, w1)
w1, . . . ,

1
√

h (wk, wk)
wk

) e
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d\e��/e�� w n x �"� x n z n+� £ k�� x n w nrkmn!¥m¦<u�t/u<vqn x u<nrk � k � ¦<j�u<j�kmp©{ z l^{�� x �
�Vn x

V = R2 t/u<� 〈·, ·〉 �<{���� � {�u<�/{�km�<�"s�{ z {Tkm�<k|j\�/t/s � e

 t<u��"n x n!u

v1
�
v2
v�n!vhnrlon!u�p xg�

v1 = (1, 1)
t<u/�

v2 = (2, 3)
e 
 {�¥�¦ � km{�p ­ �V¥m¦/p x � � ��j z v � �

w1 = (1, 1) , w2 = v2 + α1 · w1³ n!u<u�� x k�u�t/u
w2

lonrk|n!¥m¦/u<n!uo�^�"j3u�t � ��nru � x k�{�t<� �Å�<{ �
w1 ⊥ w2

e���{���¦/n x���� �
0 = 〈w1, w2〉 = 〈w1, v2 + α1 · w1〉 = 〈v1, v2〉+ α1 · 〈v1, v1〉

¤ x u<�"n � ��n!u z�x n!��nrk � �
0 = 5 + α1 · 2 ⇒ α1 = −5

2
⇒ w2 = (2, 3)− 5

2
· (1, 1) =

(

−1

2
,
1

2

)

³´x k�nrk|¦/{ z�� n!u��<{�p xg� ��j z v�n!u<�/n � k � ¦/jhvhj�u<{ z l^{�� x ���
(1, 1)

� (−1

2
,
1

2

)

ª p�n x u<n � k � ¦<j�u<j�kmp©{ z l^{�� x ����t�nrkm¦<{ zg� n!u�p £ �"��n!u©� x k�u�t/u�� x n � k � ¦/jhv�jhu<{ z l^{�� x �yu/j�k|p x n ­k|n!uoe ³´x k�nrk|¦/{ z�� n!u��
1√
2
· (1, 1) ,

1√
2
· (−1, 1)

y

x
1

1
r =
√

2

� � ������Â�����Ã�
�# � � �P	"Ì ��	9�
�Z� ��� ��	 �R�r�Z	"�Z���Z	��
�|�
��Ì��+Â�	�� � �Z����Ì���Ì �
��������� �Z��� � 	��r�ZÌ �
	��
� z�z n � k � ¦/jhu<j�k|pq{ z l<{��"n!u½�/n!�

R2 �
‖v‖ = 〈v, v〉 = ¼�~�u/vhn ±hj�u

v =
��l^� � {�u<�´±�jhp 
 t z�z �^t/u/s �

� z�z vhn!pqn x uqv xgzg� � £ k��/n!u ³´x u/s�n z ��� x ��¥m¦/n!u�� ��n x i�nrs � j�k|n!u � ±�nrk|v z n x ¥m¦<n
(1.3.5)

�

cos (]) =
〈v, u〉
‖v‖ · ‖u‖� x n � � ¦<jhu/j�k|pq{ z l^{���n!u �/n!�

R2 � x u/�M����n x i¶nrs � j�k|n!uM�<nrk+¼�~�u<v�n3¤ x u<� �o� x n¬��nru/s�k|n!¥�¦ � {�t<� ­n x u<{�u<�/nrk�� � n!¦<nru�e
d\e��/e�� �8n � k x s©t<u/� �\s�{ z {Tkm�/k|j\�<tVs �
�+{�����s�{ z {Tkm�<kmjV�/t/s ��zgx nr��nrk � �m��l<� � ~�u<�<n ���Å�<{���¦/n x���� � n � k x s � ±hnrkmv z n x ¥�¦<n7��u/{ z ¨\� x �m�
V
��n x n!t/s zgx � x ��¥m¦/nrk�lon!� x n!¦�t/u<vh����n x �"nDt<u xg� ~Tk|nrk�i�nrs � j�k�k|{�t<p t/u<� 〈·, ·〉 ��n x �\s�{ z {Tkm�<k|j\�/t/s � e

d\e��/egf�� ��nr¹^u xg�"x j�u
(V.4.d)

� 
 j�k|p�� �8n � k x s
³´x k��<nr¹<u x nrk|n!u½� x n 
 j�k|p {�t<��n x u<n!pEi�n�s � j�kmk|{�t<p

V
£ lonrk��<{����\s�{ z {�k��<k|j\�<tVs � �

‖v‖ := 〈v, v〉�Vn x n!u
v, w ∈ V

e ³´x k��<n�¹^u x nrk|nru�n x u<n � n � k x s©{�t<�
V
£ lonrk�� x n 
 j�kmp �

d (v, w) := ‖v − w‖ := 〈v − w, v − w〉
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d\e��/egfhf �\{ � �
(V.4.2)

��¤ x v�n!u<�"¥m¦<{�� � n!u��<n�k 
 j�k|p
�Vn x

V
n!t/s zgx � x ��¥m¦/nrk�lon!� x n!¦�t/u<vh����n x �"nDt<u xg� ~Tk|nrk�i�nrs � j�k�k|{�t<p�e

¤P�yvhn z�� nru�� x n���j z vhnru<�<nru�¤ x vhn!u/��¥m¦/{�� � nru��
�§x � ‖v‖ ≥ 0 ∀v ∈ V

�§x�x � ‖v‖ = 0 ⇒ v = 0

�Jxgx�x � ‖α · v‖ = |α| · ‖v‖ ∀v ∈ V ∀α ∈ K

�§x ±/�µ��k|n x n!¥�s\�"t<u<v z n x ¥m¦�t/u<vV� ‖v + w‖ ≤ ‖v‖+ ‖w‖

d\e��/egf�· �\{ � �
(V.4.3)

� ª u<v z n x ¥m¦�t<u/v3±hj�u � {�t<¥m¦²¨ ­ �\¥m¦²��{�km�
�9� �

V
n x u�n!tVs z�x � x ��¥�¦<nrk�j\�<n�k�t/u x�� ~Tk|n�k�i¶nrs � j�kmk|{�t<p��<��j3v x�z�� � £ k�{ zgz n

u, v ∈ V
�

|〈u, v〉| ≤ ‖u‖ · ‖v‖
� z n x ¥�¦<¦<n xg� v xgzg� vhn!u/{�t½�<{�u<uo�^��n!u<u

u
t<u/�

v
z�x u<n!{Tk�{Tl^¦/~�u/v x v3� x u<�oe

w n���n x � ³´x k�u<nr¦<pqn!u½n x u/n ¢ { zgz t/u � nrkm��¥m¦/n x �/t<u/v¬±hj�k!�
fhe ¢ { zgz � 〈u, v〉 = 0 ⇒ w nr¦<{�t/� � t/u<v
·\e ¢ { zgz � 〈u, v〉 6= 0

e ¢1£ k�{ z�z n
λ ∈ K

v xgzg� �

0 ≤ 〈u + λv, u + λv〉 = ‖u‖2 + λ · 〈v, u〉+ λ · 〈u, v〉+ |λ|2 · ‖v‖2

= ‖u‖2 + 2< (λ) · 〈u, v〉+ |λ|2 · ‖v‖2

�+{ 〈u, v〉 6= 0
x � ��x u<��lon!��j�u<�<n�k|n

v 6= 0
e 
 t/uM�"n � � n

λ := − |〈u, v〉|2

‖v‖2 · 〈u, v〉
e��Vn � � n!u � x k

λ
x uM� x n

j�l x v�n ¢ j�k|pqn z n x u��^�"j3nrk|¦/{ zg� n!u�� x k!�

0 ≤ ‖u‖2 + 2< (λ) · 〈u, v〉+ |λ|2 · ‖v‖2

= ‖u‖2 − 2 · |〈u, v〉|2

‖v‖2
+
|〈u, v〉|2

‖v‖2
= ‖u‖2 − |〈u, v〉|2

‖v‖2

�+{�p x�� nrk|¦/{ zg� n!u½� x k!�

0 ≤ ‖u‖2 − |〈u, v〉|2

‖v‖2
⇔ |〈u, v〉|2 ≤ ‖u‖2 · ‖v‖2

��t<��v�k|t<u/���<nrk � jhu/j � jhu x nD�/nrk ³ tVk|� n z ��j z v � � |〈u, v〉| ≤ ‖u‖ · ‖v‖
� z n x ¥�¦<¦<n xg� �
� ⇐�����\n x n!u u

t<u/�
v
zgx u<n!{Tk�{Tl^¦<~�u/v x v/e � ¤

u = µ · v e��+{�u/u �»j z v � �

|〈µ · v, v〉| = |µ| · 〈v, v〉 = |µ| · ‖v‖2

� ⇒� � z n x ¥�¦<¦<n xg� ⇔ u = −λ · v =
|〈u, v〉|2

‖v‖2 · 〈u, v〉
· v e¶��{�p x�� � x u/� u

t<u/�
v
zgx u/n!{Tky{Tl^¦/~�u<v x v/e
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d\e��/egf � w nr��n x �y��t �\{ � �
(V.4.2)

��¤ x v�n!u<�"¥m¦<{�� � n!u��/nrk 
 j�k|p
	ot

(1)
t<u/�

(2)
���+{ 〈·, ·〉 �ojh� xg�"x ±q�/nr¹^u x n ��x � � 〈u, v〉 ≥ 0

t/u<� 〈u, v〉 = 0 ⇔ u = 0

⇒
√

〈u, v〉 = 0
p xg� � z n x ¥m¦/¦<n x�� ⇔ u = 0

	ot
(3)
� 
 {�¥m¦ ��nr¹^u xg�"x j�u���j z v � �
‖α · u‖ =

√

〈α · u, α · u〉 =
√

α · α · 〈u, u〉 =
√

α2 · 〈u, u〉 = |α| ·
√

〈u, u〉 = |α| · ‖u‖
	ot

(4)
� 
 {�¥m¦ ��nr¹^u xg�"x j�u���j z v � �

‖u + v‖2 = 〈u + v, u + v〉 = 〈u, u〉+ 2< (〈u, v〉) + 〈v, v〉
︸ ︷︷ ︸

(∗)

 t<u �"¥m¦<~ � ��n!u � x kD� t<nrk|� � �<n!u }�n!{ zg� n xgz {Tl°t/u<� {�u/��¥m¦ z�x n � n!u/��p xg� �/nrk ª u<v z n x ¥m¦�t/u<vq±hj�u
� t/{�¥�¦²¨ ­ �\¥m¦²��{�km���

(∗) ≤ 〈u, u〉+ 2 · |〈u, v〉|+ 〈v, v〉
CSU

≤ ‖u‖2 + 2 · ‖u‖ · ‖v‖+ ‖v‖2 = (‖u‖+ ‖v‖)2

��t<��v�k|t<u/���<nrk � jhu/j � jhu x nD�/nrk ³ tVk|� n z ��j z v � � ‖u + v‖ ≤ ‖u‖+ ‖v‖

d\e��/egf�� ¢ j z vhnrkmt<u<v¬{�t/���V{ � �
(V.4.2)

���+nr¹<u x��"x j�u��<nrk � n � k x s
d (u, v) := ‖u− v‖ �<nr¹<u x nrk � n x u/n �8n � k x s�{�t/�

Vw n���n x � � � {�u�k|n!¥m¦/u<n7� x n�¤ x vhn!u/��¥m¦/{�� � nru�n x u/nrk � n � k x s©u/{�¥�¦��
�
	����ZÌ���� �
�§x �

d (u, v) ≥ 0
t/u<�

d (u, v) = 0 ⇔ u = v
�§x�x �

d (u, v) = d (v, u)
� ��¨\pqp©n � k x n��

�Jxgx�x �
d (u, v) ≤ d (u, w) + d (w, v) ∀w ∈ V

� L � N�QTL 

����S/[oQT]�LÅ[���_%`a]�b L<Q�O§`�[
¤P�y��j z vhn!u½�/k|n x�¢ {��"��t<u/vhn!u��/n!���\{ � � n!� £ lonrk � {�t/� � {�¥m¦/��n!u � k|{�u<�"��j�k|pq{ �"x j�u
d\e��/egf�d �\{ � �

(V.4.4.a)
��fhe�i�nrk|� x j�u � {�t/� � {�¥m¦/��n!u � k|{�u<�"��j�kmp©{ �"x j�u

�Vn x
(V 〈·, ·〉) n!t/s zgx � x ��¥m¦/nrkDlon!� x n!¦�t/u<v��"��n x ��n¬t/u x�� ~Tk|n�k�i�nrs � j�kmk|{�t/p � h

n x u<n¬�"¨\pqpqn � k x �"¥m¦<n
lon!� x n!¦�t/u<v��"��n x ��nD¦/nrk|p xg� n!�"¥m¦<n ¢ j�kmp {�t/�

V
e

�+{�u/u�n �\x � ��x nrk � n x u<n � k � ¦/jhu/j�k|pq{ z l<{�� x ��±�jhu
V
�Å� x n � k � ¦<j�vhjhu/{ z l<{�� x ��� £ k

h
x � � e

d\e��/egf � ��nr¹^u xg�"x j�u
(V.4.d)

� � k � ¦<j�vhjhu/{ z n � k|tV�<�on
³´x k¶�/nr¹^u x nrkmn!u�� O (n) :=

{
A ∈ � ¼

(n, R)|AT · A = A · AT = En

} x � � � x nyj�k � ¦/jhv�jhu<{ z n � kmt/� ­�onhe �9¦/k|nµ¤ z n!pqn!u � n+¦<n x�� n!u�j�k � ¦/jhv�jhu<{ z n
�8{ � k x ��n!uo�a� x n x � � � k|t/�/�onµt/u � nrk��<n�k � { � k x � n!u ­p¬t zg�"x � zgx s�{ �"x j�u�e

d\e��/egf � ��nr¹^u xg�"x j�u
(V.4.e)

� ª u x�� ~Tk|n � k|tV�<�on
³´x k7�<nr¹<u x nrk|n!uo� U (n) :=

{

A ∈ � ¼
(n, C)|AT ·A = A ·AT

= En

} x � � � x n t/u x�� ~Tk|n � k|tV�<�onhe
�9¦/k|n�¤ z nrp©nru � n�¦<n x�� n!u©t<u xg� ~Tk|n � { � k x � n!u���� x n x � � � k|t/�/�onDt<u � nrk��<n�k � { � k x ��nru<p¬t zg�"x � zgx s�{ ­�"x j�u�e
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d\e��/egf�� �9u � nrkm�<kmn � { �"x j�u
�§x �

S ∈ O (n)
lon!� x n!¦�t/u<v��"��n x ��n U (n) ⇔ �\�^{ z�� nru²±hnrs � j�kmn!u l x�z �<nru � k � ¦/jhu<j�k|pq{ z l<{�� x �

� £ k��<{����\s�{ z {Tkm�<k|j\�/t/s �
�§x�x �Y� x {�v�jhu<{ zgx � x n�kml^{Tkms�n x�� ±hj�u ��¨\p©pqn � k x ��¥m¦/n!uclon!� x nr¦�t<u<v��"��n x ��n�¦/nrk|p xg� n!�"¥m¦<n!u � { � k x ­� n!u � ��n!v�n!u

S−1 = ST lon!� x nr¦�t<u<v��"��n x ��n
S−1 = S

T � lon!� £ v z�x ¥m¦ ��{�t/��v�n!��n x ¥m¦/u<n � nrk �
� k|{�u<�"��j�k|pq{ �"x j�u<��pq{ � k x � n!u©t<u/��p x�� k|n zgz n!u½¤ x vhn!u²��nrk � n!uoe

d\e��/egf�� w n!pqnrkms\t<u/vhn!u
{��P� x n��\�<{ z�� n!u n x u<nrk�j�k � ¦/jhvhj�u<{ z n!u¬lon!� x n!¦�t/u<v��"��n x ��n�t/u x�� ~Tk|n � { � k x�� l xgz �/n!u3n x u<n � k � ¦<j ­u<j�k|pq{ z l<{�� x �P�<n!�

Rn lon!� x n!¦�t<u/vh�"��n x ��n Cn l�nr� £ v zgx ¥m¦ �/n!��� � {�u<�<{Tk|�/�"s�{ z {�k��<k|j\�<tVs � nr� � ��j z v �{�t<����nr¹^u xg�"x j�uÅ�me
� x n ª p s�n!¦/kmt<u<v v x�z�� nrlon!u<��{ zgz � �
¤ x u<n � { � k x��

A ∈Mn (K)
�
K = R

l<� �+e
C
� x � � v�n!u<{�t½�/{�u<u½j�k � ¦<jhv�jhu/{ z �\��n!u<u�� x n��\�<{ zg� n!u

±�jhu
A
n x u<n � k � ¦<jhu/j�k|pq{ z l^{�� x ���<nr�

Rn l<� � Cn lon!� £ v zgx ¥m¦ �<n!��� � {�u<�/{�km�<�"s�{ z {Tkm�<k|j\�/t/s � n!�l xgz �<n!uoe
la����t/���<nrk��+n�¹^u x��"x j�u½��j z v � nrlon!u/��{ z�z ���

A
T

= A−1

d\e��/e¸· � �\{ � �
(V.4.4.b)

�B·�e�i�n�k|� x jhu � {�tV� � {�¥�¦<��nru � k|{�u/����j�k|pq{ �"x jhu
�Vn x

A ∈ ��¨\p (n, R)
lon!� x nr¦�t<u<v��"��n x ��n

A ∈ H (n, C)
e �+{�u<u v x l � nr�3n x u

S ∈ O (n)
lon!� x n ­¦�t<u/vh����n x �"n

S ∈ U (n)
p x��

ST · A · S =

(
λ1 0e e e
0 λn

) l<� �De
S

T · A · S =

(
λ1 0e e e
0 λn

)

��j�lon x � x n
λi
� x n�¤ x vhnru²��n�k � nD±�jhu

A
� x u/��e�� x n�¤ x v�n!u²��nrk � nD±hj�u

A
� x u<�½k|nrn z�z t<u/��n!��v xgz�� �

�§x �Ykmv
(A) = { � ��À"����� i|λi 6= 0}

�§x�x �Y� x v�u
(A) =

n∑

i=1

�"vhu
(λi)

�Jxgx�x �
i ­ � nY���^{ z�� nD±�jhu S

x � � ¤ x v�n!u²±�nrs � j�k���t/p«¤ x v�n!u²��nrk �
λi

d\e��/e¸·\f �\{ � �
(V.4.5)

�Vn x
(V, 〈·, ·〉) n x u n!u/� zgx ¥m¦ � x pqn!u/� x jhu<{ z nrk�n!tVs z�x � x ��¥�¦<nrk�lon!� x n!¦�t/u<v��"��n x ��n�t<u xg� ~Tk|nrk�i�nrs � j�k ­k|{�t<p t/u<� ��n x

f ∈ ¤Pu<� (V)
e 	at

f
n �\x � �"x nrk � vhn!u/{�tMn x uM¤ u<�<j�pqj�km�<¦ x ��p¬t/�

f
��� {�t<�

V
p x��

〈
f
���

(u) , v
〉

= 〈u, f (v)〉 ∀u, v ∈ V
e � x n!��n�k7¤Pu<�/jhpqj�km¦/� x ��pµt<��¦/n xg��� �<n�kµ� t

f
{��r��t<u/v x nrk � n

¤Pu/�<j�p©j�km�^¦ x �"p¬t/��e

d\e��/e¸·h· ��nr¹^u xg�"x j�u
(V.4.f)

���\n z l<� � {��!��t/u<v x nrk � nrk�¤ u<�<j�pqj�km�<¦ x ��p¬t/�
f ∈ ¤Pu/� (V)

¦<n x���� �"n z l^� � {��!��t/u<v x nrkmn!u<�o�/��n!u/u
f
���

= f
e
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d\e��/e¸· � w n!pqnrkms\t<u/v
� {h�y�Vn x

A = (v1, . . . , vn)
n x u/n � k � ¦<j�u<j�k|pq{ z l^{�� x � e ¤ ��v xgz�� �

MA

A

(
f
��� )

= MA

A
(f)

T

�+nru<u��
〈

n∑

i=1

xi · vi, f

(
n∑

i=1

yi · vi

)〉

= xT ·
(
MA

A (f) · y
)

=
(
xT ·MA

A (f)
)
· y

=
(

MA

A (f)
T · x

)T

· y =

((

MA

A
(f)
)T

· x
)T

· y

(∗)
=

〈

f
� �

(
n∑

i=1

xi · vi

)

,

n∑

i=1

yi · vi

〉

=
(
MA

A
(f

� �
) · x

)T
· y

�+{�p x�� �»j z v � � x n w n!¦<{�t/� � t/u<vVeP��u<pqnrkms\t/u<v�� t
(∗) � � � {�u/�<{Tk|�/�"s�{ z {Tkm�/k|j\�<tVs � 〈x, y〉 = xT ·y e� la�

f
��n z l^� � {��!�"t<u<v x n�k � n�k ⇔ MA

A
(f)

x � � �"¨\pqp � nrk x �"¥m¦�l�nr� x n!¦�t<u/vh����n x �"n¬¦<n�k|p xg� n!��¥�¦��
�<nru<u

MA

A

(
f
� � )

= MA

A

T

d\e��/e¸·
� �\{ � �
(V.4.4.c)

� �Ve�i�nrk|� x j�u � {�t/� � {�¥m¦/��n!u � k|{�u<�"��j�k|pq{ �"x j�u
�Vn x

(V, 〈·, ·〉) n!u<� z�x ¥m¦¬� x pqn!u/� x jhu/{ z nrk n!tVs z�x � x ��¥m¦/nrkPlon!� x n!¦�t<u/vh�"��n x ��n�t<u xg� ~Tk|nrk�i�n�s � j�kmk|{�t<p�e	ot���n!�<nrp>�"n z l^� � {��!��t/u<v x nrkmn!u<�/n!uµ¤ u<�/jhpqj�km�<¦ x ��pµt<�
f
{�t<�

V
n �\x � ��x nrk � n x u/n � k � ¦/jhu/j�k|pq{ z ­l^{�� x �ylon!� � nr¦<n!¦/n!u<��{�t/���<n!u�¤ x v�n!u²±�nrs � j�k|n!u�±�jhu

f
e¶� x n7¤ x vhn!u²��nrk � n�� x u/�½k|n!n zgz e

��� � O��^L^UJSV[ � ��S\] � L � N�QTL 

����S/[oQT]�LÅ[���_%`a]�b L<Q�O§`�[	��� �/Q ��S W
d\e��/e¸·hd

(V.4.4.a) ⇒ (V.4.4.b)

��u<vhnru<jhpqpqn!u��V{ � �
(V.4.4.a)

v x�z�� �
�Vn x

A ∈ �\¨\p n (R)
lon!� x n!¦�t/u<v��"��n x ��n

A ∈ Hn (C)
e 	ot

A
v�n!¦ ��k � n x u/nµ��¨\pqp©n � k x ��¥�¦<nDlon!� x n ­¦�t<u/vh����n x �"n�¦<nrk|p x�� nr��¥m¦/n ¢ j�k|p

sA
{�t<�

Rn lon!� x n!¦�t<u/vh�"��n x ��n Cn e

 {�¥m¦ �\{ � �

(V.4.4.a)
n �\x � ��x nrk � n x u/n � k � ¦<jhu/j�k|pq{ z l^{�� x �

A
lon!� £ v zgx ¥m¦ �<n!��� � {�u<�/{�km�<�"s�{ z {Tk ­�<kmjV�/t/s � �Å� x n�v z n x ¥m¦<� n x���x v � k � ¦<j�vhjhu/{ z l<{�� x ��� £ k

sA

x � � e

⇒ MA (sA) =

(
λ1 0e e e
0 λn

)

¤P� x � � �

MA (sA) =
(

MA
B

(
x �

)
)T

·A ·MA

B (
x �

)

=
(

MA

B
(
x �

)
)T

·MB

B (sA) ·MA

B (
x �

)

��j�lon x
B
� x n � � {�u<�/{Tk|�/l<{�� x �½��n x e(��{

A
� k � ¦<jhv�jhu/{ z l^{�� x � x � � � x � �

MA

B
(
x �

)
j�k � ¦<j�vhjhu/{ z

lon!� x n!¦�t/u<v��"��n x ��n�t<u xg� ~Tk!e@�+n!�"¦<{ z l x � � (
MA

B
(
x �

)
)T

=
(
MA

B
(
x �

)
)−1 �

λ1, . . . , λn
� x u/� { z ��j

¤ x vhnru²��n�k � n ±�jhu
A
e 
 {�¥m¦8��t/��vh{Tlon

(44.b)
� x u/� � x n!��n ¤ x v�n!u²��nrk � n3k|n!n zgz eq� x nqkmn!� �"z�x ¥m¦/n!u

¤ x vhnru<��¥�¦<{�� � n!u
(i)

l x �
(iii)

��j z vhn!uoe
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d\e��/e¸· � w nr��n x �y��t �\{ � �
(V.4.5)

��{��!�"t<u<v x n�k � n!u���l/l xgz �/t<u/vhn!u
f
�
V→ V

�
V
nrt/s zgx � x ¥m¦/nrk�lon!� x n!¦�t/u<vh����n x �"n+t/u x�� ~Tk|nrk�i�nrs � j�k�k|{�t<p�e

f
��� �

V → V
�<nr¹<u x nrk � �<t/km¥m¦

〈
f
� �

(u) , v
〉

= 〈u, f (v)〉 �»kM{ zgz n
u, v ∈ V

¤ �\x � � n!u/� �Jx u � �"x ¥m¦²��j�k � n!uÅ�m���Vn x
A
� k � ¦<j�vhjhu/{ z l<{�� x ��±hj�u

V
�

(
MA

A
(f)
)T

=: MA

A

(
f
� � )

¤ x u<�/n!t �"x v�s�n xg� �
��u<vhnru<jhpqpqn!uqpq{�u�¦<~ ��� n 〈

f (u) , v
〉

= 〈u, f (v)〉 � £ k�{ zgz n u, v ∈ V
eB��{�u/u���j z v � �

〈
f (u)− f

���
(u) , v

〉
=
〈
f (u) , v

〉
−
〈
f
���

(u) , v
〉

�������

= 〈u, f (u)〉 − 〈u, f (u)〉 = 0

�+{���v x�z�� � £ k�{ zgz n
v ∈ V

� 〈·, ·〉 u x ¥m¦ � {�t/��vhnr{�k � n � ⇒ f (u)− f
���

(u) = 0 ⇔ f (u) = f
���

(u)¼o{�t � � l<t<u<v���{�t<�»vh{Tlon ��� 	 ¼ x u/� � ���a� � {�u/�<{Tk|�/�"s�{ z {Tkm�/k|j\�<tVs � 〈·, ·〉 � A
�

Cn → Cn ⇒ A
���

= A
T

d\e��/e¸· � w nr��n x �
(V.4.4.b) ⇒ (V.4.4.c)

³ ~�¦ z n
A = (v1, . . . , vn)

n x u/n � k � ¦/jhu/j�k|pq{ z l<{�� x ��eY�\n � � n
A := MA

A
(f)
eµ�+{

f
��n z l^� � {��r��t<u ­v x nrk � � x � �

A
��¨\pqp©n � k x ��¥�¦�lon!� x nr¦�t<u<v��"��n x ��n¶¦/nrk|p x�� n!�"¥m¦�e 
 {�¥�¦

(V.4.4.b)
n �\x � �"x nrk �

S ∈ O (n)lon!� x n!¦�t/u<v��"��n x ��n
S ∈ U (n)

p xg�

S
T ·A · S =

(
λ1 0e e e
0 λn

)

�+{�u/u z�x n!��nrk � � x nµ�\�<{ z�� n!u½±�jhu
S
n x u<n w {�� x �

B
±�jhu

V
�

wj =
∑

i

sij · vi
� £ k

j = 1, . . . , n


 {�¥m¦/kmn!¥m¦<u/n!u z�x n!��n�k � �<�<{ �
B
� k � ¦/jhu/j�k|pq{ z l<{�� x � x � � e

¾�{ z s £/z �/n!� w {�� x �"��n!¥�¦<��n z � �

MB

B (f) = S−1 ·A · S = S
T ·A · S =

(
λ1 0e e e
0 λn

)

� z �"j/�
B
x � � � k � ¦<jhu/j�k|pq{ z l^{�� x �y{�t<��¤ x v�n!u²±�nrs � j�k|n!uoe
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d\e��/e¸· � ¼on!pqpq{
(V.4.6)

� x n!�"n�¼�n!pqpq{D��nrk|�/n!u�� x k x p�u<~�¥m¦/� � n!u w nr��n x �yl/k|{�t<¥m¦/n!u�e
�9u��<nrk+� xg� t<{ �"x j�u½±hj�u

(V.4.4.a)
v xgz�� �P¤P��n �\x � �"x nrk �

f
�
V→ V

�
f = f

� � �
h (u, v) = 〈u, f (v)〉w n���n x � �

i�j�k £ lonrk z n!v�t<u<v¬��tVk � nr� � { z�� ±�jhu
f
� ��n!u<u�nr�

f
vh~Tlonh�<��j3�"~�¦/n7n!����j z v�n!u<�/nrk|pq{ � n!u�{�t/�|�m�

³ ~�¦ z n��<{�� t � k � ¦<j�u<j�k|pq{ z l^{�� x �
A = (v1, . . . , vn)

p xg�

MA

A (f) =

(

αij

)

, f (vj) =
∑

i

αij · vi

�+{�u/u ��j z v � � 〈vi, f (vj)〉 = αij
����n xgz

A
n x u<n � k � ¦<j�u<j�kmp©{ z l^{�� x � x � � e 
 {�¥m¦ ��u<u/{�¦/pqn x � �

〈vi, f (vj)〉 = h (vi, vj)
e �+{�¦/nrk!� ¢ { z�z �

f
p x�� �<nrkqv�nr� £ u/��¥m¦ � n!u ¤ x v�n!u<�"¥m¦<{�� � n �\x � �"x nrk � �B�"j

p¬t �
MA

A
(f) =

(

h (vi, vj)

)

= MA (h)
��n x uo� x u<�"lon!�"jhu/�<nrk|n x � �

f
n x u<�/n!t �"x vµlon!� �"x p©p � e

¤ �\x � � n!u/� �
³´x k��<nr¹<u x nrk|n!u

f
�
V→ V

�/t/k|¥�¦
MA

A
(f) := MA (h)

e���{�u<u ��j z v � {�t<���<n�k���nr¹^u xg�"x jhu��
〈vi, f (vj)〉 = h (vi, vj)

� £ k
i, j = 1, . . . , n

	ot � n x vhn!uo� 〈u, f (v)〉 = h (u, v) ∀u, v ∈ V
e 
 {�¥m¦²��n x �B�<tVk|¥m¦q�+{Tk|� � n zgz t<u<v�±hj�u

u, v
x u �<nrk w { ­� x �

(v1, . . . , vn)
�<t/km¥m¦3i�nrkm��n!u/�<t/u<vD±�jhu 〈vi, f (vj)〉 = h (vi, vj)

�
f = f

� � �²��n xgz
h
�"¨\pqpqn � k x ��¥m¦

lon!� x n!¦�t/u<v��"��n x ��nD¦/nrk|p xg� n!�"¥m¦�e

d\e��/e¸· � w nr��n x �
(V.4.4.c) ⇒ (V.4.4.a)

³´x k�� x �"��n!u¶��n � � � �
h (u, v) = 〈u, f (v)〉 � f = f

��� e 
 {�¥m¦
(V.4.4.c)

n �\x � ��x nrk � � k � ¦<j�u<j�k|pq{ z l^{�� x �
(v1, . . . , vn)

p xg�
f (vi) = λi · vi

p xg�
λi ∈ Rw nr¦<{�t/� � t/u<v/�¶� x n!��n � k � ¦<jhu/j�k|pq{ z l^{�� x � x � � � k � ¦/jhvhj�u<{ z l^{�� x ��� £ k

h
�^�/n!u<u

h (vi, vj) = 〈vi, f (vj)〉 = 〈vi, λj · vj〉 = λj · 〈vi, vj〉 = λj · δij

d\e��/e�� � ��l^�"j z t � nrk w nr��n x ���/nrk � {�tV� � {�¥m¦<�"n!u � km{�u/����j�k|pq{ ��x jhu
(V.4.4)

³´x k���nrk|�<nru�� x n ¢ {����"t<u/v
(V.4.4.b)

lonr��n x ��n!u
	ot/nrk|� � ����u<{ z ¨\��n7�<n�k���t<�"��{�vhn
��u<vhnru<jhpqpqn!u n!����n x ��¥�¦<jhu@l�n�� x nr��n!uo���<{ �

A
n x u<n � k � ¦<jhu/j�k|pq{ z l^{�� x �

(v1, . . . , vn)
{�t<�

¤ x vhnru²±hnrs � j�kmn!uqp x�� k|nrn z�z n!u ¤ x v�n!u²��nrk � n!u
λ1, . . . , λn

¦/{ � eB�\n x
λ1 ≤ λ2 ≤ . . . ≤ λn

e 
 t<u©v xgzg� �

〈x, Ax〉 =

〈
n∑

i=1

xi · vi, A ·
(

n∑

i=1

xi · vi

)〉

=

〈
n∑

i=1

xi · vi,

n∑

i=1

xi · λi · vi

〉

=

n∑

i=1

λi · x2
i

�+{ � x kD� x nY¤ x vhnru²��n�k � nµ��¥m¦/jhuM�<nrk � k � � nµu<{�¥m¦°�"j�k �"x nrk � ¦<{Tlon!u s���u<u<nruM� x kD� x n¬�Vt/p©pqn
p xg� �<nrp�s z n x u<� � n!u½¤ x vhn!u²��nrk �

λ1
{Tl^�"¥m¦<~ � ��nru��

n∑

i=1

λi · x2
i ≥

n∑

i=1

λ1 · x2
i = λ1 ·

n∑

i=1

x2
i = λ1 · 〈x, x〉

d 
 nrlon!u/kmn!¥m¦<u�t/u<vV�
〈

n∑

i=1

xi · vi,

n∑

i=1

xi · vi

〉

=

n∑

i=1

x2
i

�\��n xgz
v1, . . . , vn

� k � ¦/jhu/j�k|pq{ z l<{�� x � x � � c
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�+{�¦/nrk ∀x � 〈x, Ax〉 ≥ λmin · 〈x, x〉 � � z n x ¥m¦<¦/n xg� � £ k
x = v1

e¶�+{�¦<nrkr�

λmin =
p x u
x6=0

〈x, Ax〉
〈x, x〉
︸ ︷︷ ︸

(∗)

(∗) � x k�{ z ��}�{ ¨ z n x v�¦ ­ � t/j �"x n!u � lon!� n x ¥�¦<u<n � t<u/��¦<{ ��w nr�<n!t � t/u<v x u��<n�k 
 t<pqnrk x s lon x �/nrk
¤ x vhnru²��n�k � lonrkmn!¥m¦<u�t/u<vVe
��u<��{ � ����t/p w nr��n x �

� f�� w nr��n x ��nh� n!��n �\x � �"x nrk � p x u
x6=0

〈x, Ax〉
〈x, x〉 =

〈v1, Av1〉
〈v1, v1〉

= λ1 ∈ R

� ·h� 	an x vhnh�/�<{ � n x u/n � x u x pq{ z�x�� ~ ��x p � zgx � x n�k �
A · v1 = λ1 · v1

� �²�3�\n � ��n
v1 :=

v1

‖v1‖
�a¤ k|vh~�u/��n

v2, . . . , vn
� t n x u<nrk|n � k � ¦/jhu/j�k|pq{ z l<{�� x ��e

S−1 �8{ � k x�� �<n!�
w {�� x �"��n!¥m¦/��n z ���

S ∈ O (n)
lon!� x n!¦�t/u<vh����n x �"n

S ∈ U (n)
t/u<�o�

S
T ·A · S = v1









λ1 0 · · · · · · 0
0····
0

B









B
�"¨\pqpqn � k x �"¥m¦Ylon!� x n!¦�t<u/vh�"��n x ��ny¦<nrk|p x�� nr��¥m¦oe ��t/k|¥�¦�}�nrs\t/km� x jhu3��j z v � � x n w nr¦<{�t/� ­� t<u/v/e

w nrp©n�kms\t<u/v/�
(1)

t<u/�
(2)

x p � zgx � x nrk|n!uo�
A
¦/{ � ¤ x vhn!u²±�nrs � j�k���t�k|nrn z�z n!u�¤ x vhn!u²��nrk � n!uoe

� zg� nrk|u/{ �"x ±hnrk w n���n x � � ¢ t<u/�<{�pqn!u � { z ��{ � �D�<nrk�� z v�nrl<km{¬t<u/����t/��vh{Tlon ��� 	 ¼ x u<� � �

	ot
(1)
� ¢1£ k

x 6= 0
x � � 〈x, Ax〉

〈x, x〉 =

〈
x

‖x‖ , A ·
x

‖x‖

〉 t/u<� ∥∥
∥
∥

x

‖x‖

∥
∥
∥
∥

= 1
e

�+{���¦/n xg��� � { 〈x, Ax〉
〈x, x〉

∣
∣
∣
∣
x 6= 0

}

= {〈x, Ax〉| ‖1‖ = 0}
�9u

Rn �
Rn ⊇ {x| ‖x‖ = 1} =

{

x

∣
∣
∣
∣
∣

n∑

i=1

x2
i = 1

}

=: Sn−1 � (n− 1) ­ � x pqn!u<� x j�u<{ z n+�\�<¦<~Tk|n��
w n x ��� x n z � £ kD�\�<¦<~Tk|n!uo�

x

y
�

1

� � �����¸ÂT����Ã�
 # � �
S1

¢1£ k
n = 2

nrk|¦/{ z�� n!uM� x k�� x nµ¡�t<u/s � n {�t<�¶�/n!p ¤ x u/¦<n x�� ��s�k|n x ���o� £ k
n = 3

nrk|¦/{ zg� n!uM� x k�� x n
¡�t<uVs � n7{�t<� �<n�k�¾�t/vhn z j�lonrk �^~�¥m¦<n�e
Sn−1 x � � s�jhp �^{Ts � �h�/{�� ¦<n x���� � � n!�<n ¢ j z v�n x u

Sn−1 ¦/{ � n x u<n x u Sn−1 s�jhu²±�nrk|v�n!u � n � n xgz ��j z v�nhe

 {�¥m¦ � n x u<n ­ w j�k|n z ��j z v � � Sn−1 x � � l�nr��¥m¦Vk|~�u/s � t<u/��{Tl^v�n!��¥m¦ z j����"n!u�e
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Cn �

Cn ⊇
{

z = (z1, . . . , zn)

∣
∣
∣
∣
∣

n∑

i=1

zi · zi = 1

}

=

{

z = (. . . , uk + i · vk, . . .)

∣
∣
∣
∣
∣

n∑

k=1

u2
k + v2

k = 1

}

= S2n−1

�9u�lon x �<n!u ¢ ~ zgz n!uq� x u/�
S∗ = {‖x‖ = 1} s�jhp �<{�s � n � n xgz pqn!u/vhn��<n!�

Rn l�nr� x n!¦�t<u/vh����n x �"n Cn e

 t<u�l�n � k|{�¥m¦ � n!u�� x k���l<l x�z �<t/u<v

S∗ → R
�
x 7→ 〈x, Ax〉 x � � � � n �"x vV�/�/{µnr��� x ¥m¦�t/p ��t<{��/k|{ �"x ­��¥�¦<n7¡ j z ¨\u/jhpqn x u��<nru�¾�j\j�km� x u<{ � nru�¦<{�u<�/n z�� e

wyxgz {�u/��� ��u
(1)

¦<{Tlon!u½� x k��<{�p xg� vhnr��n x v � �
�§x � ∀x ∈ Kn v x�z�� � 〈x, Ax〉 ≥ λ · 〈x, x〉 � £ k λ ∈ R

�§x�x � ∃v � 〈v, Av〉 = λ
� ‖v‖ = 1

	ot
(2)
�

Kn = (K · v)⊥U
l�nr� £ v zgx ¥m¦½�<n!��� � {�u<�/{Tk|�<��s�{ z {Tkm�<kmjV�/t/s � �

	ot�� n x vhn!uo�
A ·U ⊆ U

�
A · v = λ · v � ⇒ �V¥m¦Vk x��"�

(3)
�

w n���n x � � ∀u ∈ U
�

〈v + u, Av + Au〉 ≥ λ · 〈v + u, v + u〉 = λ · (〈v, v〉+ 〈u, u〉)
��u<{ z j�v3� t<p w nr��n x �y±�jhu � {�t<¥�¦²¨ ­ �\¥m¦²��{�km��� ⇒ A · v = λ · v � A ·U ⊆Uw nrp©n�kms\t<u/v/�1� x n!�"nrk w nr��n x � � n x v � � x ny¤ �\x � � n!u/��±�jhu

n
� k|nrn z�z n!u^� 
 t z�z � � n zgz nruD±hj�u χ

A
e ³´x k

¦<{Tlon!u��<{�p xg� n x u<nru��\�on!� x { z ��{ zgz �<n!� ¢ t/u<�<{�pqn!u � { z �"{ � � n!���/nrk zgx u/n!{Tk|n!u�� z vhnrl/k|{Dlonr� x n!��nru�e
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FHG�F KML<NPORQTSVU
(V.5) W � ` `o]�S � � SV[ ]�` �rS ��� [ �oS\]
�rS

d\e¸d\egf ¡¶k|j�l z n!pq� � n zgz t<u<v
�+{�� � z n x ¥�¦�t<u<v�����¨\� � n!p

Ax = b
�"n x � t z �h�"n!u�� l�n x t<u/� x ¥m¦<nrkmn!u �+{ � nru � � t<p w n x �"� x n z {�t/�

n x u<n!p �^¦²¨\� x s�{ z�x ��¥�¦<n!u�¤ � �onrk x pqn!u � �me �+{ x u�n x u/n!pE}�n!¥m¦/u<nrk�� t<p � k|j ��� n xgza¢1z�x n � s�jhpqpq{ ­� {�¦ z nru�l�nru�t � � � ��nrkm�<n!uo� � kmn � nru�¦<~�t/¹<v ��j z vhn!u/�<nD¡¶kmj�l z n!pqnD{�t<�Z�




10−2000 0 0
0 1 0
0 0 1





︸ ︷︷ ︸k|v
(·) = 3

≈





0 0 0
0 1 0
0 0 1





︸ ︷︷ ︸kmv
(·) = 2

�+{�p x���x � ��x u�t/u<��n�k|n!p w n x �"� x n z � x n�¼ �h��l^{Tkms�n x�� u x ¥m¦ � pqn!¦/k�v�n!vhn�l�nru�e
�9p � zgz vhn!pqn x u<n!u x � �

Ax = b
lon x t<u<� x ¥�¦<nrk|n�k��+{ � n!u z {�vhn�u x ¥m¦ �yz ���"l^{Tk���� � { ��� �/n!���"n!u½�"t<¥m¦/n!u

� x k7n x u
x
�1�"j��<{ �

Ax
p �hv z�x ¥m¦<� � u<{�¦<nq{�u

b
zgx nrv � eµ�Vj z ¥m¦/n ¼ ����t<u/vhn!u°� x u<�°���<�/k|j �\x p©{ �"x ­jhu/� z �h�"t<u<v�n!u�e

� {�u�u<n!¦/p©n+� x n�n!t/s zgx � x �"¥m¦<n � n � k x s©{�t/�
Rn e¶�+{�u<uo�

‖Ax− b‖ =
p x u

y
‖Ay − b‖

¢ k|{�vhnh� � x l � n!��{�t<�"vhn!� n x ¥m¦<u/n � n�{T�/�<k|j �\x pq{ �"x ±hn7¼ �h��t/u<v�n!u �
� x n ��u � ��j�k ��x � � u<{ �"£ k zgx ¥�¦ � {\�

MP (A) (b)
e@� x n!��n ¡¶k|j�l z n!pq� � n zgz t/u<v � x km� x u �"x n!�»nrk|n!p

�+n � { xgz x u��<nrk 
 t<pqnrk x s lon!¦/{�u/�<n z�� e

d\e¸d\e¸· � zgz v�n!pqn x u<nrk�}�{�¦/p©nru
�Vn x

f
�
V→W

�<��j�l�n x
V
�
W

nrt/s zgx � x �"¥m¦<n+lon!� x n!¦�t<u/vh�"��n x ��n�t<u xg� ~Tk|n+i�n�s � k|j�kmk|~�t<pqn��"n x nru�e
	on�k z nrvht<u/v��	�+¡ x ¥
w nr¦<{�t/� � t/u<v/�

f0
x � � l x ��nrs �"x ±Åe � 	ot<�"{ � � {�t<��v�{�lonYf �V� ª u � nrky{�u/�<nrkmn!p £ l�n�k�� x pqn!u/� x jhu/����j�k ­pqn z u½� t�l�n���n x �"n!uÅ� ⇒ g0

� w�x�z �
(f)→ (

¾�nrkmu
(f))

⊥ �
g0 = f−1

0

g := MP (f)
�
W→ V

�
w = u1 + u2

�
u1 ∈ (

w�x�z �
(f))⊥

�
u2 ∈

wyxgz �
(f)

g (w) = g0 (u2) = f−1
0 (u2) ∈ V

d\e¸d\e�� �V{ � �
(V.5.1)

� �8j\j�k|n ­ ¡ n!uVk|jh�"n ­ ��u²±�nrkm��n
�§x �3�\n x

b ∈ V
e
MP (f) (b)

x � � n x u<n�{T�<�/k|j �\x p©{ �"x ±�n7¼ ����t/u<v¬±�jhu
f (x) = b

�<�<{ � ¦<n x���� �

‖f (MP (f) (b))− b‖ =
p x u
x∈V

‖f (x)− b‖

�9u/�"lon!��j�u<�/nrk|nh� ¢ { zgz �
f (x) = b

z �h��l^{Tk x � � �^��j x � �
x = MP (f) (b)

n x u/n�¼ ����t/u<v/e
�§x�x �

MP (f) (b)
x � � � x n � n!��v x l � u�t/k7n x u/n���{��/�<k|j �\x pq{ ��x ±hnµ¼ ����t/u<v©p x�� s z n x u/� � nrkD��l���n x ­¥�¦�t<u<v £ lonrk�� x n 
 j�k|p � l�nr� £ v zgx ¥m¦ 〈·, ·〉 ±�jhu V

�yv�n!pqn!���"n!u�e
��x nrk�shn x u w nr��n x � e
� x ��� w n���n x ��n�k|��j z v �y£ lonrk��/n!u �V{ � ���<n!��¡¶¨ � ¦<{�v�j�k|{����

u ⊥ v ⇒ ‖u + v‖2 = ‖u‖2 + ‖v‖2

�<{ ‖u + v‖2 = 〈u + v, u + v〉 = 〈u, u〉+ 〈v, v〉 = ‖u‖2 + ‖v‖2
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d\e¸d\e�� ¡¶k|{Ts ��x ��¥m¦/nµ��u²��n!u<�/t<u/v
¤P�yv x l � u�t/pqnrk x ��¥m¦�� � {Tl x�z n�t<u/� x u/� � {�l x�z nD¼ �h�"t<u<v��"±�nrk|��{�¦Vk|n!u��
� f�� 
 t/pqnrk x ��¥m¦ � � {Tl xgz n w nrk|nr¥m¦<u�t/u<v nrkm��j z v ��£ lonrkM� x u/vht z {Tk x�� ~ � �"��nrk � ��n�k z nrvht<u/v ±�jhu

A� ¦ x nrk�u x ¥m¦ � lon!¦/{�u<�<n zg� �<�"jhu/�<nrk|u x u��/nrk 
 t<pqnrk x s/�
� ·h� 
 t/pqnrk x ��¥m¦ x u/� � {�l x�z n w nrk|n!¥m¦/u�t<u/v £ lonrk z�x u<nr{�kmn � z n x ¥m¦�t/u<vh�"�"¨\� � n!pqnhe
³´x k���j zgz n!u½u�t<u�u�t/k

(2)
lon � k|{�¥m¦ � n!u��

�Vn x
A ∈Mm,n (K)

�
A
�

Kn → Km e
� ��� ³´x k¬� x �"��n!uo�

Kn =
¾�nrk|u

(A)⊥ (
¾�nrk|u

(A))
⊥ e ��{��Y¦<n xg��� � p©{�u lon!� �"x p©p � n x u/n w {�� x ��<nr��¼ ����t<u/vh��k|{�t<pqn!��±�jhu

Ax = 0
�

vn, vn−1, . . . , vr+1
�1��j�lon x k|v

(A) = r
e � {�u nrkm¦<~ zg� n x u/n

w {�� x �
v1, . . . , vr

±�jhu
(
¾�nrk|u

(A))⊥
�/t/k|¥�¦ �/{�� � z n x ¥m¦�t/u<vh�"�"¨\� � n!p��

〈x, vn〉 = 〈x, vn−1〉 = . . . = 〈x, vr+1〉 = 0

� � �"� ¼o{�t � � ¦<n!j�k x n��
Av1, . . . , Avr

x � � n x u<n w {�� x � ±hj�u wyxgz �
(A)

e w n!� ��x pqp©n � x n w {�� x �
wr+1, . . . , wn

±hj�u
(
wyxgz �

(A))
⊥ �<t/km¥m¦ �<{�� � z n x ¥m¦�t/u<v����"¨\� � nrp �

〈y, Av1〉 = 〈y, Av2〉 = . . . 〈y, Avr〉 = 0

�+{�u/u x � �
wr+1, . . . , wn, Av1, . . . , Avr

n x u/n w {�� x �y±�jhu
W
e

� � � �"��¤P�yv xgzg� �

MP (A) (wr+1) = MP (A) (wr+2) = MP (A) (wm) = 0

MP (A) (vi) = vi
� £ k

i = 1, . . . , r

� x n��<{Tk|� � n z�z n!u<�/n � { � k x�� ¦/{ � u�t<u � x n���j z v�n!u<�/n!u½¤ x v�n!u<�"¥m¦<{�� � n!u��

B ·





↑ ↑ ↑ ↑
wr+1 · · · wm Av1 · · · Avr

↓ ↓ ↓ ↓





︸ ︷︷ ︸

+ S

=





↑ ↑ ↑ ↑
0 · · · 0 v1 · · · vr

↓ ↓ ↓ ↓





��j�lon x � x k
(m− r)

�\�<{ z�� n!u½p x�� 
 t zgz n!u©nrk|¦/{ zg� n!u�e 	ot/�<n!p x � �
S
n x u/n�k|nrvht z ~Tk|n � { � k x�� �<�<{

n!��� x ¥m¦ql�n x �<n!u½�\�<{ z�� n!u²±hn�s � j�k|n!u�t/p n x u<n w {�� x �B¦<{�u<�/n zg� e¶¼ �h�"n!uq� x kyu�t<u�u<{�¥m¦
B
{�t<�
�/��j

nrk|¦/{ zg� n!u�� x k!�
B = MP (A) =





↑ ↑ ↑ ↑
0 · · · 0 v1 · · · vr

↓ ↓ ↓ ↓



 · S−1

w nrp©n�kms\t<u/vhn!uo�
�§x �

Ax = b
z �h��l^{Tk ⇒ MP (A) (b)

x � � n x u/n�¼ ����t/u<v
�§x�x �

A
x u²±hn�k ��x nrkml<{Tk ⇒ MP (A) = A−1
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